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Abstract. In this paper, we provide an essentially self-contained and 
detailed account of the fundamental works of Hamilton and the recent 
breakthrough of Perelman on the Ricci flow and their application to the 
geometrization of three-manifolds. In particular, we give a detailed ex- 
position of a complete proof of the Poincare conjecture due to Hamilton 
and Perelman. 



*This is a revised version of the article by the same authors that originally appeared 
in Asian J. Math., 10(2) (2006), 165-492. 
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Introduction 

This is a revised version of the article that originally appeared in Asian J. 
Math., 10(2) (2006), 165-492. In July, we received complaint from Kleiner 
and Lott for the lack of attribution of their work caused by our oversight in 
the prior version; we have apologized and acknowledged their contribution 
in an erratum to appear in December 2006 issue of the Asian Journal of 
Mathematics. In this revision, we have also tried to amend other possible 
oversights by updating the references and attributions. In the meantime, we 
have changed the title and modified the abstract in order to better reflect 
our view that the full credit of proving the Poincare's conjecture goes to 
Hamilton and Perelman. We regret all the oversights occurred in the prior 
version and hope that this revision will right these inattentions. Other than 
these modifications mentioned, the paper remains unchanged. 

In this paper, we shall present the Hamilton-Perelman theory of Ricci 
flow. Based on it, we shall give a detailed account of complete proofs of the 
Poincare conjecture and the geometrization conjecture of Thurston. While 
the results presented here are based on the accumulated works of many 
geometric analysts, the complete proof of the Poincare conjecture is due to 
Hamilton and Perelman. 

An important problem in differential geometry is to find a canonical 
metric on a given manifold. In turn, the existence of a canonical metric 
often has profound topological implications. A good example is the classical 
uniformization theorem in two dimensions which, on one hand, provides a 
complete topological classification for compact surfaces, and on the other 
hand shows that every compact surface has a canonical geometric structure: 
a metric of constant curvature. 

How to formulate and generalize this two-dimensional result to three and 
higher dimensional manifolds has been one of the most important and chal- 
lenging topics in modern mathematics. In 1977, W. Thurston |126j . based 
on ideas about Riemann surfaces, Haken's work and Mostow's rigidity theo- 
rem, etc, formulated a geometrization conjecture for three-manifolds which, 
roughly speaking, states that every compact orientable three-manifold has a 
canonical decomposition into pieces, each of which admits a canonical geo- 
metric structure. In particular, Thurston's conjecture contains, as a special 
case, the Poincare conjecture: A closed three-manifold with trivial funda- 
mental group is necessarily homeomorphic to the 3-sphere S^. In the past 
thirty years, many mathematicians have contributed to the understanding 
of this conjecture of Thurston. While Thurston's theory is based on beauti- 
ful combination of techniques from geometry and topology, there has been 
a powerful development of geometric analysis in the past thirty years, lead 
by S.-T. Yau, R. Schoen, C. Taubes, K. Uhlenbeck, and S. Donaldson, on 
the construction of canonical geometric structures based on nonlinear PDEs 
(see, e.g., Yau's survey papers |133|, I134j ). Such canonical geometric struc- 
tures include Kahler-Einstein metrics, constant scalar curvature metrics, and 
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self-dual metrics, among others. However, the most important contribution 
for geometric analysis on three-manifolds is due to Hamilton. 
In 1982, Hamilton 1601 introduced the Ricci flow 



to study compact three-manifolds with positive Ricci curvature. The Ricci 
flow, which evolves a Riemannian metric by its Ricci curvature, is a natural 
analogue of the heat equation for metrics. As a consequence, the curvature 
tensors evolve by a system of diffusion equations which tends to distribute 
the curvature uniformly over the manifold. Hence, one expects that the 
initial metric should be improved and evolve into a canonical metric, thereby 
leading to a better understanding of the topology of the underlying manifold. 
In the celebrated paper |60j . Hamilton showed that on a compact three- 
manifold with an initial metric having positive Ricci curvature, the Ricci flow 
converges, after rescaling to keep constant volume, to a metric of positive 
constant sectional curvature, proving the manifold is diffeomorphic to the 
three-sphere §^ or a quotient of the three-sphere §^ by a linear group of 
isometrics. Shortly after, Yau suggested that the Ricci flow should be the 
best way to prove the structure theorem for general three-manifolds. In 
the past two decades, Hamilton proved many important and remarkable 
theorems for the Ricci flow, and laid the foundation for the program to 
approach the Poincare conjecture and Thurston's geometrization conjecture 
via the Ricci flow. 

The basic idea of Hamilton's program can be briefly described as follows. 
For any given compact three-manifold, one endows it with an arbitrary (but 
can be suitably normalized by scaling) initial Riemannian metric on the 
manifold and then studies the behavior of the solution to the Ricci flow. If 
the Ricci flow develops singularities, then one tries to find out the structures 
of singularities so that one can perform (geometric) surgery by cutting off 
the singularities, and then continue the Ricci flow after the surgery. If the 
Ricci flow develops singularities again, one repeats the process of performing 
surgery and continuing the Ricci flow. If one can prove there are only a 
finite number of surgeries during any finite time interval and if the long- 
time behavior of solutions of the Ricci flow with surgery is well understood, 
then one would recognize the topological structure of the initial manifold. 

Thus Hamilton's program, when carried out successfully, will give a proof 
of the Poincare conjecture and Thurston's geometrization conjecture. How- 
ever, there were obstacles, most notably the verification of the so called 
"Little Loop Lemma" conjectured by Hamilton |65j (see also [18]) which 
is a certain local injectivity radius estimate, and the verification of the dis- 
creteness of surgery times. In the fall of 2002 and the spring of 2003, Perel- 
man |107|, 1108) brought in fresh new ideas to figure out important steps 
to overcome the main obstacles that remained in the program of Hamil- 
ton. (Indeed, in page 3 of [107j . Perelman said "the implementation of 
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Hamilton program would imply the geometrization conjecture for closed 
three-manifolds" and "In this paper we carry out some details of Hamilton 
program".) Perelman's breakthrough on the Ricci flow excited the entire 
mathematics community. His work has since been examined to see whether 
the proof of the Poincare conjecture and geometrization program, based on 
the combination of Hamilton's fundamental ideas and Perelman's new ideas, 
holds together. The present paper grew out of such an effort. 

Now we describe the three main parts of Hamilton's program in more 
detail. 

(i) Determine the structures of singularities 

Given any compact three-manifold M with an arbitrary Riemannian 
metric, one evolves the metric by the Ricci flow. Then, as Hamilton showed 
in |60j . the solution g{t) to the Ricci flow exists for a short time and is unique 
(also see Theorem 1.2.1). In fact, Hamilton |60j showed that the solution 
g{t) will exist on a maximal time interval [0, T), where either T = oo, or 
< T < oo and the curvature becomes unbounded as t tends to T. We call 
such a solution g{t) a maximal solution of the Ricci flow. If T < oo and the 
curvature becomes unbounded as t tends to T, we say the maximal solution 
develops singularities as t tends to T and T is the singular time. 

In the early 1990s, Hamilton systematically developed methods to un- 
derstand the structure of singularities. In [63], based on suggestion by Yau, 
he proved the fundamental Li- Yau [85] type differential Harnack estimate 
(the Li-Yau-Hamilton estimate) for the Ricci flow with nonnegative curva- 
ture operator in all dimensions. With the help of Shi's interior derivative 
estimate |118j . he |64j established a compactness theorem for smooth so- 
lutions to the Ricci flow with uniformly bounded curvatures and uniformly 
bounded injectivity radii at the marked points. By imposing an injectivity 
radius condition, he rescaled the solution to show that each singularity is 
asymptotic to one of the three types of singularity models [65j . In [65] he 
discovered (also independently by Ivey [75j) an amazing curvature pinching 
estimate for the Ricci flow on three-manifolds. This pinching estimate im- 
plies that any three-dimensional singularity model must have nonnegative 
curvature. Thus in dimension three, one only needs to obtain a complete 
classification for nonnegatively curved singularity models. 

For Type I singularities in dimension three, Hamilton [65j established 
an isoperimetric ratio estimate to verify the injectivity radius condition and 
obtained spherical or necklike structures for any Type I singularity model. 
Based on the Li-Yau-Hamilton estimate, he showed that any Type II sin- 
gularity model with nonnegative curvature is either a steady Ricci soliton 
with positive sectional curvature or the product of the so called cigar soliton 
with the real line |68j . (Characterization for nonnegatively curved Type 
HI models was obtained in [31] .) Furthermore, he developed a dimension 
reduction argument to understand the geometry of steady Ricci solitons 
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|65j . In the three-dimensional case, he showed that each steady Ricci soh- 
ton with positive curvature has some neckhke structure. Hence Hamilton 
had basically obtained a canonical neighborhood structure at points where 
the curvature is comparable to the maximal curvature for solutions to the 
three-dimensional Ricci flow. 

However two obstacles remained: (a) the verification of the imposed 
injectivity radius condition in general; and (b) the possibility of forming 
a singularity modelled on the product of the cigar soliton with a real line 
which could not be removed by surgery. The recent spectacular work of 
Perelman |107j removed these obstacles by establishing a local injectivity 
radius estimate, which is valid for the Ricci flow on compact manifolds 
in all dimensions. More precisely, Perelman proved two versions of "no 
local collapsing" property (Theorem 3.3.3 and Theorem 3.3.2), one with 
an entropy functional he introduced in [107j . which is monotone under the 
Ricci flow, and the other with a space-time distance function obtained by 
path integral, analogous to what Li-Yau did in [85], which gives rise to a 
monotone volume-type (called reduced volume by Perelman) estimate. By 
combining Perelman's no local collapsing theorem I' (Theorem 3.3.3) with 
the injectivity radius estimate in Theorem 4.2.2, one immediately obtains 
the desired injectivity radius estimate, or the Little Loop Lemma (Theorem 
4.2.4) conjectured by Hamilton. 

Furthermore, Perelman |107j developed a refined rescaling argument (by 
considering local limits and weak limits in Alexandrov spaces) for singular- 
ities of the Ricci flow on three-manifolds to obtain a uniform and global 
version of the canonical neighborhood structure theorem. We would like 
to point out that our proof of the singularity structure theorem (Theorem 
7.1.1) is different from that of Perelman in two aspects: (1) in Step 2 of 
the proof, we only prove a weaker version of Perelman's Claim 2 in section 
12.1 of pTOTj . namely finite distance implies finite curvature. Our treatment, 
with some modifications, follows the notes of Kleiner-Lott [80] in June 2003 
on Perelman's first paper [107j : (2) in Step 4 of the proof, we give a new 
approach to extend the limit backward in time to an ancient solution. 

(ii) Geometric surgeries and the discreteness of surgery times 

After obtaining the canonical neighborhoods (consisting of spherical, 
necklike and caplike regions) for the singularities, one would like to perform 
geometric surgery and then continue the Ricci flow. In [66], Hamilton ini- 
tiated such a surgery procedure for the Ricci flow on four-manifolds with 
positive isotropic curvature and presented a concrete method for perform- 
ing the geometric surgery. His surgery procedures can be roughly described 
as follows: cutting the neck-like regions, gluing back caps, and removing 
the spherical regions. As will be seen in Section 7.3 of this paper, Hamil- 
ton's geometric surgery method also works for the Ricci fiow on compact 
orientable three-manifolds. 
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Now an important challenge is to prevent surgery times from accumu- 
lating and make sure one performs only a finite number of surgeries on each 
finite time interval. The problem is that, when one performs the surgeries 
with a given accuracy at each surgery time, it is possible that the errors 
may add up to a certain amount which could cause the surgery times to 
accumulate. To prevent this from happening, as time goes on, successive 
surgeries must be performed with increasing accuracy. In |108j . Perelman 
introduced some brilliant ideas which allow one to find "fine" necks, glue 
"fine" caps, and use rescaling to prove that the surgery times are discrete. 

When using the rescaling argument for surgically modified solutions of 
the Ricci flow, one encounters the difficulty of how to apply Hamilton's com- 
pactness theorem (Theorem 4.1.5), which works only for smooth solutions. 
The idea to overcome this difficulty consists of two parts. The first part, due 
to Perelman [108j . is to choose the cutoff radius in neck-like regions small 
enough to push the surgical regions far away in space. The second part, due 
to the authors and Chen-Zhu [35], is to show that the surgically modified 
solutions are smooth on some uniform (small) time intervals (on compact 
subsets) so that Hamilton's compactness theorem can still be applied. To 
do so, we establish three time-extension results (see Assertions 1-3 of the 
Step 2 in the proof of Proposition 7.4.1). Perhaps, this second part is more 
crucial. Without it, Shi's interior derivative estimate (Theorem 1.4.2) may 
not applicable, and hence one cannot be certain that Hamilton's compact- 
ness theorem holds when only having the uniform bound on curvatures. 
We remark that in our proof of this second part, as can be seen in the proof 
of Proposition 7.4.1, we require a deep comprehension of the prolongation of 
the gluing "fine" caps for which we will use the recent uniqueness theorem 
of Bing-Long Chen and the second author [34j for solutions of the Ricci flow 
on noncompact manifolds. 

Once surgeries are known to be discrete in time, one can complete the 
classification, started by Schoen-Yau |113|, |Tl4j, for compact orientable 
three-manifolds with positive scalar curvature. More importantly, for sim- 
ply connected three-manifolds, if one can show that solutions to the Ricci 
flow with surgery become extinct in finite time, then the Poincare conjecture 
would follow. Such a finite extinction time result was proposed by Perelman 
|109j . and a proof also appears in Colding-Minicozzi |44j . Thus, the com- 
bination of Theorem 7.4.3 (i) and the finite extinction time result provides 
a complete proof to the Poincare conjecture. 

(iii) The long-time behavior of surgically modified solutions. 

To approach the structure theorem for general three-manifolds, one still 
needs to analyze the long-time behavior of surgically modified solutions to 
the Ricci flow. In [67J, Hamilton studied the long time behavior of the 
Ricci flow on compact three-manifolds for a special class of (smooth) so- 
lutions, the so called nonsingular solutions. These are the solutions that, 
after rescaling to keep constant volume, have (uniformly) bounded curvature 
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for all time. Hamilton |67j proved that any three-dimensional nonsingular 
solution either collapses or subsequently converges to a metric of constant 
curvature on the compact manifold or, at large time, admits a thick-thin 
decomposition where the thick part consists of a finite number of hyperbolic 
pieces and the thin part collapses. Moreover, by adapting Schoen-Yau's 
minimal surface arguments in [114j and using a result of Meeks-Yau [89], 
Hamilton showed that the boundary of hyperbolic pieces are incompressible 
tori. Consequently, when combined with the collapsing results of Cheeger- 
Gromov |25L I26j , this shows that any nonsingular solution to the Ricci flow 
is geometrizable in the sense of Thurston [126j . Even though the nonsingu- 
lar assumption seems very restrictive and there are few conditions known so 
far which can guarantee a solution to be nonsingular, nevertheless the ideas 
and arguments of Hamilton's work |67j are extremely important. 

In [108 ]. Perelman modified Hamilton's arguments to analyze the long- 
time behavior of arbitrary smooth solutions to the Ricci flow and solutions 
with surgery to the Ricci flow in dimension three. Perelman also argued 
that the proof of Thurston's geometrization conjecture could be based on 
a thick-thin decomposition, but he could only show the thin part will only 
have a (local) lower bound on the sectional curvature. For the thick part, 
Perelman |108j established a crucial elliptic type estimate, which allowed 
him to conclude that the thick part consists of hyperbolic pieces. For the 
thin part, he announced in [T08\ a new collapsing result which states that 
if a three-manifold collapses with (local) lower bound on the sectional cur- 
vature, then it is a graph manifold. Assuming this new collapsing result, 
Perelman [108] claimed that the solutions to the Ricci flow with surgery 
have the same long-time behavior as nonsingular solutions in Hamilton's 
work, a conclusion which would imply a proof of Thurston's geometriza- 
tion conjecture. Although the proof of this new collapsing result promised 
by Perelman in [1 08] is still not available in literature, Shioya-Yamaguchi 
[122j has published a proof of the collapsing result in the special case when 
the manifold is closed. In the last section of this paper (see Theorem 7.7.1), 
we will provide a proof of Thurston's geometrization conjecture by only us- 
ing Shioya-Yamaguchi's collapsing result. In particular, this gives another 
proof of the Poincare conjecture. 

We would like to point out that Perelman [108] did not quite give an 
explicit statement of the thick-thin decomposition for surgical solutions. 
When we were trying to write down an explicit statement, we needed to 
add a restriction on the relation between the accuracy parameter e and the 
collapsing parameter w. Nevertheless, we are still able to obtain a weaker 
version of the thick-thin decomposition (Theorem 7.6.3) that is sufficient to 
deduce the geometrization result. 

In this paper, we shall give detailed exposition of what we outlined above, 
especially of Perelman's work in his second paper [108] in which many key 
ideas of the proofs are sketched or outlined but complete details of the proofs 
are often missing. Since our paper is aimed at both graduate students and 
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researchers who intend to learn Hamilton's Ricci flow and to understand 
the Hamilton-Perelman theory and its application to the geometrization of 
three-manifolds, we have made the paper essentially self-contained so that 
the proof of the geometrization is readily accessible to those who are famil- 
iar with basics of Riemannian geometry and elliptic and parabolic partial 
differential equations. In particular, our presentation of Hamilton's works in 
general follows very closely his original papers, which are beautifully writ- 
ten. We hope the readers will find this helpful and convenient and we thank 
Professor Hamilton for his generosity. 

The reader may find many original papers appeared before Perelman's 
preprints, particularly those of Hamilton's on the Ricci flow, in the book 
"Collected Papers on Ricci Flow" [18J in which the editors provided numer- 
ous helpful footnotes. For introductory materials to the Hamilton-Perelman 
theory of Ricci flow, we also refer the reader to the recent book by B. Chow 
and D. Knopf |41j and the forthcoming book by B. Chow, P. Lu and L. 
Ni |43j . We remark that there have also appeared several sets of notes on 
Perelman's work which cover part of the materials that are needed for the 
geometrization program, especially the notes by Kleiner and Lott |80j from 
which we have benefited for the Step 2 of the proof of Theorem 7.1.1. (After 
the original version of our paper went to press, Kleiner and Lott had put up 
their latest notes [81j on Perelman's papers on the arXiv on May 25, 2006. 
Also Morgan and Tian posted their manuscript [99j on the arXiv on July 25, 
2006.) There also have appeared several survey articles, such as Cao-Chow 
|17] . Milnor |94j . Anderson [4] and Morgan [98], on the geometrization of 
three-manifolds via the Ricci flow. 

We are very grateful to Professor S.-T. Yau, who suggested us to write 
this paper based on our notes, for introducing us to the wonderland of the 
Ricci flow. His vision and strong belief in the Ricci flow encouraged us to 
persevere. We also thank him for his many suggestions and constant encour- 
agement. Without him, it would be impossible for us to finish this paper. 
We are enormously indebted to Professor Richard Hamilton for creating the 
Ricci flow and developing the entire program to approach the geometrization 
of three-manifolds. His work on the Ricci flow and other geometric flows 
has influenced on virtually everyone in the field. The first author especially 
would like to thank Professor Hamilton for teaching him so much about the 
subject over the past twenty years, and for his constant encouragement and 
friendship. 

We are indebted to Dr. Bing-Long Chen, who contributed a great deal 
in the process of writing this paper. We benefited a lot from constant dis- 
cussions with him on the subjects of geometric flows and geometric analysis. 
He also contributed many ideas in various proofs in the paper. We would 
like to thank Ms. Hulling Gu, a Ph.D student of the second author, for 
spending many months of going through the entire paper and checking the 
proofs. Without both of them, it would take much longer time for us to 
finish this paper. 
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We also would like to thank Ben Andrews, Simon Brendle, Shu-Cheng 
Chang, Ben Chow, Sun-Chin Chu, Panagiota Daskalopoulos, Klaus Ecker, 
Gerhard Huisken, Tom Ilmanen, Dan Knopf, Peter Li, Peng Lu, Lei Ni, 
Natasa Sesum, Carlo Sinestrari, Luen-fai Tam, Jiaping Wang, Mu-Tao Wang, 
and Brian White from whom the authors have benefited a lot on the subject 
of geometric flows through discussions or collaborations. 

The first author would like to express his gratitude to the John Simon 
Guggenheim Memorial Foundation, the National Science Foundation (grants 
DMS-0354621 and DMS-0506084) , and the Outstanding Overseas Young 
Scholar Fund of Chinese National Science Foundation for their support for 
the research in this paper. He also would like to thank Tsinghua University 
in Beijing for its hospitality and support while he was working there. The 
second author wishes to thank his wife, Danlin Liu, for her understanding 
and support over all these years. The second author is also indebted to 
the National Science Foundation of China for the support in his work on 
geometric flows, some of which has been incorporated in this paper. The 
last part of the work in this paper was done and the material in Chapter 
3, Chapter 6 and Chapter 7 was presented while the second author was 
visiting the Harvard Mathematics Department in the fall semester of 2005 
and the early spring semester of 2006. He wants to especially thank Professor 
Shing-Tung Yau, Professor Cliff Taubes and Professor Daniel W. Stroock for 
the enlightening comments and encouragement during the lectures. Also he 
gratefully acknowledges the hospitality and the financial support of Harvard 
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Chapter 1. Evolution Equations 

In this chapter, we collect some basic material on Hamilton's Ricci flow. 
In Section 1.1, we introduce the Ricci flow equation of Hamilton |60j and 
examine some special solutions. The short time existence and uniqueness 
theorem of the Ricci flow on a compact manifold [60] (also cf. [45]) is 
presented in Section 1.2. Evolution equations of curvatures under the Ricci 
flow [601 I61j are described in Section 1.3. In Section 1.4, we recall Shi's 
local derivative estimate |118j . which plays an important role in the Ricci 
flow. Perelman's two functionals in [lOTj and their monotonicity properties 
are discussed in Section 1.5. 



1.1. The Ricci Flow 

In this section, we introduce Hamilton's Ricci flow and examine some 
special solutions. The presentation follows closely |60|. I65j . 

Let M be an n-dimensional complete Riemannian manifold with the Rie- 
mannian metric gij. The Levi-Civita connection is given by the Christoffel 
symbols 



where g'^^ is the inverse of gij . The summation convention of summing over 
repeated indices is used here and throughout the book. The Riemannian 
curvature tensor is given by 



f)rk o-pA 

dx^ dx^ ^^ip^ji ^jp^ii- 

We lower the index to the third position, so that 

l^ijkl — dkp-f^iji' 

The curvature tensor Rijki is anti-symmetric in the pairs i, j and k, I and 
symmetric in their interchange: 

-^ijkl I^jikl ^ijlk ^klij- 

Also the first Bianchi identity holds 

(1.1.1) Rijkl + Rjkil + Rkijl = 0. 

The Ricci tensor is the contraction 

Rik = g^^Rijkh 

and the scalar curvature is 

R = g'^Rij. 

We denote the covariant derivative of a vector field v = by 
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and of a 1-form by 



V t;. - ^-r'^-Vi. 



These definitions extend uniquely to tensors so as to preserve the product 
rule and contractions. For the exchange of two covariant derivatives, we 
have 

(1.1.2) V^Vjv' - VjViv' = R\jt,v\ 

(1.1.3) y^yjVk - VjViVk = R^jH9^"'v^, 

and similar formulas for more complicated tensors. The second Bianchi 
identity is given by 

(1.1.4) ^mRijkl + ^iRjmkl + ^ jRrnikl = C 

For any tensor T = Tj^ we define its length by 

\rpi 1 2 ri^rn kprpi rpl 

l-'^jkl — yiiy y ^jk^mpi 

and we define its Laplacian by 

the trace of the second iterated covariant derivatives. Similar definitions 
hold for more general tensors. 

The Ricci flow of Hamilton [60j is the evolution equation 

(1.1.5) ^ = 

for a family of Riemannian metrics gij{t) on M. It is a nonlinear system of 
second order partial differential equations on metrics. 

In order to get a feel for the Ricci flow (1.1.5) we first present some 
examples of specific solutions (cf. Section 2 of |65j ). 

(1) Einstein metrics 

A Riemannian metric gij is called Einstein if 

Rij — -^dij 

for some constant A. A smooth manifold M with an Einstein metric is called 
an Einstein manifold. 

If the initial metric is Ricci flat, so that Rij = 0, then clearly the metric 
does not change under (1.1.5). Hence any Ricci flat metric is a stationary 
solution of the Ricci flow. This happens, for example, on a flat torus or on 
any i^TS-surface with a Calabi-Yau metric. 

If the initial metric is Einstein with positive scalar curvature, then the 
metric will shrink under the Ricci flow by a time-dependent factor. Indeed, 
since the initial metric is Einstein, we have 

Rij{x, 0) = \gij{x, 0), Vx e M 

and some A > 0. Let 

9ij{x,t) = p^{t)gij{x,0). 
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From the definition of the Ricci tensor, one sees that 
Rij{x,t) = Rij{x,0) = Xgij{x,0). 
Thus the equation (1.1.5) corresponds to 



dt 



-2Xg^,{x,0). 



This gives the ODE 
(1.1.6) 

whose solution is given by 



dp A 
dt p ' 

p'^it) = 1 - 2 At. 



Thus the evolving metric gij{x,t) shrinks homothetically to a point as t — > 
T = 1/2A. Note that as t — > T, the scalar curvature becomes infinite like 
1/iT-t). 

By contrast, if the initial metric is an Einstein metric of negative scalar 
curvature, the metric will expand homothetically for all times. Indeed if 

Rij{x,0) = -Xgij{x,0) 

with A > and 

9ij{x,t) = p'^{t)gij{x,0). 
Then p{t) satisfies the ODE 

(1.1.7) ^ = ^ 

dt p 

with the solution 

p2(i) = i + 2At. 

Hence the evolving metric gij{x,t) = p^{t)gij{x,0) exists and expands ho- 
mothetically for all times, and the curvature will fall back to zero like —1/t. 
Note that now the evolving metric gij{x, t) only goes back in time to — 1/2A, 
when the metric explodes out of a single point in a "big bang" . 

(2) Ricci Solitons 

The concept of a Ricci soliton is introduced by Hamilton [62J . We will 
call a solution to an evolution equation which moves under a one-parameter 
subgroup of the symmetry group of the equation a steady soliton. The 
symmetry group of the Ricci flow contains the full diffeomorphism group. 
Thus a solution to the Ricci flow (1.1.5) which moves by a one-parameter 
group of diffeomorphisms ipt is called a steady Ricci soliton. 

If (ft is a one-parameter group of diffeomorphisms generated by a vector 
field V on M, then the Ricci soliton is given by 

(1.1.8) gij{x,t) = iplgij{x,0) 
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which imphes that the Ricci term —2Ric on the RHS of (1.1.5) is equal to 
the Lie derivative Cyg of the evolving metric g. In particular, the initial 
metric gij{x,0) satisfies the following steady Ricci soliton equation 

(1.1.9) 2Rij + gikVjV'' + gJk'^^V^ = 0. 

If the vector field V is the gradient of a function / then the soliton is called 
a steady gradient Ricci soliton. Thus 

(1.1.10) Rij + ViVjf = 0, or Ric + V^f = 0, 

is the steady gradient Ricci soliton equation. 

Conversely, it is clear that a metric gij satisfying (1.1.10) generates a 
steady gradient Ricci soliton gij{t) given by (1.1.8). For this reason we 
also often call such a metric gij a steady gradient Ricci soliton and do not 
necessarily distinguish it with the solution gij{t) it generates. 

More generally, we can consider a solution to the Ricci flow (1.1.5) 
which moves by diffeomorphisms and also shrinks or expands by a (time- 
dependent) factor at the same time. Such a solution is called a homotheti- 
cally shrinking or homothetically expanding Ricci soliton. The equation 
for a homothetic Ricci soliton is 

(1.1.11) 2Ri, + gikVjV^ + gjk'^iV'' - 2Xgi, = 0, 
or for a homothetic gradient Ricci soliton, 

(1.1.12) Rij + ViVjf - Xgij = 0, 

where A is the homothetic constant. For A > the soliton is shrinking, for 
A < it is expanding. The case A = is a steady Ricci soliton, the case 
V = (or / being a constant function) is an Einstein metric. Thus Ricci 
solitons can be considered as natural extensions of Einstein metrics. In fact, 
the following result states that there are no nontrivial gradient steady or 
expanding Ricci solitons on any compact manifold. 

We remark that if the underlying manifold M is a complex manifold and 
the initial metric is Kahler, then it is well known (see, e.g., [64|,ll2j ) that the 
solution metric to the Ricci flow (1.1.5) remains Kahler. For this reason, the 
Ricci flow on a Kahler manifold is called the Kahler- Ricci flow. A (steady, 
or shrinking, or expanding) Ricci soliton to the Kahler-Ricci flow is called a 
(steady, or shrinking, or expanding repectively) Kahler-Ricci soliton. 
The following result, essentially due to Hamilton (cf. Theorem 20.1 of [65j, 
or Proposition 5.20 of [41j), says there are no nontrivial compact steady and 
expanding Ricci solitons. 

Proposition 1.1.1. On a compact n- dimensional manifold M , a gradi- 
ent steady or expanding Ricci soliton is necessarily an Einstein metric. 

Proof. We shall only prove the steady case and leave the expanding 
case as an exercise. Our argument here follows that of Hamilton [65] . 
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Let Qij be a complete steady gradient Ricci soliton on a manifold M so 
that 

Rij + ViVjf = 0. 

Taking the trace, we get 

(1.1.13) R + Af = 0. 

Also, taking the covariant derivatives of the Ricci soliton equation, we have 

ViVjVfc/ - VjViVkf = VjRik - ViRjk- 
On the other hand, by using the commutating formula (1.1.3), we otain 
ViVjVkf - VjViVkf = RijkNif- 

Thus 

Vji?jfc — VjRik + RijklVif = 0. 
Taking the trace on j and k, and using the contracted second Bianchi identity 

(1.1.14) VjRi, = ^ViR, 
we get 

ViR - 2RijVjf = 0. 

Then 

Vi(|V/p + R) = 2V,/(ViV,/ + Rij) = 0. 

Therefore 

(1.1.15) i?+|V/|2 = C 

for some constant C. 

Taking the difference of (1.1.13) and (1.1.15), we get 

(1.1.16) A/-|V/|2 = -C. 

We claim C = when M is compact. Indeed, this follows either from 

(1.1.17) = -/ Aie~^)dV=[ {Af -\Vf\'^)e-fdV, 

Jm Jm 

or from considering (1.1.16) at both the maximum point and minimum point 
of /. Then, by integrating (1.1.16) we obtain 

/ \Vf\^dV = 0. 

Therefore / is a constant and gij is Ricci flat. □ 

Remark 1.1.2. By contrast, there do exist nontrivial compact gradient 
shrinking Ricci solitons (see Koiso [83], Cao [14] and Wang-Zhu |131] ). 
Also, there exist complete noncompact steady gradient Ricci solitons that 
are not Ricci flat. In two dimensions Hamilton [62j wrote down the first 
such example on M?, called the cigar soliton, where the metric is given by 

(1.1.18) = ^^±^. 
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and the vector field is radial, given by V = —d/dr = —{xd/dx + yd/dy). 
This metric has positive curvature and is asymptotic to a cylinder of finite 
circumference 27r at oo. Higher dimensional examples were found by Robert 
Bryant [li] on M" in the Riemannian case, and by the first author [14j on C" 
in the Kahler case. These examples are complete, rotationally symmetric, 
of positive curvature and found by solving certain nonlinear ODE (system). 
Noncompact expanding solitons were also constructed by the first author 
[14] . More recently, Feldman, Ilmanen and Knopf [48J constructed new 
examples of noncompact shrinking and expanding Kahler-Ricci solitons. 



In this section we establish the short-time existence and uniqueness re- 
sult |60|, I45j for the Ricci flow (1.1.5) on a compact n-dimensional manifold 
M. Our presentation follows closely Hamilton |60j and DeTurck |45| . 

We will see that the Ricci flow is a system of second order nonlinear 
weakly parabolic partial differential equations. In fact, as observed by 
Hamilton [60J, the degeneracy of the system is caused by the diffeomor- 
phism group of M which acts as the gauge group of the Ricci flow. For any 
difFeomorphism (p of M, we have Ric {(p*(g)) = (p*(Ric (g)). Thus, if g{t) is 
a solution to the Ricci flow (1.1.5), so is ip*{g{t)). Because the Ricci flow 
(1.1.5) is only weakly parabolic, even the existence and uniqueness result on 
a compact manifold does not follow from standard PDE theory. The short- 
time existence and uniqueness result in the compact case is first proved by 
Hamilton [60j using the Nash-Moser implicit function theorem. Shortly af- 
ter Denis De Turck [45j gave a much simpler proof using the gauge fixing 
idea which we will present here. In the noncompact case, the short-time ex- 
istence was established by Shi [118] in 1989, but the uniqueness result has 
been proved only very recently by Bing-Long Chen and the second author. 
These results will be presented at the end of this section. 

First, let us follow Hamilton [60] to examine the equation of the Ricci 
flow and see it is weakly parabolic. Let M be a compact n-dimensional 
Riemannian manifold. The Ricci flow equation is a second order nonlinear 
partial differential system 



1.2. Short-time Existence and Uniqueness 




18 



H.-D. CAO AND X.-P. ZHU 



The linearization of this system is 

dgij _ 
dt 



DE{gij)gi 



where gij is the variation in gij and DE is the derivative of E given by 

d'^gki d'^gji d'^gu , d'^cnj 



DE{gij)gij = g 



kl 



+ 



dx'^dx^ dx^dx^ dx^dx^ dx^dx^ 
+ (lower order terms). 

We now compute the symbol of DE. This is to take the highest order 
derivatives and replace A- by the Fourier transform variable C,i . The symbol 



(Ci, •••,(«) 



of the linear differential operator DE{gij) in the direction 
is 

aDE{gij){C)gij = g^^QiQjhi + CkCigij - CiCkgji - CjCkgu)- 
To see what the symbol does, we can always assume ^ has length 1 and 
choose coordinates at a point such that 



9ij 



Then 



i.e., 



C = (1,0,...,0). 

{aDE{gij){C)){gij) = gij + 6ii6ji{gu H ^ gnr 

— ^iigij — Sjigii, 

[aDE{gij){C){gij)]ii = 922 H h gnn, 

[aDE{gij)iC){gij)]ik = 0, if k ^ 1, 
[aDE{gij){C){gij)]ki = m, if / 1, / / 1. 



In particular 



(5. 



* 



* \ 




\ * ••• y 

are zero eigenvectors of the symbol. The presence of the zero eigenvalue 
shows that the system cannot be strictly parabolic. 

Next, instead of considering the system (1.2.1) (or the Ricci flow equation 
(1.1.5)), we follow a trick of DeTurck [45j to consider a modified evolution 
equation, which is equivalent to the Ricci flow up to diffeomorphisms and 
turns out to be strictly parabolic so that the standard theory of parabolic 
equations applies. 

Suppose gij{x, t) is a solution of the Ricci flow (1.1.5), and ipt : M ^ M 
is a family of diffeomorphisms of M. Let 

gij{x,t) = ip*tgij{x,t) 



HAMILTON-PERELMAN'S PROOF 



19 



be the pull-back metrics. We now want to find the evolution equation for 
the metrics gij{x,t). 
Denote by 

y{x,t) = ipt{x) = {y^{x,t),y^{x,t),. . . ,y"'(x,t)} 
in local coordinates. Then 



(1.2.2) 
and 



9ij{x,t) 



dy" dy^ 



dx^ dx^ 



T9ap{y,t), 



d 



r9ai3{y,t) 



dx^ dxj 
dx^ dx^ ^' dx^ 



dy^ 



dt 7 dxi 



+ 



dy" d ( dy^ 



dx^ \ dt 



9apiy,t). 



Let us choose a normal coordinate {x^} around a fixed point p e M such 

dgap dy^ 



that = at p. Since 



d 

Q^9a/3{y, t) = -2Raf}{y, t) + , 



we have in the normal coordinate, 



9 , ^ 

-Ql9ij{x,t) 



ay" a/ 5 dy"" dyf^ dgap dy^ 



+ 



dx^ dxj 
d f dy^\ dy^ 



dx^ dx^ dy'y dt 



dx'^ 



i9af3{y,t) + 



d f dyf^\ dy' 



dt I ax^-^"'"'^'"' ' dxo \ dt I dx^ 



i9af3{y,t) 



= -2Rij{x,t) + 



QyOl Qyl3 dg^p Qyl Q / Qy<^ \ Qx 



+ 



dx'^ dx^ dy'^ dt dx'^ \ dt J dy 



+ 



d ( dy^\ dx^ 



dx'j \ dt J dyf^ 



79ik 



= -2Rij{x,t) + 



QyOt Qyl3 Qg^^ Qy-f Q / QyO^ Qx- 



+ 



vy-^-j ' dx^ dxi dy-r dt ' dx' \ dt dy' 



:9jk 



+ 



d f dy^ dx'^ 



dxi \ dt dyP 



9ik 



QyOc Q / dx 



dt dx^ \dy°' 



9jk 



dy^ d ( dx^ 



dt dxi \dyf^ 



9ik- 
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The second term on the RHS gives, in the normal coordinate, 



Qya QyP Qyl Q^^^ 

dx' dxi dt dy-y ~ dx^ dxi dt dy^ \dy'^ dy(^ 



QyOi QyP Qy-y Q I' Q^k Q^l 
-Qkl 



dy" dy"' d ( dx^ \ dy^ dy'^ d ( dx^ 

9jk + 



dx'^ dt dy'^ \dy' 



dx^ dt dy'^ \dy^ 



9ik 



dy" d'^x^ dy^ dy^ d'^x^ dy° 



dt dy"'dy^ dx' ^ dt dy^'dyP dx^ 
dy°^ d ( dx^ 



9ik 



dt dx^ \dy' 



dy^ d / dx^\ 



So we get 



(1.2.3) 



-Ql9ij{x,t) 



.dy'^dx^ \ (dyf^dx^ 
-2Rij{x,t) + Vi -j^jT—Qjk + ( ——9ik 



dt dy° 



dt dyP' 



If we define y{x,t) = ipt{x) by the equations 



(1.2.4) 



dt - jl Ijl) 

y"(x,0) = x". 



7 k- 

and Vi = gitg-' (T -i— Tji), we get the foUowing evolution equation for the 
pull-back metric 



(1.2.5) 



' |ffij(x, t) = -2Rij{x, t) + ViVj + VjVi, 

o 

. gij{x,0) =9ij (x), 



where dij (x) is the initial metric and Tji is the connection of the initial 
metric. 



Lemma 1.2.1 (DeTurck [45j). The modified evolution equation (1.2.5) 
is a strictly parabolic system. 
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Proof. The RHS of the equation (1.2.5) is given by 
-2Rij{x,t)+ViVj + VjVi 
_ d i kl dgki \ d ( f,i f dgji dgu dg, 



dx' 1 ^ dx^ j \^ V ^ dxJ dx^ 



+ 9jkg g^i|2^ \dx<i^ dxP dx^ 

in .pq ^ f ^ M ( ^9pi , dggi dg^g 

+ 9ikg 1 2^ \dx<i^ dxP dx^ 

+ (lower order terms) 

kl f d'^gki _ d'^gji _ d^gu d^gij 



^ dx^dx^ dx'^dx^ dxWx^ dx^dx^ 



2 \ dx^dxi dx^dxP dx^dx^ 

pq i_^^Pi_ d'^gqi _ 9'^gpq 

2 \dx^dxi dx^dxP dx'^dxi 
+ (lower order terms) 

1,1 d'^ gij . . 
= 9 r. i.r^ 1 + (lower order terms). 
ox'^ox'' 

Thus its symbol is {g^''CkCi)gij- Hence the equation in (1.2.5) is strictly 
parabolic. □ 

Now since the equation (1.2.5) is strictly parabolic and the manifold 
M is compact, it follows from the standard theory of parabolic equations 
(see for example [84]) that (1.2.5) has a solution for a short time. From the 
solution of (1.2.5) we can obtain a solution of the Ricci flow from (1.2.4) and 
(1.2.2). This shows existence. Now we argue the uniqueness of the solution. 
Since 

7, dy°' dy^ dx^ - ^ dx'^ f?^y" 



dx^ dx^ dy-y ' dx^dx^ ' 
the initial value problem (1.2.4) can be written as 



(1.2.6) 



dy" ^ „ji ( _av _ r ^y" f° 

at y \ dx:>dx' ^ jl dP' 7/3 fei a? 



^y°(x,0) = x". 



This is clearly a strictly parabolic system. For any two solutions g^^^ (•, t) and 



'V (2) 

glj {■,t) of the Ricci flow (1.1.5) with the same initial data, we can solve the 
initial value problem (1.2.6) (or equivalently, (1.2.4)) to get two families ip[^^ 



and 99^^^ of diffeomorphisms of M. Thus we get two solutions, gl:^\-,t) 



(^fV4'^(-'*) 9ff{;t) = {4^^rg'lfi;t), to the modified evolution 
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equation (1.2.5) with the same initial metric. The uniqueness result for 
the strictly parabolic equation (1.2.5) implies that = g~^-' . Then by 
equation (1.2.4) and the standard uniqueness result of ODE systems, the 
corresponding solutions Lpi^ and ipf^ of (1-2.4) (or equivalently (1.2.6)) must 
agree. Consequently the metrics gi^ and gi^ must agree also. Thus we have 
proved the following result. 

Theorem 1.2.2 (Hamilton [BD|, De Turck gS]). Let (M, ffij(x)) he a 
compact Riemannian manifold. Then there exists a constant T > such 
that the initial value problem 



has a unique smooth solution gij{x,t) on M x [0,r). 

The case of a noncompact manifold is much more complicated and in- 
volves a huge amount of techniques from the theory of partial differential 
equations. Here we will only state the existence and uniqueness results and 
refer the reader to the cited references for the proofs. 

The following existence result was obtained by Shi in [118] published in 



Theorem 1.2.3 (Shi |118j ). Let (M, gij{x)) be a complete noncompact 
Riemannian manifold of dimension n with bounded curvature. Then there 
exists a constant T > such that the initial value problem 



has a smooth solution gij{x,t) on M x [0, T] with uniformly bounded curva- 



The Ricci flow is a heat type equation. It is well-known that the unique- 
ness of a heat equation on a complete noncompact manifold is not always 
held if there are no further restrictions on the growth of the solutions. For 
example, the heat equation on Euclidean space with zero initial data has a 
nontrivial solution which grows faster than exp(a|2;p) for any a > when- 
ever t > 0. This implies that even for the standard linear heat equation on 
Euclidean space, in order to ensure the uniqueness one can only allow the so- 
lution to grow at most as exp(C|xp) for some constant C > 0. Note that on a 
Kahler manifold, the Ricci curvature is given by = —q^q^ log det{g^g). 
So the reasonable growth rate for the uniqueness of the Ricci flow to hold 
is that the solution has bounded curvature. Thus the following uniqueness 
result of Bing-Long Chen and the second author [34j is essentially the best 
one can hope for. 




1989. 




ture. 
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Theorem 1.2.4 (Chen-Zhu [34]). Let {M,gij) be a complete noncom- 
pact Riemannian manifold of dimension n with bounded curvature. Let 
gij{x,t) and gij{x,t) be two solutions, defined on M x [0,T], to the Ricci 
flow (1.1.5) with gij as initial data and with bounded curvatures. Then 
gij{x,t) = gij{x,t) on M X [0,T]. 

1.3. Evolution of Curvatures 

The Ricci flow is an evolution equation on the metric. The evolution for 
the metric implies a nonlinear heat equation for the Riemannian curvature 
tensor Rijki which we now derive. Our presentation in this section follows 
closely the original papers of Hamilton [601, 161j . 

Proposition 1.3.1 (Hamilton |60j ). Under the Ricci flow (1.1.5), the 

curvature tensor satisfies the evolution equation 

d 

-Q^Rijkl = ^Rijkl + "^{Bi-jkl — Bijik — Biijk + Bikji) 

g^'^ {RpjklRqi ~l" RipklRqj ~l" RijplRqk ~l~ RijkpRql) 

where Bij^i = g^^ g'^^ RpiqjRrksl CLn-d A is the Laplacian with respect to the 
evolving metric. 

Proof. Choose {x^, . . . , x"^} to be a normal coordinate system at a fixed 
point. At this point, we compute 

- }i hm j _d_ f d_ \ d_(d_ \ d (d \\ 

dt "2^ 1 dx^ V9i^'"y ^ d^' \dt^'') ] 

= ^/'"(V,(-2i?z™) + Vi{-2Rjm) - Vmi-2Rji)), 

^Rt,=^(^r^^-^(^T^ 



dt V^* ^7 dx^ \dt 

d 9 dgfik h 

^Rijki = gHkQ-Ri,i + ^Ri,i 

Combining these identities we get 

d 



Q-Rijkl — ghk 



^Vi[/"(V,(-2i?i^) + Vi{-2Rjm) - Vm{-2Rji))]^ 



V,[/'"(Vi(-2i?;^) + Vi{-2Rim) - Vmi-2Rii))] 



— 2RhkRiji 

= ^i^kRjl — ^i^lRjk — ^ j^kRil + ^ iRik 
Rijlpg^'^ Rqk Rijkpg^'^ Rql '^Rijpig^'^ Rqk 

= ViVkRji - ViViRjk - VjVkRu + VjViRtk 

— g^'^ {RijkpRql + RijplRqk)- 

Here we have used the exchanging formula (1.1.3). 
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Now it remains to check the foUowing identity, which is analogous to the 
Simon's identity in extrinsic geometry, 

(1.3.1) ^Rijkl + 2(-Bijfe; — Bijik — Biijk + Bikji) 

= ^i^kRjl — ^i^lRjk — ^j^kRil + ^j^l^ik 
+ g^'^{RpjklRqi + RipklRqj)- 

Indeed, from the second Bianchi identity (1.1.4), we have 

^Rijkl = 9^'^^p^qRijkl 

= g^'^^p^iRgjki - g^'^^p^jRqiki- 

Let us examine the first term on the RHS. By using the exchanging formula 
(1.1.3) and the first Bianchi identity (1.1.1), we have 

gP'^VpViRgjki - g^^yNpRqjki 

— g^'^g {RpiqmRnjkl "I" RpijmRqnkl "I" RpikmRqjnl "I" RpilmRqjkn) 

— Rimg Rnjkl "I" g^'^g RpimjiRqkln "I" Rqlnk) 
' y y -'^pikm-'^qjnl "r J/ y ^pilm^qjkn 

— Rimg Rnjkl Rijkl "I" ^ijlk Rikjl "I" ^iljki 

while using the contracted second Bianchi identity 
(1-3.2) g'"'VpRqjki = VkRji - ViRjk, 

we have 

gP'^ViVpRgjki = ViVkRji - ViViRjk- 

Thus 

gP'^VpViRgjki 

= ViVkRji — ViViRjk — {Bijki — Bijik — Biijk + Bikji) + g^'^RpjkiRqi- 
Therefore we obtain 

'^R-ijkl 

= 9''"ypViRqjki - g^'VpVjRqikl 

= '^i^kRji — '^NiRjk — {Bijki — Bijik — Biijk + Bikji) + g^'^RpjkiRqi 
— VjVkRii + VjVi-Rjfe + {Bjiki — Bjiik — Bjiik + Bjkii) - g^'^RpikiRqj 

= ^i^kRjl — ^t^lRjk — ^j'^kRil + ^j'^lRik 

+ g^'^{RpjkiRqi + RipkiRqj) - '^{Bijki - Bijik - Biijk + Bikji) 
as desired, where in the last step we used the symmetries 
(1-3.3) Bijki = Bkiij = Bjiik- 

□ 
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Corollary 1.3.2 (Hamilton |60j ). The Ricci curvature satisfies the evo- 
lution equation 



dt 

Proof. 



-TrRik = ^Rik + '^9^^9''^RpiqkRrs — 'ig^'^RpiRqk- 



^R.k = 9^'^Rr,ki+{^y')R.,ki 



— 9''\^Rijki + '^{Bijki - Bijik - Biljk + Bikji) 

~ 9^'^ {RpjklRqi ~l~ RipklRqj ~l~ RijplRqk ~l~ RijkpRql)] 

= ARik + 2g^\Bi,ki - 2Bijik) + IgP"- g'^' RpigkRrs 
— 2gP'^RpkRqi. 

We claim that g^\Bijki — 2Bijik) = 0. Indeed by using the first Bianchi 
identity, we have 

9^''Bijkl = 9^^ 9^^ 9^'^ RpiqjRrksl 

= g^'gP'-g'^'RpqijRrski 

~ 9"^ 9^ 9'^ {Rpiqj Rpjqi){,Rrksl Rrlsk) 

= 2g^\Bijki — Bijik) 

as desired. 

Thus we obtain 

d 

'O^Rik = ARik + 2g^^ g'^^ RpiqkRrs — 2g^'^RpiRqk- 

□ 

Corollary 1.3.3 (Hamilton [6OJ). The scalar curvature satisfies the 
evolution equation 

?^ = Ai? + 2|Ric|2. 
ot 

Proof. 

dR _ AkdRik ( Apdgpq qk\ „ 

= g'H^Rik + 2gP'g'''RpigkRrs - 2/''i?p.i?,fc) + 2RpqRikg'Pg^'' 
= Aii + 2|Ricp. 

□ 

To simplify the evolution equations of curvatures, we will follow Hamil- 
ton |61j and represent the curvature tensors in an orthonormal frame and 
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evolve the frame so that it remains orthonormal. More precisely, let us 
pick an abstract vector bundle V over M isomorphic to the tangent bun- 
dle TM. Locally, the frame F = {Fi, . . . , Fq, . . . , F„} of V is given by 
Fa = with the isomorphism {F'a}. Choose {F^} at t = such that 

F = {Fi, . . . , Fa, . . . , Fn} is an orthonormal frame at t = 0, and evolve {F^} 
by the equation 

^F„* = g'^RikFn- 

Qj. 0, J jK a 

Then the frame F = {Fi, . . . , Fq, . . . , F„} will remain orthonormal for all 
times since the pull back metric on V 

h^ = gijFiFi 

remains constant in time. In the following we will use indices a,b, . . . on a 
tensor to denote its components in the evolving orthonormal frame. In this 
frame we have the following: 

rj ipi ipj ipk TTil r? 

r^o = + ^)kKFb, {(Ft) = (F^)-i) 

VbF" = FlViV", 

where r|j, is the metric connection of the vector bundle V with the metric 
hab- Indeed, by direct computations, 

(9F"' 

dFi . _/_9F 



So 



and 



dx 
= 0, 

^ihab = ViigijF^Fi) = 0. 

VaVb = FlFiViV^, 

^FLabcd = '^l^lFiabcd 

= gijF^FlF^F2ViVjRklmn- 
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In an orthonormal frame F = {Fi, . . . , Fa, ■ ■ ■ , F^}, the evolution equa- 
tions of curvature tensors become 

d 

(1-3.4) Q^Rabcd = ^Rabcd + "^{Babcd - Babdc - Badbc + Bacbd) 

(1-3-5) ^"^"^ ^ ^R-ab + "^RacbdRcd 

d 

(1.3.6) — i? = Ai? + 2|Ric|2 

where Babcd = RaebfRcedf- 

Equation (1.3.4) is a reaction-diffusion equation. We can understand the 
quadratic terms of this equation better if we think of the curvature tensor 
Rabcd as a symmetric bilinear form on the two-forms A^(F) given by the 
formula 

Rm{ip,ip) = Rabcd^abil^cd, for ip,ip e A^{V). 
A two-form <^ G A^(F) can be regarded as an element of the Lie algebra 
so{n) (i.e. the skew-symmetric matrix {(poh)nxn)i where the metric on A^(F) 
is given by 

{ip, ^) = ifab^ab 

and the Lie bracket is given by 

[f, i^]ab = ^Paci^bc - tpac^bc- 

Choose an orthonormal basis of A'^{V) 

-I n(n — 1) 

$ = {^\..., ^^—} 
where = {f^b}- The Lie bracket is given by 

where C"^''' = C^^S'^'^ = {[f"', (f^],(f'^) are the Lie structure constants. 

Write Rabcd = ^^apfabf^- We now claim that the first part of the qua- 
dratic terms in (1.3.4) is given by 

(1.3.7) 2{Babcd - Babdc) = MajMp^ip^bvii. 

Indeed, by the first Bianchi identity, 

Babcd Babdc ~ Raebf Rcedf Raebf Rdecf 
= Raebf{—Rcefd — Rcfde) 
~ Raebf Rede f- 

On the other hand, 

Raebf Rcdef = {—Rabfe — Rafeb)Rcdef 

~ Rabef Rcdef RafebRcdef 
~ Rabef Rcdef RafbeRcdfe 
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which imphes RaebfRcdef = \RabefRcdef- Thus we obtain 

'^{Babcd — Babdc) = RabefRcdef = ^a-^^ P^yfab'^cd' 

We next consider the last part of the quadratic terms: 

"^{Bacbd — Badbc) 
= '^{Raecf Rbedf — RaedfRbecf) 

= 2M^sdfMr,e/dfC2\:b- 

But 

= M.sM.eCr^^biftMf + C^Vfj 

= -M,eM^sC2\2b^ij^df + {CTC'p'M,sM^eM,^^,d 
which impUes 

1 

Then we have 



(1.3.8) 2{Bacbd - Badbc) = {Cl'^Cl'M.,sMr,e)vZb^ld- 

Therefore, combining (1.3.7) and (1.3.8), we can reformulate the curva- 
ture evolution equation (1.3.4) as follows. 

Proposition 1.3.4 (Hamilton [61]). Let Rabcd = ^^ap'Pabf^- Then 
under the Ricci flow (1.1.5), Ma/3 satisfies the evolution equation 

(1-3.9) = AM^fs + Mil, + ^% 

where M^^ = Ma^Mj^^ is the operator square and M^^ = {C2P C^^ M^^M^g) 
is the Lie algebra square. 

Let us now consider the operator in dimensions 3 and 4 in more 
detail. 

In dimension 3, let uji,uj2.,uj2, be a positively oriented orthonormal basis 
for one- forms. Then 

tf^ = \/2a;i A UJ2, = \/2w2 A W3, ip^ = V2uj^ A uJi 
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form an orthonormal basis for two- forms A . Write 
as 



= 1,2,3, 





then 





V2 



-if 



So C^^^ = {[ip^,cp'^],(p^) = in particular 



■ 2 ' 



0, 



if a^l3^j, 
otherwise. 



Hence the matrix M# = (M^) is just the adjoint matrix of M = {Map): 

(1.3.10) M* = det M • *M-\ 

In dimension 4, we can use the Hodge star operator to decompose the 
space of two-forms as 

A^ = A+eA^ 

where A^ (resp. A^) is the eigenspace of the star operator with eigenvalue 
-|-1 (resp. —1). Let a;i,a;2,a;3,a;4 be a positively oriented orthonormal basis 
for one-forms. A basis for A^ is then given by 

(p^ = cji A 0^2 + A a;4, tp^ = ui + oja f\ lu2, </7^ = wi A a;4 -|- a;2 A 0^3, 
while a basis for A?_ is given by 

tjj^ = LOl A UJ2 — iOs A iJ4, tp"^ = iOl A LO^ — LO4 A iJ2, '^^ = OJl A UJi — U2 A U^. 

In particular, {(/j-^, c/?^, ^/;^, forms an orthonormal basis for the 

space of two- forms A^ . By using this basis we obtain a block decomposition 
of the curvature operator matrix M as 



M = {Map) 



A B 
*B C 
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Here A, B and C are 3x3 matrices with A and C being symmetric. Then 
we can write each element of the basis as a skew-symmetric 4x4 matrix 
and compute as above to get 



(1.3.11) 




where A*, S*, are the adjoint of 3 x 3 submatrices as before. 

For later applications in Chapter 5, we now give some computations for 
the entries of the matrices A, C and B as follows. First for the matrices A 
and C, we have 

All = Rm{ip^, ip^) = i?i212 + -R3434 + 2-Rl234 
A22 = Rm{ip'^, ip^) = Riziz + i?4242 + 2-Ri342 
^33 = Rm{ip^, <p^) = Ruu + i?2323 + 2i2l423 

and 

Cii = Rm{i)\i^^) = i?i212 + R3434 - 2i?1234 
C22 = Rm{ll?,i?) = Run + ^4242 - 2i?l342 
C33 = i^m(V'^ V'^) = ^1414 + R2323 - 2i?1423- 

By the Bianchi identity 

-R1234 + -R1342 + -R1423 = 0) 

so we have 

trA = trC = -R. 

2 

Next for the entries of the matrix B, we have 

Bii = Rm{ip^,tp^) = i?i2i2 - -R3434 

^22 = Rm{if^,%lP') = i?i3i3 - i?4242 

B33 = i^m((/?^ i)^) = Ruu - -R2323 

and 

B12 = Rm{ip^ = i?i2i3 + -R3413 - -R1242 - -R3442 etc. 



Thus the entries of B can be written as 






Bii = 2(^11 + -^22 — 


R33 — 


R44) 


-B22 = 2^"^^^ "^23 ~ 


R44 — 


R22) 


-B33 = 2'-^^^ "^^^ ~ 


^22 — 


R33) 


and 






B12 = R23 — Ru 


etc. 





If we choose the frame {cji, 0^21 (^S) ^^4} so that the Ricci tensor is diagonal, 
then the matrix B is also diagonal. In particular, the matrix B is identically 
zero when the four-manifold is Einstein. 
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1.4. Derivative Estimates 

In the previous section we have seen that the curvatures satisfy nonhnear 
heat equations with quadratic growth terms. The parabohc nature will give 
us a bound on the derivatives of the curvatures at any time i > in terms 
of a bound of the curvatures. In this section, we derive Shi's local derivative 
estimate [I'lSj . Our presentation follows Hamilton |65j . 

We begin with the global version of the derivative estimate of Shi |118j . 

Theorem 1.4.1 (Shi |118j ). There exist constants Cm, m = 1,2,..., 

such that if the curvature of a complete solution to Ricci flow is bounded by 

\Rijki\ < M 

up to time t with < t < , then the covariant derivative of the curvature 
is bounded by 

l^Rijkil < CiM/Vi 
and the m!'^ covariant derivative of the curvature is bounded by 

Here the norms are taken with respect to the evolving metric. 

Proof. We shall only give the proof for the compact case. The noncom- 
pact case can be deduced from the next local derivative estimate theorem. 
Let us denote the curvature tensor by Rm and denote hy A* B any tensor 
product of two tensors A and B when we do not need the precise expression. 
We have from Proposition 1.3.1 that 

d 

(1.4.1) di^''^ ^ ^Rm + Rm * Rm. 
Since 

= VRm, 

it follows that 

d 

(1.4.2) —{VRm) = A{VRm) +Rm* (VRm). 
Thus 

d 

— < AliJmP - 2|Vi?mp + CliJmP, 

at 

8 

— |Vi?mp < AlViJmP - llV^Rml"^ + C\Rm\ ■ iViZmP, 
ot 

for some constant C depending only on the dimension n. 
Let A >0 be a constant (to be determined) and set 

F = t\VRm\'^ + A\Rm\'^. 
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We compute 

dF d d 

— = iVEmp + t—\VRm\^ + A—\Rm\'^ 
at at at 

< A{t\VRm\'^ + A\Rmf) + \VRmf{l + tC\Rm\ - 2A) + CA\Rm\^. 
Taking A > C + 1, we get 



dF 

— <AF + CM^ 
at 

for some constant C depending only on the dimension n. We then obtain 

F < F(0) + CMH <{A + C)M'^, 

and then 

\VRmf < {A + C)M^/t. 
The general case follows in the same way. If we have bounds 

\V''Rm\ < CkM/t^, 
we know from (1.4.1) and (1.4.2) that 

|-|V*=i?m|2 < A\V''Rm\^ - 2\V'+'Rmf + 

dt^ I - I II I ^fc ' 



and 



8 CM^ 



dt 

Let > be a constant (to be determined) and set 

Fk = t'^+^ivfe+ii^mp + Akt''+^\V''Rmf. 

Then 

^Fk = {k + 2)t''+'\V''+^Rmf + t''+^^^\V''+^Rmf 

+ Ak{k + l)t''\V''Rm\^ + Akt''+^-^\V''Rm\'^ 
< {k + 2)t''+^\V''+^Rmf 



+ t 



k+2 



CM3 



+ Ak{k + l)t^\V^Rm\ 



+ Akf 



k+l 



A\V^Rm\^ - 2\V^+^Rm\^ + 



~t^ 



< AFk + Cfe+iM 



for some positive constant Ck+i, by choosing Ak large enough. This implies 
that 

\V'-^^Rm\ < 

t 2 

□ 
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The above derivative estimate is a somewhat standard Bernstein esti- 
mate in PDEs. By using a cutoff argument, we will derive the following local 
version in |118] . which is called Shi's derivative estimate. The proof is 
adapted from Hamilton 



Theorem 1.4.2 (Shi [118j ). There exist positive constants 6,Ck,k = 
1,2,..., depending only on the dimension with the following property. Sup- 
pose that the curvature of a solution to the Ricci flow is bounded 



\Rm\ < M, on U X 



where U is an open set of the manifold. Assume that the closed ball Bq{p, r), 
centered at p of radius r with respect to the metric at t = 0, is contained in 
U and the time t < 6/M. Then we can estimate the covariant derivatives 
of the curvature at {p, t) by 

\VRm{p,t)\^ < CiM^ (\ + j + M 

t 

and the k^^ covariant derivative of the curvature at {p, t) by 
\V'^Rmip,t)\'<C,M' (^_L + ^ + M^ 

Proof. Without loss of generality, we may assume r < 9/\/M and the 
exponential map at p at time t = is injective on the ball of radius r (by 
passing to a local cover if necessary, and pulling back the local solution of 
the Ricci flow to the ball of radius r in the tangent space at p at time t = 0). 

Recall 

d 

— < A|i?m|2 - 2|V/?mp + C\Rm\^, 

d 

— |Vi?mp < A\VRm\^ - 2\V^Rm\'^ + C\Rm\ ■ |Vi?m|^ 

Define 

S = {BM^ + \Rm\'^)\VRm\^ 

where is a positive constant to be determined. By choosing B > 
and using the Cauchy inequality, we have 

^S< AS- 2BM^\V^Rm\'^ - 2|Vi?m|^ 
dt - I I I I 

+ CM|Vi?mp • iV^i^ml + CBM^\VRm\^ 
<AS- \VRm\^ + CB^M^ 



If we take 



6(BM^ + \Rmf)\VRmf/M^ = bS/M^ 
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and b < min{l/(B + lf,l/CB'^}, wc get 

dF 

(1.4.3) — < AF - F'^ + M'^. 

at 

We now want to choose a cutoff function ^p with the support in the ball 
Bq{p, r) such that at i = 0, 

ip{p) = r, < if < Ar, 

and 

\V(p\ < A, IVVI < — 
r 

for some positive constant A depending only on the dimension. Indeed, let 
g : (—GO, +oo) — [0, +oo) be a smooth, nonnegative function satisfying 



Set 



1, ?xG(-i,i), 
0, outside (—1,1). 



s2 



and hence 
Also, 

VV = -9" 

r 



where s is the geodesic distance function from p with respect to the metric 
at t = 0. Then ^ 

V<p = -g' ( ^ ) • 2sVs 
r \r J 

|V(^| < 2Ci. 

^4s2Vs • Vs + -g' 2Vs • Vs + -g (^-^\ ■ 2sV^s. 

Thus, by using the standard Hessian comparison, 

|VV|<^ + ^|sV2s| 

<k 

r 

Here Ci, C2 and C3 arc positive constants depending only on the dimension. 

Now extend (p to U x [0, jj] by letting (f to be zero outside Bo{p, r) and 
independent of time. Introduce the barrier function 

(1.4.4) ff.fl^±iva4! + i + M 

(p'' t 

which is defined and smooth on the set {99 > 0} x (0, T]. 

As the metric evolves, we will still have < 93 < Ar (since ip is indepen- 
dent of time t); but |V</?p and </?|V^</?| may increase. By continuity it will 
be a while before they double. 
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Claim 1. As long as 
we have 

at 

Indeed, by the definition of i7, we have 
dH _ 1 



and 



Ail = (12 + 4V^)^2^ 
(12 + 4V^)2^4 



Therefore, 



at 



Claim 2. If the constant ^ > is small enough compared to 6, B and 
A, then we have the following property: as long as r < 6/\/M, t < 9/M 
and F < H, we will have 

< 2A^ and y'lVVl < 2^^- 
Indeed, by considering the evolution of V(^, we have 



which implies 



and then 



^ |Vv7|2 < CM|V(^|^ 



dt 



|V(^|2 < yl'e^^* < 2A\ 
provided t<e/M with 6" < log 2/C. 
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By considering the evolution of V'^'p, we have 



dt 

d_ 

dt 



FiFi 



dip 



dx^dx^ dx^ 



which imphes 
(1.4.5) 



^|VVl < C\Rm\ ■ |VVl + C\VRm\ ■ |V(^|. 



By assumption F < H, we have 



(1.4.6) 



2M2 /(12 + 4Vn)A2 1 



65 



+ - ) , for t < e/M. 



Thus by noting (p independent of t and p < Ar, we get from (1.4.5) and 
(1.4.6) that 



d_ 

at 



ip\V^p\) < CM {p\V'^p\ + l + 



which imphes 



CMt 



< e 

< 2^^ 



(<^|VVl)k=o + CM 
+ CM{t + 2rVi) 



Vt 



1 + 



Vt 



dt 



provided r < 6/\/M, and t <9/M with 9 small enough. Therefore we have 
obtained Claim 2. 

The combination of Claim 1 and Claim 2 gives us 

dH 
'dt 



as long as r < 9/VM, t < 9/M and F < H. And (1.4.3) tells us 

dF ^ 9 9 

— < AF-F^ + M^. 
dt - 

Then the standard maximum principle immediately gives the estimate 



\VRm\^ <CM^ (^ + j + Mj on {cp > 0} X (o, 



which implies the first order derivative estimate. 
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The higher order derivative estimates can be obtained in the same way 
by induction. Suppose we have the bounds 



1 



1 



As before, by (1.4.1) and (1.4.2), we have 

d_ 
dt' 
and 

d 



+ 



Here and in the following wc denote by C various positive constants depend- 
ing only on and the dimension. 
Define 



Sk 



1 



1 



where is a positive constant to be determined. By choosing Bk large 
enough and Cauchy inequality, we have 



d_ 

dt 



Sk< 



k 



- + A\V''Rm\''' - 2|V'=+^i?m| 



1 1 



+ CM-" 1— + - + M 



2k ' fk 



■ \V^+^Rm\'^ 



+ 



BkM' 



1 



+ CM'' 



j.2{k+l) ^ ik+l ^ \ 



< ASk + 8\V''Rm\ ■ |V'=+^i2mp • \V''+'^Rm\ - ^|V*^+^i?m| 



1 



1 



+ ^ + M'' ) + |V''i2m|' 



1 



H h M'^+M 

^2(fc+l) ^ ^fe+l ^ y 
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< ASk - \V''+'Rm\^ + CBlM^ (^_L + _L + m^^^ 

< AS, - W^^'Rml' + CBlM^ + + M^^^^^ 
<AS, 



Let u = l/r^ + l/t + M and set = hSk/u^. Then 

^^'^ < AF, - , + bCBlM\'+' + kF,u 



dt - b{Bk + l)'^M'^u'' 

< AFk \^ , ^ + b(C + 2k'^)(Bk + 1)2mV+2. 



By choosing 6 < 1/(2(C + 2A;2)(Sfc + l)'^A'r), wc get 
Introduce 

i^;;^ = 5(yfc + l){2{k + 1) + 1 + ^)A^ip~^^''+^^ + Lt-(^'+i) + M*=+\ 
where L > k + 2. Then by using Claim 1 and Claim 2, we have 

^ = -ik+l)Lt-(^^^\ 
AHk < 20{k + l)\2{k + !) + ! + V^)AV"^^^+^^ 

and 

Hi > 25{k + lf{2{k + !) + ! + V^)A^^-^^''+'^ + L^f-^e^+i) + m''^''+'\ 
These imply 

ATT 172 I „,k+2 

Ot u'^ 
Then the maximum principle immediately gives the estimate 

In particular, 

< 5{k + 1) {2{k + 1) + 1 + V^) AV"^^*'^^^ + + M''+\ 
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So by the definition of u and the choosing of b, we obtain the desired estimate 
Therefore we have completed the proof of the theorem. □ 



1.5. Variational Structure and Dynamic Property 

In this section, we introduce two functionals of Perelman |107] . J-' and 
yV, and discuss their relations with the Ricci flow. Our presentation here 
follows sections 1.1-1.3 of Perelman |107] . 

It was not known whether the Ricci flow is a gradient flow until Perelman 
|107j showed that the Ricci flow is, in a certain sense, the gradient flow of 
the functional J^. If we consider the Ricci flow as a dynamical system on the 
space of Riemannian metrics, then these two functionals are of Lyapunov 
type for this dynamical system. Obviously, Ricci flat metrics are fixed points 
of the dynamical system. When we consider the space of Riemannian metrics 
modulo diffeomorphism and scaling, fixed points of the Ricci flow dynamical 
system correspond to steady, or shrinking, or expanding Ricci solitons. The 
following concept corresponds to a periodic orbit. 

Definition 1.5.1. A metric gij{t) evolving by the Ricci flow is called 
a breather if for some ti < t2 and a > the metrics agij{ti) and gij{t2) 
differ only by a diffeomorphism; the case a = 1, a < 1, a > 1 correspond 
to steady, shrinking and expanding breathers, respectively. 

Clearly, (steady, shrinking or expanding) Ricci solitons are trivial 
breathers for which the metrics gij{ti) and gij{t2) differ only by diffeomor- 
phism and scaling for every pair ti and t2- 

We always assume M is a compact n-dimensional manifold in this sec- 
tion. Let us first consider the functional 

(1.5.1) H9v,f) = I {R+\Vf\^)e-fdV 

of Perelman |107j defined on the space of Riemannian metrics, and smooth 
functions on M. Here R is the scalar curvature of gij. 

Lemma 1.5.2 (Perelman [107J). If 5 gij = Vij andSf = h are variations 
of gij and f respectively, then the first variation of T is given by 

6J'{vij,h) =j^^ [-Vi,{R,j + V^Vjf) + (I - /i) (2A/ - |V/|2 + i?)] e-Uv 

where v = g^^Vij. 
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Proof. In any normal coordinates at a fixed point, we have 



dx 
_ _d_ 



5Rji = — 



d 
dx^ 
1 d 



-(/^"^(VjUim + VlVjm - VmVjl) 



= -VjiRji + g^^5Rji 



l_d_ 

2dx 

-VjiRji + ViViVii - Av. 



Thus 
(1.5.2) 



6R{vij) = -Av + ViVjVij - VijRij. 



The first variation of the functional J^{gij, /) is 
(1.5.3) s(^ljR + \Vf\'')e-fdV^ 

= [ ([dR{vij) + d{g'^VifVjf)]e-fdV 

JM \ 

+ (i?+|V/|2) -he-^dV + e--^^dV 

= / - Av + ViVjVij - RijVij - VijVifVjf 
JM L 

+ 2(V/,V/i) + (i?+|V/|2)g-/i) e-^dV. 
On the other hand, 

/ {ViVjVij - VijVifVjf)e-fdV = [ {VifVjVij - VijVifV jf)e-f dV 

JM JM 

= - f {ViVjf)vije-fdV, 

JM 

[ 2{Vf,Vh)e-Uv = -2 [ hAfe-^dV + 2 [ \Vf\'^he-^dV, 

JM JM JM 
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and 

/ {-Av)e'fdV = - I {Vf,Vv)e'Uv 

JM JM 

= [ vAfe-^dV- [ \Vf\^ve-^dV. 

JM JM 

Plugging these identities into (1.5.3) the first variation formula follows. □ 

Now let us study the functional J-' when the metric evolves under the 
Ricci flow and the function evolves by a backward heat equation. 

Proposition 1.5.3 (Perelman [107] ). Let gij{t) and f{t) evolve accord- 
ing to the coupled flow 

( ddij op 

] at ~ ^-n-Jj! 

df - Af, \V7f\2 



Then 



d_ 
It 



y ^ = -Af + \Vf\'-R. 
n9ij{t),f{t)) = 2 [ \Rij+ViVjf\\-fdV 

JM 



and fj^je~-^dV is constant. In particular J^{gij{t), f{t)) is nondecreasing 
in time and the monotonicity is strict unless we are on a steady gradient 
soliton. 

Proof. Under the coupled flow and using the first variation formula in 
Lemma 1.5.2, we have 



dt 



M 



-2Ri,){Ri, + ViVjf) 
dt J 



+ {h-2R)-%] (2A/-|V/p + i?) 



[ [2Rij{Rij + ViVjf) + (A/ - |V/|2)(2A/ - jV/p + R)]e-fdV. 

JM 



Now 



/ (A/-|V/|2)(2A/-|V/|2)e-^dy 

JM 

= [ -VifV^i2Af-\Vf\^)e-fdV 

JM 

= [ -Vif{2Vj{ViV,f)-2R,jV,f -2{Vf,ViVf))e-fdV 

JM 

= -2 / [{VJVjf-ViVjf)ViVjf-R,jVifVjf-{Vf,ViVf)Vif]e-fdV 

JM 

= 2 [ [|V,V,/|2 + R,jVJVjf]e-fdV, 

JM 
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and 

/ {Af-\Vf\^)Re-^dV 

JM 

= [ -VifViRe-Uv 

JM 

= 2/ ViVjfRije-fdV-2 [ VifVjfRije-Uv. 

JM JM 

Here we have used the contracted second Bianchi identity. Therefore we 
obtain 

= f [2Rij{Rij + ViVjf) + 2(V,Vj/)(V,V,-/ + Rij)]e-fdV 

JM 

= 2 [ \Rij + ViVjf\^e-fdV. 

JM 

It remains to show Jj^ dV is a constant. Note that the volume element 
dV = ^y det gij dx evolves under the Ricci flow by 

(1.5.4) -dV = -{^d^)dx 



= ^ (^log(det5i,)) dV 



-RdV. 



Hence 



(1.5.5) -^)^^ 

= (A/-|V/|V^dF 



. / e-UV = -j A(e--^)dy = 0. 

JM JM 



= -A{e-^)dV. 

It then follows that 

d_ 
dt 

This finishes the proof of the proposition. □ 
Next we define the associated energy 

(1.5.6) X{gij) = inf |j^(5i,-, /) | / G C~(M), ^ e-UV = l| . 
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If we set u = e~-^^^, then the functional J- can be expressed in terms of 

u as 

jr= /" {Ru^ + 4\Vu\'^)dV, 
Jm 

and the constraint Jj^jC^^dV = 1 becomes jj^^u^dV = 1. Therefore X{gij) 
is just the first eigenvalue of the operator — 4A + R. Let lio > be a first 
eigenfunction of the operator — 4A + R satisfying 

-4Ano + Ruq = \{gij)uQ. 

The /o = — 21ogtio is a minimizer: 

Kdij) = ^{gijJo)- 
Note that /o satisfies the equation 
(1.5.7) - 2A/o + |V/o|2 -R = -X{g,j). 

Observe that the evolution equation 

|^ = -A/ + |V/|2-fl 

can be rewritten as the following linear equation 

^^{e-f) = -A{e-f) + R{e-f). 

Thus we can always solve the evolution equation for / backwards in time. 
Suppose at t = tQ, the infimum \{gij) is achieved by some function /q with 
J"j^^ e~-^°dV = 1. We solve the backward heat equation 

r§f = -A/+|V/p-i2 

[ f\t=to = /o 

to obtain a solution f(t) for t < to which satisfies fjf^e~-^dV = 1. It then 
follows from Proposition 1.5.3 that 

A(5ii(t)) < H9ij{t),f{t)) < Hmj{^o),f{to)) = H9ij{to))- 
Also note \{gij) is invariant under diffeomorphism. Thus we have proved 

Corollary 1.5.4 (Perelman |107| ). 

(i) \{gij{t)) is nondecreasing along the Ricci flow and the monotonicity 
is strict unless we are on a steady gradient soliton; 

(ii) A steady breather is necessarily a steady gradient soliton. 

To deal with the expanding case we consider a scale invariant version 

Kdij) = K9ij)V^{gij). 
Here V = Vol{gij) denotes the volume of M with respect to the metric gij. 
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Corollary 1.5.5 (Perelman 

(i) X{gij) is nondecreasing along the Ricci flow whenever it is non- 
positive; moreover, the monotonicity is strict unless we are on a 
gradient expanding soliton; 

(ii) An expanding breather is necessarily an expanding gradient soliton. 

Proof. Let /o be a minimizer of \{gij{t)) at t = to and solve the 
backward heat equation 



dt 



-Af + \Vf\''-R 



to obtain f{t), t < to, with ,f e ^^^^dV = 1. We compute the derivative 
(understood in the barrier sense) at t = to. 



>J^{H9^J{t)J{t))■vl{g;,m 

= vU 2\R,j+ViVjf\^e~fdV 
Jm 

+ -V— / {-R)dV- / (i? + |V/|^ 
n Jm Jm 



-fdV 



2V-r 



M 



Rij+ViVjf - -{R + Af)gij 



n 



+ - I iR+Affe-fdV+- (- [ iR+\Vf\^)e-fdv] [ RdV 
n Jm n \ Jm J \V Jm 

where we have used the formula (1.5.4) in the computation of dV/dt. 
Suppose \{gij{to)) < 0, then the last term on the RHS is given by, 



1 

n 

> 



M 



(i?+|V/|2) e-fdV) (^}^ j^ RdV^ 



-(- [ {R + \Vf\^)e-fdV 
n V Jm 



M 



{R+\yf\'^)e'Uv 



Thus at t = to, 

(1.5.8) l\{g^m 



> 2V~ 



[ \Ri, + V,V,/ - -{R + Af)gi,j\h-f dV 
Jm 

+ -( f {R + Affe-Uv - ( I {R + Af)e-fdv\ 
n \Jm \Jm ) 



> 
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by the Cauchy-Schwarz inequality. Thus we have proved statement (i). 

We note that on an expanding breather on [ti,t2] with agij{ti) and 
9ij{t2) differ only by a difFeomorphism for some a > 1, it would necessary 
have 

dV ^ r n 

> 0, tor some t G [ti,t2\. 

On the other hand, for every t, 

-^logV = ^ [ RdV > X{g,,{t)) 
at V Jm 

by the definition of X{gij{t)). It follows that on an expanding breather on 

[h,t2], 

\{gij{t)) = \{g^j{t))V^igij{t)) <0 
for some t G [ti,t2]- Then by using statement (i), it implies 

unless we are on an expanding gradient soliton. We also note that \{gij{t)) 
is invariant under diffeomorphism and scaling which implies 

Therefore the breather must be an expanding gradient soliton. □ 

In particular part (ii) of Corollaries 1.5.4 and 1.5.5 imply that all com- 
pact steady or expanding Ricci solitons are gradient ones. Combining this 
fact with Proposition (1.1.1), we immediately get 

Proposition 1.5.6 (Perelman |107j ). On a compact manifold, a steady 
or expanding breather is necessarily an Einstein metric. 

In order to handle the shrinking case, we introduce the following impor- 
tant functional, also due to Perelman |107j . 

(1.5.9) W{gij,f,T)= f [r(i? + |V/|2) + /-n](4^r)-te-^dy 

where gij is a Riemannian metric, / is a smooth function on M, and r 
is a positive scale parameter. Clearly the functional W is invariant under 
simultaneous scaling of r and gij (or equivalently the parabolic scaling), and 
invariant under diffeomorphism. Namely, for any positive number a and any 
diffeomorphism 93 

(1.5.10) W{aip*gi,,^*f,aT) = W{gij,f,T). 

Similar to Lemma 1.5.2, we have the following first variation formula for 
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Lemma 1.5.7 (Perelman |107j ). If Vij = 6gij, h = 5f, and r] = St, 

then 

5W{vij,h,rj) 



i^-h-—r,) [t{R + 2A/ - |V/|2) + f-n- l](4^r)-t e'^dy 

+ I^^v{R+ |V/P - ^) (47rT)"te"/dy. 

Here v = g^^Vij as before. 

Proof. Arguing as in the proof of Lemma 1.5.2, the first variation of 
the functional W can be computed as fohows, 

6W{vij,h,rj) 

= [ [rj{R + |V/|2) + t{-Av + ViVjVij - RijVij - VijVifVjf 



+ 2{Vf,Vh)) + h\{ATTT)~'ie~Uv 



+ 



nri V 
. — L + _ 

2 r 2 



{r{R+\Vf\^) + f-n) 

[ [r]{R + \Vf\'^) + h]{iTTT)~'^e-fdV 
Jm 

TVij{R,j + V,Vj/) + t{v - 2h){Af - |V/|2)](4^r)-te-^dy 



At 



M 



nri V 

- — - H h 

2 r 2 



(r(i?+|V/|2) + /-n 
- J^^Tv^j {Rij + ViVj/ - ^Qi^ {iTTr)-^e-fdV 

+ / - n + 2t(A/ - |V/p)](47rT)-te--^dy 



(iTTT) 2e ^dV 



+ 



M 



r?(i?+|V/|2-— ) + (h-- + —r]) {A7rT)-^e-fdV 



2t 



V n 



2 2t 



M 



+ 



[r(i? + 2A/- |V/p) + /-n - l](47rT)-te-/(iV 



u n 

h ri 

M ^2 2r ' 



+ /" 7?fi?+|V/|2-— ) (47rr)-te--^(iy. 



□ 
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The following result is analogous to Proposition 1.5.3. 

Proposition 1.5.8 (Perelman |107] ). If gij{t), f{t) and T{t) evolve ac- 
cording to the system 

dt ~ 

| = -A/ + |V/|^-fl+^, 



9r 
dt 



then we have the identity 
±W{9^,{t)J{t),T{t)) = 



-1, 



2t 



AI 



(Attt) 



2 e 



and Jj^IAttt)^ 2 e^-^ dV is constant. In particular W {gij (t), f{t),T{t)) is non- 
decreasing in time and the monotonicity is strict unless we are on a shrinking 
gradient soliton. 



(1.5.11 



Proof. Using Lemma 1.5.7, we have 
d 



dt 



W{g^,{t),f{t),T{t)) 



2TRij {Rij + ViVj/ - ^gi^ (47rT)-te-^dy 
+ / (A/-|V/|2)[T(i? + 2A/-|V/|2) + /](4^r)-te-^dy 

JM 

- j^^ {R+\yf? - ^) (47rr)-te-/dy. 

Here we have used the fact that /jv/(A/ - | V/P)e~-'' dV = 0. 
The second term on the RHS of (1.5.11) is 

/ (A/ - \Vf\^)[T{R + 2Af - |V/|2) + /](4^r)-te-^dy 

JM 

= [ (A/-|V/|2)(2rA/-T|V/|2)(47rT)-te-^dy 

- [ |V/|2(4^r)-te-^dy + r [ (-V,/)(Vii?)(47rT)-te-^(iy 
Jai Jai 

= T [ (-Vi/)(V,(2A/-|V/|2))(4^r)^te-/dy 
Jai 

- [ Af{iTTT)-^e-fdV -2t [ VifVjRij{4iTT)-'^e-fdV 
J At Jai 

= -2t / (Vi/)(V,A/ - (V/, ViV/))(4^r)-?e-^dy 
Ja/i 
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+ 
+ 



2t / [{ViVjf)Rij-VifVjfRij]{AnT)-^e-fdV 
Jm 

Jm 

- ViVjfV^fVjf]{A7rT)-^e-fdV 
+ 2t I [{ViVjf)Rij-VifVjfRij]{47rT)-^e-fdV 

JM 

= 2t jjyiVjf) (viVjf + Rij - ^g^J^ (47rr)-te-^cZy. 
Also the third term on the RHS of (1.5.11) is 
J^-{R+ |V/|' - ^) (47rr)-te-/dF 

= [ - (n + Af - —) {ATTT)-^e-Uv 
Jm ^ 2r/ 

= 2r ^ {^9^?j + ViV,-/ - ^Qi^ (47rr)-ie-^dF. 
Therefore, by combining the above identities, we obtain 
|w(5.,(t),/(t),r(i))=2r 



(47rr) 2e f dV. 



Finally, by using the computations in (1.5.5) and the evolution equations 
of / and T, we have 



^ [(Aitt) 2 6 ^dV^ = (Aitt) 2 

= -(47rT)"tA(e~^)dy. 



Hence 



d 
di 



[ {AiTTy'^e-f dV = -(Attt)-^ [ A{e~f)dV = 0. 
Jm Jm 



□ 



Now we set 
(1.5.12) 



M5i,-,r) = inf|w(5^„/,r) \ f e C^{M), -^^^ j ^e'f dV = 1 

id 

u{gij) = inf |>V(g, /, r) I / G g°°(M), r > 0, J^^^^ ^ 6-^ = 1 
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Note that if we let u = 1"^ ^ then the functional W can be expressed as 

J M 

and the constraint j ^j{A'kt)~ 2 ^ dV = 1 becomes j^ju'^{A-KT)~^dV = 1. 
Thus fi{gij,T) corresponds to the best constant of a logarithmic Sobolev 
inequality. Since the nonquadratic term is subcritical (in view of Sobolev 
exponent), it is rather straightforward to show that 

infi / [T{A\Vu\'^+Ru'^)-u'^logu'^-nu'^]{4TTT)-^dV [ u"^ (Attt)- dV = 1 

is achieved by some nonnegative function u £ H^{M) which satisfies the 
Euler-Lagrange equation 

r(— 4Au + Ru) — 2ulogu — nu = fi{gij,T)u. 

One can further show that u is positive (see |112j ). Then the standard 
regularity theory of elliptic PDEs shows that u is smooth. We refer the 
reader to Rothaus |112j for more details. It follows that fj,{gij,T) is achieved 
by a minimizer / satisfying the nonlinear equation 

(1.5.13) r(2A/ - |V/|2 + R) + f - n = fi{gij,T). 

Corollary 1.5.9 (Perelman [107j ). 

(i) fi{gij (t) , T — t) is nondecreasing along the Ricci flow; moveover, the 
monotonicity is strict unless we are on a shrinking gradient soliton; 

(ii) A shrinking breather is necessarily a shrinking gradient soliton. 

Proof. Fix any time toi let /o be a minimizer of fi{gij{tQ), t — to). Note 
that the backward heat equation 

is equivalent to the linear equation 

d n 

— ((47rr)"te"^) = - A{(4:Ttt)~ ^ e~ ^ ) + i?((47rT)~te"^). 

Thus we can solve the backward heat equation of / with f\t=to = fo 
to obtain f{t), t < to, with /j^^(47rT)~?e~-^*^*)(iy = 1. It then follows from 
Proposition 1.5.8 that 

lj{gij{t), T-t)< W{gij{t), f{t),T - t) 

< W(5ij(to),/(to),T-to) 

= K9ij{to),T - to) 

for t < tQ and the second inequality is strict unless we are on a shrinking 
gradient soliton. This proves statement (i). 

Consider a shrinking breather on [ti,t2] with agij{ti) and gij{t2) differ 
only by a diffeomorphism for some a < 1. Recall that the functional W 
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is invariant under simultaneous scaling of r and gij and invariant under 
diffeomorphism. Then for r > to be determined, 

K9ij{h),r - h) = fi{agij{ti),a{T - ti)) = fi{gij (12) , a{T - h)) 

and by the monotonicity of iJ,{gij{t),T — t), 

K9ij{tl),T - h) < fl{gij{t2),T - t2). 

Now take r > such that 

a{T -ti) = T - t2, 

i.e., 

t2 — ati 

T = . 

1 — a 

This shows the equality holds in the monotonicity of fj,{gij{t),T — t). So the 
shrinking breather must be a shrinking gradient soliton. □ 

Finally, we remark that Hamilton, Ilmanen and the first author [19] have 
obtained the second variation formulas for both A-energy and z^-energy. We 
refer the reader to their paper [19| for more details and related stability 
questions. 
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Chapter 2. Maximum Principle and 

Li-Yau-Hamilton Inequalities 

The maximum principle is a fundamental tool in the study of para- 
bolic equations in general. In this chapter, we present various maximum 
principles for tensors developed by Hamilton in the Ricci flow. As an im- 
mediate consequence, the Ricci flow preserves the nonnegativity of the cur- 
vature operator. We also present two crucial estimates in the Ricci flow: 
the Hamilton-Ivey curvature pinching estimate \65\ I75j when dimension 
n = 3, and the Li-Yau-Hamilton estimate |62L I63j from which one obtains 
the Harnack inequality for the evolved scalar curvature via a Li-Yau [85] 
path integral. Most of the presentation in Sections 2.1-2.5 follows closely 
Hamilton [60], I6H, \62[ \63[ I65j . and some parts of Section 2.3 also follows 
Chow-Lu [42j. Finally, in Section 2.6 we describe Perelman's Li-Yau type 
estimate for solutions to the conjugate heat equation and show how Li-Yau 
type path integral leads to a space-time distance function (i.e., what Perel- 
man ^lO'Tj called the reduced distance). 



Let M be an n-dimensional complete manifold. Consider a family of 
smooth metrics gij{t) evolving by the Ricci flow with uniformly bounded 
curvature for t £ [0,T] with T < +oo. Denote by dt{x,y) the distance 
between two points x,y £ M with respect to the metric gij{t). First we 
need the following useful fact (cf. |116j ) 

Lemma 2.1.1. There exists a smooth function f on M such that / > 1 
everywhere, f{x) +oo as do{x,xo) — > -|-oo {for some fixed xq G M), 



on M X [0, T] for some positive constant C. 

Proof. Let (p{v) be a smooth function on M" which is nonnegative, 
rotationally symmetric and has compact support in a small ball centered at 
the origin with ip{v)dv = 1. 

For each x G M, set 



where the integral is taken over the tangent space TxM at x which we have 
identified with M". If the size of the support of '^{v) is small compared to 
the maximum curvature, then it is well known that this defines a smooth 
function / on M with f{x) -\-co as (io(x,xo) — > +cxd, while the bounds 
on the first and second covariant derivatives of / with respect to the metric 
g'jj(-,0) follow from the Hessian comparison theorem. Thus it remains to 
show these bounds hold with respect to the evolving metric gij{t). 



2.1. Preserving Positive Curvature 



|V/|,^^(,)<C and |VVU(,)<C 
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We compute, using the frame {F^Vif} introduced in Section 1.3, 

§-Vaf=-^^{Fy^f)=Ral,Vtf. 

Hence 

|V/| < Ci ■ e^^\ 

where Ci, C2 are some positive constants depending only on the dimension. 
Also 

= RacVbVcf + RbcVaVJ + {VcRab " ^ aRbc " ^bRacWcf- 

Then by Shi's derivative estimate (Theorem 1.4.1), we have 

||VVISC3|VV| + ^. 

which implies 

for some positive constants C3 depending only on the dimension and the 
curvature bound. □ 

We now use the weak maximum principle to derive the following result 
(cf. |60] and [TT8] ^. 

Proposition 2.1.2. If the scalar curvature R of the solution gij{t), < 
t < T, to the Ricci flow is nonnegative at t = 0, then it remains so on 
0<t<T. 

Proof. Let / be the function constructed in Lemma 2.1.1 and recall 

^ = AR + 2\mc\\ 
ot 

For any small constant e > and large constant A > 0, we have 

= A(i? + ee^V) + 2|i?«cp + ee'^\Af - A/) 

> A(i? + ee^*/) 

by choosing A large enough. 
We claim that 



i2 + ee^7>0 on Mx[0,r]. 
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Suppose not, then there exist a first time to > and a point xq € M such 
that 

{R + ee^'f){xo,to) = 0, 
V{R + ee^'f){xo,to) = 0, 
A{R + ee^'f){xo,to)>0, 
and ^(i? + ee^*/)(^o,to) <0. 

Then 

> ^(i? + ee^'f){xo, to) > A(i? + ee^'f){xo, to) > 0, 
which is a contradiction. So we have proved that 

i? + ee^*/>0 on Mx[0,r]. 
Letting e ^ 0, we get 

i?>0 on Mx[0,T]. 

This finishes the proof of the proposition. □ 

Next we derive a maximum principle of Hamilton for tensors. Let M 
be a complete manifold with a metric g = {gtj}, V a vector bundle over M 
with a metric h = {h^p} and a connection V = {L^} compatible with h, 
and suppose h is fixed but g and V may vary smoothly with time t. Let 
T(V) be the vector space of C°° sections of V. The Laplacian A acting on 
a section a E r(y) is defined by 

Aa = g'^V^VjU. 

Let Map be a symmetric bilinear form on V. We say Map > if Mapv'^v^ > 
for all vectors v = {v"}. Assume Na^ = V{Mai3, hap) is a polynomial in 
Map formed by contracting products of Map with itself using the metric 
h = {hap}- Assume that the tensor M^p is uniformly bounded in space- 
time and let gij evolve by the Ricci flow with bounded curvature. 

Lemma 2.1.3 (Hamilton [60j). Suppose that on <t <T, 

^^Map = AMap + u'ViMap + Nap 

where u^{t) is a time- dependent vector field on M with uniform bound and 
^ap = 'PiMap, hap) Satisfies 

Napv°v'^ > whenever Mapv^ = 0. 

If Map > at t = 0, then it remains so on < t < T . 

Proof. Set 

Map = Map + ee^'fhap, 
where ^ > is a suitably large constant (to be chosen later) and / is the 
function constructed in Lemma 2.1.1. 
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We claim that Map > on M x [0,r] for every e > 0. If not, then 
for some e > 0, there will be a first time to > where Map acquires a null 
vector of unit length at some point xq S M. At (xo,to)) 

Napv'^v'^ > Napv'^V^ - Na^v'^v'^ 

where Naf3 = 'Pi^ap-, hap), and C is a positive constant (depending on the 
bound of Ma/3, but independent of A). 

Let us extend v" to a local vector field in a neighborhood of xq by parallel 
translating v"' along geodesies (with respect to the metric gij{to)) emanating 
radially out of xq, with v" independent of t. Then, at {xo,to), we have 

^(M,^7;%^)<0, 

ViMapv^^v") = 0, 
and A{Maf3v''v'^) > 0. 

But 

> ^^{MapV^v") = ^^{MapV^v" + 86^' f), 

= AiMapv^'vf) - Aiee^'f) + u'ViiMapv^'v'^) 

- u'Viiee^'f) + Napv'^v" + eAe^'^'f{xo) 
> -Cee^'^fixo) + sAe^'^fixo) > 
when A is chosen sufficiently large. This is a contradiction. □ 
By applying Lemma 2.1.3 to the evolution equation 

^^Mal3 = AMa/3 + M^p + 

of the curvature operator Map, we immediately obtain the following impor- 
tant result. 

Proposition 2.1.4 (Hamilton |61]). Nonnegativity of the curvature op- 
erator Map is preserved by the Ricci flow. 

In the Kahler case, the nonnegativity of the holomorpic bisectional cur- 
vature is preserved under the Kahler-Ricci flow. This result is proved by 
Bando [5] for complex dimension n = 3 and by Mok |95] for general dimen- 
sion n when the manifold is compact, and by Shi [119j when the manifold 
is noncompact. 

Proposition 2.1.5. Under the Kdhler-Ricci flow if the initial metric 
has positive (nonnegative) holomorphic bisectional curvature then the evolved 
metric also has positive (nonnegative) holomorphic bisectional curvature. 
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2.2. Strong Maximum Principle 

Let be a bounded, connected open set of a complete n-dimensional 
manifold M, and let gij{x,t) be a smooth solution to the Ricci flow on 
Q X [0, T]. Consider a vector bundle V over with a fixed metric haf3 
(independent of time), and a connection V = {r^} which is compatible 
with ha/3 and may vary with time t. Let T{V) be the vector space of C°° 
sections of V over 0,. The Laplacian A acting on a section a G r(y) is 
defined by 

Act = g^^{x,t)ViVja. 
Consider a family of smooth symmetric bilinear forms M^/? evolving by 

(2.2.1) ^^Maf3 = AMafi + Nap, OU fl X [0, T], 

where Nap = P{Map,hap) is a polynomial in Map formed by contracting 
products of Map with itself using the metric hap and satisfies 

Nap > 0, whenever Map > 0. 

The following result, due to Hamilton [61J, shows that the solution of (2.2.1) 
satisfies a strong maximum principle. 

Theorem 2.2.1 (Hamilton's strong maximum principle). Let Map be 

a smooth solution of the equation (2.2.1). Suppose Map > on Q x [0,T]. 
Then there exists a positive constant < S < T such that on Q x (0,6), 
the rank of Map is constant, and the null space of Map is invariant under 
parallel translation and invariant in time and also lies in the null space of 

Nap. 



Proof. Set 



/ = maxjrank of Map{x,0)}. 



Then we can find a nonnegative smooth function p{x), which is positive 
somewhere and has compact support in fi, so that at every point x G il., 

n-l+l 

Map{x,0)vfv^ > p{x) 

1=1 

for any (n — / + 1) orthogonal unit vectors {vi, . . . , Vn-i+i} at x. 
Let us evolve p{x) by the heat equation 

dt' = ''' 

with the Dirichlet condition p\q^ = to get a smooth function p{x, t) defined 
on X [0,T]. By the standard strong maximum principle, we know that 
p{x,t) is positive everywhere in Q for all t G (0, T]. 
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For every e > 0, we claim that at every point {x,t) £ Q x [0, T], there 
holds 

n-l+l 

M^pix, t)v^v^ + ee* > p{x, t) 

1=1 

for any (n — Z + 1) orthogonal unit vectors {vi, . . . , Vn-i+i} at x. 

We argue by contradiction. Suppose not, then for some e > 0, there 
will be a first time to > and some (n — Z + 1) orthogonal unit vectors 
{vi, . . . , Vn-i+i} at some point G so that 

n-l+l 

M^p{xo, to)vfv^ + £e*° = p{xo, to) 

i=l 

Let us extend each Vi {i = 1, . . . , n — Z + 1) to a local vector field, inde- 
pendent of t, in a neighborhood of xq by parallel translation along geodesies 
(with respect to the metric gij{to)) emanating radially out of xq. Clearly 
{vi, . . . , Vn-i+i} remain orthogonal unit vectors in the neighborhood. Then, 
at {xo,to), we have 

M^^vfyf + ee' - p] < 0, 

^ i=l ) 

/n-l+l \ 

and A ^ Mapvfvf + ee* - p \ > 0. 

But, since > by our assumption, we have 

„ /n-l+l \ 
E M„K%^ + ee*-p 



d_ 

di 



\ 1=1 

n-l+l 



= Y i^M^P + NafsKvf + ee* - Ap 

i=l 

n~l+l 

> Y A(M,^<^;f) + ee*-Ap 
1=1 

n-l+l 

= Y HMaK^^ + ee' - p) + se' 
1=1 

> ee* > 0. 

This is a contradiction. Thus by letting e — ^ 0, we prove that 

n-l+l 

Y Map{x,t)vfv^ > p{x,t) 
1=1 

for any (n — I + 1) orthogonal unit vectors {vi, . . . ,Vn-i+i} at x G and 
t G [0, T] . Hence M^p has at least rank I everywhere in the open set CI for 
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all t G (0, r]. Therefore we can find a positive constant 6{< T) such that 
the rank M^^ is constant over Q x (0, 6). 

Next we proceed to analyze the null space of -Ma/j. Let v be any smooth 
section of V in the null of M^p on < t < S. Then 

and 

= A(M„;3w"i;^) 

= {AMaf3)v''v'^ + 4/'VfcM„^ • v'^Viv'^ + 2M„;3/Vfc^;" • V,^;'^. 
By noting that 

= Vk{M^f3vf^) = {VkM^p)v'^ + M^pVkv'^ 

and using the evolution equation (2.2.1), we get 

N^pv^v^ + 2M^pg^^Vkv'' ■ Viv^ = 0. 

Since M^^p > and Nq./3 > 0, we must have 

V G null {N^p) and VjW G null {M^p), for all i. 

The first inclusion shows that null {M^/s) C null (Nap), and the second 
inclusion shows that null (M„^) is invariant under parallel translation. 
To see null {M^p) is also invariant in time, we first note that 

Av = V\Viv) e null (Ma/s) 

and then 

/VfeM„^ • V^^;" = g'^VkiM^pViv'^) - M^pAv^ = 0. 
Thus we have 

= A{M^pv'') 
= {AM^f,)v- + 2g'''VkM^p ■ Viv^ + M^^Av^ 
= {AM^f3)v-, 
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and hence 



This shows that 



|(M»...") 

dv" 

dv 

— G null (M^/s), 



so the null space of M^/s is invariant in time. □ 

We now apply Hamilton's strong maximum principle to the evolution 
equation of the curvature operator Map. Recall 

where M*^ = d^Cfu^^M^e- Suppose we have a solution to the Ricci 
flow with nonnegative curvature operator. Then by Theorem 2.2.1, the null 
space of the curvature operator M^p of the solution has constant rank and 
is invariant in time and under parallel translation over some time interval 
Q < t < 5 . Moreover the null space of M^p must also lie in the null space 

Denote by (n — k) the rank of Majs on < f < 5. Let us diagonalize Map 
so that Maa = if a < A; and Maa > if a > /c. Then we have Maa = 
also for a < k from the evolution equation of Maa- Since 

= M*a = Ci^CfM^nM^e, 

it follows that 

Ci'' = {v'^,[v^,v^]) 

= 0, if a < k and > k. 

This says that the image of Map is a Lie subalgebra (in fact it is the subalge- 
bra of the restricted holonomy group by using the Ambrose-Singer holonomy 
theorem [3]). This proves the following result. 

Theorem 2.2.2 (Hamilton |61j ). Suppose the curvature operator Map 
of the initial metric is nonnegative. Then, under the Ricci flow, for some 
interval < t < 6 the image of Map is a Lie subalgebra of so{n) which has 
constant rank and is invariant under parallel translation and invariant in 
time. 
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2.3. Advanced Maximum Principle for Tensors 

In this section we present Hamilton's advanced maximum principle [61] 
for tensors which generalizes Lemma 2.1.3 and shows how a tensor evolving 
by a nonlinear heat equation may be controlled by a system of ODEs. Our 
presentation in this section follows closely the papers of Hamilton [61j and 
Chow-Lu [42] . An important application of the advanced maximum princi- 
ple is the Hamilton-Ivey curvature pinching estimate for the Ricci flow on 
three-manifolds given in the next section. More applications will be given 
in Chapter 5. 

Let M be a complete manifold equipped with a one-parameter family 
of Riemannian metrics gij{t), < t < T, with T < +oo. Let V ^ M he a 
vector bundle with a time-independent bundle metric hat and T{V) be the 
vector space of C°° sections of V. Let 

V*: r{V) ^r{V (^T*M), te[0,T] 

be a smooth family of time-dependent connections compatible with hab, i-e. 

{^t)iKh = {^t)_a,hah = 0, 

for any local coordinate {^p-) • • • > gf"}' '^^^ Laplacian Aj acting on a section 
a G r(y) is defined by 

For the application to the Ricci flow, we will always assume that the metrics 
gij{-,t) evolve by the Ricci flow. Since M may be noncompact, we assume 
that, for the sake of simplicity, the curvature of gij{t) is uniformly bounded 
on M X [0,r]. 

Let N : V X [0,T] ^ V he a flber preserving map, i.e., N(x,a,t) is 
a time-dependent vector field defined on the bundle V and tangent to the 
fibers. We assume that N(x, a, t) is continuous in x, t and satisfies 

\N{x,ai,t)-N{x,a2,t)\ <CB\cTi-a2\ 

for all X G M, t E [0,T] and \ai\ < B, \a2\ < B, where Cb is a positive con- 
stant depending only on B. Then we can form the nonlinear heat equation 

d 

(PDE) = ^t(T{x, t) + u'{Vt)t(T{x, t) + N{x, a{x, t),t) 

where n* = n*(i) is a time-dependent vector field on M which is uniformly 
bounded on M x [0, T]. Let K he a closed subset of V. One important 
question is under what conditions will solutions of the PDE which start 
in K remain in K. To answer this question, Hamilton [61j imposed the 
following two conditions on K: 

(HI) K is invariant under parallel translation defined by the connection 
Vt for each t £ [0,r]; 

(H2) in each fiber Vx, the set = VxCi K is closed and convex. 
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Then one can judge the behavior of the PDE by comparing to that of the 
fohowing ODE 

(ODE) ^ = N{x,a,,t) 

for ax = (Txit) in each fiber Vx- The following version of Hamilton's advanced 
maximum principle is from Chow-Lu [42j 

Theorem 2.3.1 (Hamilton's advanced maximum principle [61j ). Let 
K be a closed subset ofV satisfying the hypothesis (HI) and (H2). Suppose 
that for any x G M and any initial time to G [0, T), any solution ax{t) of the 
(ODE) which starts in Kx at to will remain in Kx for all later times. Then 
for any initial time to E [0, T) the solution a{x, t) of the (PDE) will remain 
in K for all later times provided (t{x, t) starts in K at time to and ^{x, t) is 
uniformly bounded with respect to the bundle metric hat on M x [to,T]. 

We remark that Lemma 2.1.3 is a special case of the above theorem 
where V is given by a symmetric tensor product of a vector bundle and 
K corresponds to the convex set consisting of all nonnegative symmetric 
bilinear forms. We also remark that Hamilton |61) established the above 
theorem for a general evolving metric gij{x,t) which does not necessarily 
satisfy the Ricci flow. 

Before proving Theorem 2.3.1, we need to establish three lemmas in [61j. 
Let 9? : [a, ^ M be a Lipschitz function. We consider ^(t) at t E [a, b) in 
the sense of limsup of the forward difference quotients, i.e., 

d(p ip{t + h)- (f{t) 

— (t) = limsup . 

dt fi^o+ 

Lemma 2.3.2 (Hamilton |61] ). Suppose 99 : [a,6] — > M is Lipschitz 
continuous and suppose for some constant C < +00, 

^¥'(0 ^ C(p{t), whenever ip{t) >0 on [a,b), 

and v(^) — 0- 
Then (p{t) < on [a,b]. 

Proof. By replacing ip by e~'^*(/9, we may assume 

^p{t)<0, whenever (p{t)>0 on [a, 6), 
and ip{a) < 0. 

For arbitrary e > 0, we shall show ip{t) < e{t — a) on [a, b]. Clearly we may 
assume ip{a) = 0. Since 

(p(a + h) — ip(a) 
limsup ! — < 0, 

there must be some interval a < t < 6 on which ip{t) < e{t — a). 
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Let a <t < che the largest interval with c <b such that ip{t) < e{t — a) 
on [a, c). Then by continuity if{t) < e{t — a) on the closed interval [a, c]. 
We claim that c = b. Suppose not, then we can find 5 > such that 
^{t) < e{t — a) on [a, c + S\ since 

limsup < 0. 

This contradicts the choice of the largest interval [a, c). Therefore, since 
e > can be arbitrary small, we have proved ip{t) < on [a, b]. □ 

The second lemma below is a general principle on the derivative of a 
sup-function which will bridge solutions between ODEs and PDEs. Let X 
be a complete smooth manifold and y be a compact subset of X. Let ip{x^ t) 
be a smooth function on X x [a, b] and let Lp{t) = sup{'ip{y, t) \ y £ Y}. Then 
it is clear that ip{t) is Lipschitz continuous. We have the following useful 
estimate on its derivative. 

Lemma 2.3.3 (Hamilton [61^). 
d (dtp 

— < sup<^ — I y eY satisfies i){y,t) = ip{t) 
Proof. Choose a sequence of times {tj} decreasing to t for which 



lim 



ip{tj) - Lp{t) _ dip{t) 



*t tj -t dt 

Since Y is compact, we can choose yj G Y with (p{tj) = ip{yj,tj). By passing 
to a subsequence, we can assume yj — > y for some y G Y. By continuity, we 
have ip{t) = ilj{y,t). It follows that ip{yj,t) < ip{y,t), and then 

ip{tj) - ip{t) < ij{yj,tj) - 'il^{yj,t) 
d 

= Ql^iVj^'tj) ■ (tj-t) 

for some tj £ [t, tj] by the mean value theorem. Thus we have 

lim^^M^<|^(,,t). 
t,^t tj-t - dt^^"' ^ 

This proves the result. □ 

We remark that the above two lemmas are somewhat standard facts 
in the theory of PDEs and we have implicitly used them in the previous 
sections when we apply the maximum principle. The third lemma gives a 
characterization of when a system of ODEs preserve closed convex sets in 
Euclidean space. We will use the version given in [42j . Let Z C M" be 
a closed convex subset. We define the tangent cone T^Z to the closed 
convex set Z at a point ip G dZ as the smallest closed convex cone with 
vertex at (p which contains Z. 
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Lemma 2.3.4 (Hamilton [61j). Let U C be an open set and Z CU 
be a closed convex subset. Consider the ODE 

(2.3.1) ^ = ^(^'*) 

where N : U x [0,T] ^ is continuous and Lipschitz in (/?. Then the 
following two statements are equivalent. 

(i) For any initial time to G [0,?"], any solution of the ODE (2.3.1) 
which starts in Z at to will remain in Z for all later times; 

(ii) ^p + N{ip, t) £ T^Z for all if G dZ andt £ [0, T). 

Proof. We say that a linear function / on M"" is a support function for 

Z at If £ dZ and write I G S^Z if |Z| = 1 and l{if) > l{rfj for all r] G Z. Then 
(/? + N{(p,t) G T^Z if and only if l{N{ip,t)) < for ah I G S^Z. Suppose 
l{N{ip,t)) > for some ip G dZ and some / G S^Z. Then 

j^l{ip) = l(^^'^=l{N{ip,t))>0, 

so l{(p) is strictly increasing and the solution ip(t) of the ODE (2.3.1) cannot 
remain in Z. 

To see the converse, first note that we may assume Z is compact. This 
is because we can modify the vector field N(ip, t) by multiplying a cutofi' 
function which is everywhere nonnegative, equals one on a large ball and 
equals zero on the complement of a larger ball. The paths of solutions of the 
ODE are unchanged inside the first large ball, so we can intersect Z with the 
second ball to make Z convex and compact. If there were a counterexample 
before the modification there would still be one after as we chose the first 
ball large enough. 

Let s{<p) be the distance from ip to Z in M"'. Clearly s{<p) = if 99 G 
Then 

s{ip) = sup{/((/? — T]) I r/ G dZ and / G 
The sup is taken over a compact subset of M" x M". Hence by Lemma 2.3.3 

^■5('/') < sup{l{N{ip, t)) I ?7 G dZ, I G Sr/Z and s{ip) = l{ip — r/)}. 

It is clear that the sup on the RHS of the above inequality can be takeen only 
when r] is the unique closest point in Z to ip and / is the linear function of 
length one with gradient in the direction of (/? — ry. Since N{(p, t) is Lipschitz 
in (p and continuous in we have 

\N{ip,t)-N{r,,t)\<C\p-ri\ 

for some constant C and all ip and r] in the compact set Z. 
By hypothesis (ii), 

/(iV(7?,t)) <0, 

and for the unique r], the closest point in Z to ip, 

=s{(p). 
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Thus 

^ ( liNir,,t)) + \liN{ip,t))-liNir],t))\ \ v&dZ,] 

[ le Sr,Z, and s{<p) = l{<p - r)) J 

< Cs{(p). 

Since s{(p) = to start at to, it follows from Lemma 2.3.2 that s{(p) = for 
t e [to,T]. This proves the lemma. □ 

We are now ready to prove Theorem 2.3.1. 

Proof of Theorem 2.3.1. Since the solution a{x,t) of the (PDE) is 
uniformly bounded with respect to the bundle metric hab on M x [to,T] by 
hypothesis, we may assume that K is contained in a tubular neighborhood 
V{r) of the zero section in V whose intersection with each fiber 14 is a ball 
of radius r around the origin measured by the bundle metric hab for some 
large r > 0. 

Recall that gij{-,t),t € [0,T], is a smooth solution to the Ricci flow 
with uniformly bounded curvature on M x [0, T]. From Lemma 2.1.1, we 
have a smooth function / such that / > 1 everywhere, f{x) +oo as 
(Iq^XjXq) — +00 for some fixed point xq € M, and the first and second co- 
variant derivatives with respect to the metrics gij{-,t) are uniformly bounded 
on M X [0, T]. Using the metric hab in each fiber Vx and writing — r/| for 
the distance between ip EVx and ry G 14, we set 

s{t) = sup{inf{|a(x,i) - r]\ \ r] e = K nV^} - ee'^'fix)} 

where e is an arbitrarily small positive number and A is a positive constant 
to be determined. We rewrite the function s{t) as 

s{t) = sup{l{a{x, t) -T])- ee^*/(^) | x G M, r? G dK^ and I G Sj^Kx}. 

By the construction of the function /, we see that the sup is taken in a 
compact subset of M x V x V* for all t. Then by Lemma 2.3.3, 

Mt) . ^^ .A At. 



(2.3.2) ^ < sup I q-^1{ct{x, t)-r^)- eAe'^'fix) 

where the sup is over all a; G M, r/ G dKx and I G SjjKx such that 

l(a{x,t)-r^)-ee^'fix) = sit); 

in particular we have \a{x,t) — rj\ = l(a{x,t) — rj), where rj is the unique 
closest point in Kx to a{x,t), and / is the linear function of length one on 
the fiber Vx with gradient in the direction of rj to a{x,t). We compute at 
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these (x, tj, I), 

(2.3.3) 

d 

—l{a{x,t)-r)) 




fix) 



da{x, t) 



= /(At(7(a;, t)) + l{u\x, t){Vt)ia{x, t)) + l{N{x, a{x, t),t)) - eAe^'f{x). 



By the assumption and Lemma 2.3.4 wc have rj + N[x,ri,t) G Tj^Kx- Hence, 
for those {x,r],l), l{N{x,r],t)) < and then 



for some positive constant C by the assumption that N{x, a, t) is Lipschitz in 
a and the fact that the sup is taken on a compact set. Thus the combination 



of (2.3.2)-(2.3.4) gives 
(2.3.5) 

^ < «(Ata(x, t)) + l{u\x, t){Vt)ia{x, t)) + Cs{t) + e(C - A)e^V(^) 
for those x e M,r) e dK^ and I G Sj^K^ such that l{a{x, t) — r]) — ee^^ f{x) = 



Next we estimate the first two terms of (2.3.5). As we extend a vector in 
a bundle from a point x by parallel translation along geodesies emanating 
radially out of x, we will get a smooth section of the bundle in some small 
neighborhood of x such that all the symmetrized covariant derivatives at x 
are zero. Now let us extend r) e Vx and I e V* in this manner. Clearly, we 
continue to have |/|(-) = 1. Since K is invariant under parallel translations, 
we continue to have r]{-) G dK and as a support function for K at r]{-). 
Therefore 



in the neighborhood. It follows that the function l{a{-,t) — ??(•)) — /(•) 
has a local maximum at a:, so at a; 



(2.3.4) 



l{N{x,a{x,t),t)) 

< l{N{x,rj,t)) + \N{x,a{x,t),t) - N{x,r),t)\ 

< C\a{x, t)-ri\ = C{s{t) + ee^V(^)) 



s{t). 



{Vt)Ma{x,t) 
and At{l{a{x,t) 



v) 
v) 



ee^V(x)) = 0, 
ee^'fix)) < 0. 



Hence at x 



l{{Vt)ia{x,t)) - ee^*(Vt)i/(x) = 0, 
and l{Ata{x,t))-ee^^Atf{x)<0. 
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Therefore by combining with (2.3.5), we have 

j^s{t) < Cs{t) + e(AJ(x) + u\Vt)d{x) + {C - A)f{x))e^' 
< Cs{t) 

for ^ > large enough, since f{x) > 1 and the first and second covariant 
derivatives of / are uniformly bounded on M x [0, T] . So by applying Lemma 
2.3.2 and the arbitrariness of e, we have completed the proof of Theorem 
2.3.1. □ 

Finally, we would like to state a useful generalization of Theorem 2.3.1 
by Chow and Lu in |42j which allows the set K to depend on time. One 
can consult the paper [42] for the proof. 

Theorem 2.3.5 (Chow and Lu [42j). Let K{t) C t G [0,r] he closed 
subsets which satisfy the following hypotheses 

(H3) K{t) is invariant under parallel translation defined by the connec- 
tion Vt for each t G [0,T]; 

(H4) in each fiber Vx, the set Kx{t) = K(t) nVx is nonempty, closed and 

convex for each t G [0, T]; 

(H5) the space-time track (J {dK{t) x {t}) is a closed subset of V x 

te[o,T] 

[o,r]. 

Suppose that, for any x G M and any initial time to G [0, T), and for any 
solution crx{t) of the (ODE) which starts in Kx{tQ), the solution (Jx{t) will 
remain in Kx{t) for all later times. Then for any initial time to G [0, T) the 
solution cr{x, t) of the (PDE) will remain in K{t) for all later times if a{x, t) 
starts in K{to) at time to ('■''^d the solution a{x,t) is uniformly bounded with 
respect to the bundle metric hab on M x [tQ,T]. 

2.4. Hamilton-Ivey Curvature Pinching Estimate 

The Hamilton-Ivey curvature pinching estimate |65^ I75j roughly says 
that if a solution to the Ricci flow on a three-manifold becomes singular 
(i.e., the curvature goes to infinity) as time t approaches the maximal time 
T, then the most negative sectional curvature will be small compared to the 
most positive sectional curvature. This pinching estimate plays a crucial 
role in analyzing the formation of singularities in the Ricci flow on three- 
manifolds. The proof here is based on the argument in Hamilton [65]. The 
estimate was later improved by Hamilton [67j which will be presented in 
Section 5.3 (see Theorem 5.3.2). 

Consider a complete solution to the Ricci flow 

on a complete three-manifold with bounded curvature in space for each time 
t > 0. Recall from Section 1.3 that the evolution equation of the curvature 
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operator Map is given by 
d_ 



(2.4.1) ^Map = AM„^ + M2 + M* 



where is the operator square 
and is the Lie algebra so{n) square 



K = C:<CfM,,M^e. 

In dimension n = 3, we know that is the adjoint matrix of M^fs- If we 
diagonahze Map with eigenvalues A > /i > so that 



{Map) = /X 



then Af^^ and M*^ are also diagonal, with 

{Mlp) /i^ ^ j and (M# ) = |^ '''' Az. ^ 

Thus the ODE corresponding to PDE (2.4.1) for Map (in the space of 
3x3 matrices) is given by the following system 



(2.4.2) 



^A = A2 + ^r., 



dV 

Let P be the principal bundle of the manifold and form the associated 
bundle V = PxgE, where G = 0(3) and E is the vector space of symmetric 
bilinear forms on so(3). The curvature operator Map is a smooth section of 
V = PxqE. According to Theorem 2.3.1, any closed convex set of curvature 
operator matrices Map which is 0(3)-invariant (and hence invariant under 
parallel translation) and preserved by ODE (2.4.2) is also preserved by the 
Ricci flow. 

We are now ready to state and prove the Hamilton-Ivey pinching 
estimate . 

Theorem 2.4.1 (Hamilton |65j . Ivey |75j ). Suppose we have a solution 
to the Ricci flow on a three-manifold which is complete with hounded cur- 
vature for each t > 0. Assume at t = the eigenvalues \ > ^ > f of the 
curvature operator at each point are hounded below hy v > —1. The scalar 
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curvature R = X + ^ + uis their sum. Then at all points and all times i > 
we have the pinching estimate 

R>{-v)[\og{-v)-il 

whenever < 0. 

Proof. The proof is taken from Hamilton [65j . Consider the function 
y = fix) = x(loga; - 3) 

defined on e^ < x < +oo. It is easy to check that / is increasing and convex 
with range — < y < +oo. Let f~^{y) = x be the inverse function, which 
is also increasing but concave and satisfies 

(2.4.3) lim = 

J/— >oo y 

Consider also the set K of matrices M^/s defined by the inequalities 

A + /i + 1/ > —3, 

1^ + r\X + f^ + i^) > 0. 



(2.4.4) K : 



By Theorem 2.3.1 and the assumptions in Theorem 2.4.1 at t = 0, we only 
need to check that the set K defined above is closed, convex and preserved 
by the ODE (2.4.2). 

Clearly K is closed because is continuous. X + fi + u is just the trace 
function of 3x3 matrices which is a linear function. Hence the first inequality 
in (2.4.4) defines a linear half-space, which is convex. The function v is the 
least eigenvalue function, which is concave. Also note that is concave. 
Thus the second inequality in (2.4.4) defines a convex set as well. Therefore 
we proved K is closed and convex. 

Under the ODE (2.4.2) 

^(A + fi + u) = + fi^ + + + Xi^ + nu 

= l[{X + f,f + {X + i.f + {f^ + uf] 
> 0. 

Thus the first inequality in (2.4.4) is preserved by the ODE. 
The second inequality in (2.4.4) can be written as 

A + ^ + > f{—u), whenever u < — e^, 

which becomes 

(2.4.5) A + /X > (-z^)[log(-z^) - 2], whenever 1/ < -e^. 

To show the inequality is preserved we only need to look at points on the 
boundary of the set. If j/+/~^(A+^+i/) = then z/ = — /~^(A+/x+i/) < — 
since f~^{y) > e^ . Hence the RHS of (2.4.5) is nonnegative. We thus have 
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A > because X> fi. But /x may have either sign. We spht our consideration 
into two cases: 

Case (i): /x > 0. 
We need to verify 

dX du ,^ , . . di—v) 

^ + ^>(M-.)-i)V 

when X + jjL = (— i/)[log(— z/) — 2]. Solving for 
and substituting above, we must show 



x^ + ni^ + + Xiy > yjz^ + ij - ^/^) 

which is equivalent to 

(A^ + + Am(A + ti + (-1/)) + {-uf > 0. 

Since A, n and (— z^) are all nonnegative we are done in the first case. 

Case (ii): n < 0. 
We need to verify 

dX d(—a) , , ,di—v) 

when A = (— /x) + (— z^)[log(— i^) — 2]. Solving for 

and substituting above, we need to show 

v2 , ^ ..2 X,. , - (-/^) , 1 w .,2 



or 



which reduces to 

X\-u) + A(-/x)2 + (-/x)2(-z.) + {-uf > X\-ii) + A(-/x)(-z.) 

or equivalently 

(A2 _ A(-;x) + {-nf){{-v) - i-n)) + (-/x)3 + {-uf > 0. 

Since A^ — A(— /x) + (— /x)^ > and (— i^) — (— /x) > we are also done in 
the second case. 

Therefore the proof is completed. □ 



A^ + /xz/ > -/x^ -Xu+ 1^ (_^) + ^ ) ~ '^'") 
A2 + (-/x)(-i.) > X{-u) - {-nf + (^^^^ + 1 ) (A(-/x) - i-uf) 
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2.5. Li-Yau-Hamilton Estimates 

In [85 1| . Li-Yau developed a fundamental gradient estimate, now called 
Li-Yau estimate, for positive solutions to the heat equation on a complete 
Riemannian manifold with nonnegative Ricci curvature. They used it to 
derive the Harnack inequality for such solutions by path integration. Then 
based on the suggestion of Yau, Hamilton [62j developed a similar estimate 
for the scalar curvature of solutions to the Ricci flow on a Riemann surface 
with positive curvature, and later obtained a matrix version of the Li-Yau 
estimate j63j for solutions to the Ricci flow with positive curvature operator 
in all dimensions. This matrix version of the Li-Yau estimate is the Li- 
Yau-Hamilton estimate, which we will present in this section. Most of 
the presentation follows the original papers of Hamilton [ 62^ I63|, 168] . 

We have seen that in the Ricci flow the curvature tensor satisfies a 
nonlinear heat equation, and the nonnegativity of the curvature operator 
is preserved by the Ricci flow. Roughly speaking, the Li-Yau-Hamilton 
estimate says the nonnegativity of a certain combination of the derivatives 
of the curvature up to second order is also preserved by the Ricci flow. This 
estimate plays a central role in the analysis of formation of singularities and 
the application of the Ricci flow to three-manifold topology. 

Let us begin by describing the Li-Yau estimate ^85] for positive solutions 
to the heat equation on a complete Riemannian manifold with nonnegative 
Ricci curvature. 

Theorem 2.5.1 (Li-Yau [85j). Let {M,gij) be an n- dimensional com- 
plete Riemannian manifold with nonnegative Ricci curvature. Let u{x, t) be 
any positive solution to the heat equation 

— = An on M x 0, oo). 

dt ^ ^ 

Then we have 

(2.5.1) ^ - + -n > on M x (0, oo). 
ot u 2t 

We remark that, as observed by Hamilton (cf. [63J), one can in fact 
prove that for any vector field on M, 

(2.5.2) ^ + 2Vu-V + u\V\'^ + -u>0. 

If we take the optimal vector field V = —'Vu/u, we recover the inequality 
(2.5.1). 

Now we consider the Ricci flow on a Riemann surface. Since in dimension 
two the Ricci curvature is given by 
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the Ricci flow (1.1.5) becomes 

(2.5.3) ^ = -Rg,,. 

Now let gij{x,t) be a complete solution of the Ricci flow (2.5.3) on a 
Riemann surface M and < t < T. Then the scalar curvature R{x, t) 
evolves by the semilinear equation 

ot 

on M X [0, T). Suppose the scalar curvature of the initial metric is bounded, 
nonnegative everywhere and positive somewhere. Then it follows from 
Proposition 2.1.2 that the scalar curvature R{x, t) of the evolving metric re- 
mains nonnegative. Moreover, from the standard strong maximum principle 
(which works in each local coordinate neighborhood), the scalar curvature 
is positive everywhere for t > 0. In [62], Hamilton obtained the following 
Li-Yau estimate for the scalar curvature R{x,t). 

Theorem 2.5.2 (Hamilton [62]). Let gij{x,t) be a complete solution of 
the Ricci flow on a surface M . Assume the scalar curvature of the initial 
metric is hounded, nonnegative everywhere and positive somewhere. Then 
the scalar curvature R{x,t) satisfies the Li-Yau estimate 



Proof. By the above discussion, we know R{x, t) > for t > 0. If we 

set 

L = log R{x,t) for t>0, 

then 

= AL+ |VL|2 + i? 

and (2.5.4) is equivalent to 

, 1 1 

— - VLP + - = AL + R+ - >0. 
ot t t 

Following Li-Yau [851 in the linear heat equation case, we consider the 
quantity 

81 

(2.5.5) Q = — - |VL|2 = AL + i?. 
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Then by a direct computation, 
dQ d 



So we get 
d 



at + 

, /dL\ ^ dR 

= AQ + 2VL • VQ + 2\V^Lf + 2R{AL) + 
> AQ + 2VL- VQ + Q^ 



> A ( Q + i j + 2VL • V m + ^ j + m - J 



Hence by a similar maximum principle argument as in the proof of Lemma 
2.1.3, we obtain 

Q + j>0. 

This proves the theorem. □ 

As an immediate consequence, we obtain the following Harnack inequal- 
ity for the scalar curvature R by taking the Li-Yau type path integral as in 



Corollary 2.5.3 (Hamilton |62| ). Let gij{x,t) be a complete solution of 
the Ricci flow on a surface with bounded and nonnegative scalar curvature. 
Then for any points xi,X2 G M , and < ti < t2, we have 

Proof. Take the geodesic path 7(t), t £ [ti,t2], from xi to X2 at time 
ti with constant velocity dtj^{xi, X2)/{t2 — ti). Consider the space-time path 
?7(r) = (7(r),r), r G [ti,t2]- We compute 

Rix2,t2) 



R{xi,ti) Jt^ dr 



*2 1 fdR ^„ d-f\ , 



> 



*2 / dL 



ti 



9tj (t) 



1 


d'y 


' ) 


4 


dr 





dr. 



Then by Theorem 2.5.2 and the fact that the metric is shrinking (since the 
scalar curvature is nonnegative), we have 

2 \ 



^ii(xi,ti) "Air 4 



d'-f 



dr 



dr 



1 *i 
log — 



dt^{xi,X2)'^ 



t2 A{t2 - ti 
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After exponentiating above, we obtain the desired Harnack inequahty. □ 

To prove a similar inequahty as (2.5.4) for the scalar curvature of solu- 
tions to the Ricci flow in higher dimensions is not so simple. First of all, 
we will need to require nonnegativity of the curvature operator (which we 
know is preserved under the Ricci flow). Secondly, one does not get in- 
equality (2.5.4) directly, but rather indirectly as the trace of certain matrix 
estimate. The key ingredient in formulating this matrix version is to derive 
some identities from the soliton solutions and prove an elliptic inequality 
based on these quantities. Hamilton found such a general principle which 
was based on the idea of Li-Yau |85j when an identity is checked on the heat 
kernel before an inequality was found. To illustrate this point, let us first 
examine the heat equation case. Consider the heat kernel 

u{x,t) = (4^t)-"/2e-l^lV4t 

for the standard heat equation on M" which can be considered as an expand- 
ing soliton solution. 

Differentiating the function u, we get 

(2.5.6) ViU = -u^ or VoU + uVj = 0, 

2t 

where 

^ 2t u ' 

Differentiating (2.5.6), we have 

(2.5.7) ViVjU + ViuVj + = 0. 

To make the expression in (2.5.7) symmetric in z, j, we multiply Vi to (2.5.6) 
and add to (2.5.7) and obtain 

u 

(2.5.8) ViVjM + ViuVj + VjuVi + uViVj + —^ij = 0. 

Taking the trace in (2.5.8) and using the equation du/dt = Aii, we arrive 
at 

— + 2Vu-V + u\Vf + -u = 0, 

which shows that the Li-Yau inequality (2.5.1) becomes an equality on our 
expanding soliton solution n! Moreover, we even have the matrix identity 

(2.5.8) . 

Based on the above observation and using a similar process, Hamilton 
found a matrix quantity, which vanishes on expanding gradient Ricci solitons 
and is nonnegative for any solution to the Ricci flow with nonnegative curva- 
ture operator. Now we describe the process of finding the Li-Yau-Hamilton 
quadratic for the Ricci flow in arbitrary dimension. 

Consider a homothetically expanding gradient soliton g, we have 

(2.5.9) Rab + Y^9ab = VaVb 
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in the orthonormal frame coordinate chosen as in Section 1.3. Here Vb = Vbf 
for some function /. Differentiating (2.5.9) and commuting give the first 
order relations 

(2.5.10) VaRbc - "^bRac = VaVfoFe - VfcVaK 

= RabcdVd, 

and differentiating again, we get 

^a^bRcd - ^a^cRbd = Va{RbcdeVe) 

= '^aRbcdeVe + Rbcde^ aVe 

= Vo-RfecdeK + RaeRbcde + -^Rbcda- 

We further take the trace of this on a and b to get 

^Rcd — '^a'^cRad — RaeRacde + ^-^cd " Va-RacdeV'e = 0, 

and then by commuting the derivatives and second Bianchi identity, 

Ai?cd - \^cVdR + 2RcadeRae - RceRde + ^^Rcd + (Veiled - ^ dRceWe = 0. 

Let us define 

Mab = ARab - -Va^bR + '^RacbdRcd — RacRbc + 2^"^"^' 
Pabc = "^aRbc — '^bRac- 

Then 

(2.5.11) Mab + PcbaVc = 0, 

We rewrite (2.5.10) as 

Pabc = RabcdVd 

and then 

(2.5.12) PcahVc + RacbdVcVd = 0. 

Adding (2.5.11) and (2.5.12) we have 

Mab + (Pcab + PcbaWc + RacbdVcVd = 

and then 

MabWaWb + {Pcab + Pcba)WaWbVc + RacbdWaVcWbVd = 0. 

If we write 

Uab = \{VaWb - VbWa) = V ^W, 

then the above identity can be rearranged as 

(2.5.13) Q = MabWaWb + 2PabcUabWc + RabcdUabUcd = 0. 

This is the Li-Yau-Hamilton quadratic we look for. Note that the proof 
of the Li-Yau-Hamilton estimate below does not depend on the existence of 
such an expanding gradient Ricci soliton. It is only used as inspiration. 
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Now we are ready to state the remarkable Li-Yau-Hamilton estimate 

for the Ricci flow. 

Theorem 2.5.4 (Hamilton |63| ). Let gij{x,t) be a complete solution 
with bounded curvature to the Ricci flow on a manifold M for t in some time 
interval (0,T) and suppose the curvature operator ofgij{x,t) is nonnegative. 
Then for any one-form Wa and any two-form Uab we have 



on M X (0,r). 

The proof of this theorem requires some rather intense calculations. Here 
we only give a sketch of the proof. For more details, we refer the reader to 
Hamilton's original paper [63j. 

Sketch of the Proof. Let gij{x,t) be the complete solution with 
bounded and nonnegative curvature operator. Recall that in the orthonor- 
mal frame coordinate system, the curvatures evolve by 



. §-^R = AR + 2\Ric\'^ , 

where Babcd = RaebfRcedf- 

By a long but straightforward computation from these evolution equa- 
tions, one can get 



MabWaWl, + 2PabcUabWc + RabcdUabUcd > 



QlRabcd = ARabcd + '^{Babcd — Babdc — Badbc + Bacbd) 
§i^ab = ^Rab + '^RacbdRcd, 



< 



( 



TT; — A Pabc — '^RadbePdec + '^RadcePdbe + '^RbdcePade — '^Rde^ dRabce 



and 




— — A Mab — 2RacbdMcd + '^Rcdiy cPdab + ^ cPdba) 



+ '^PacdPbcd — ^PacdPbdc + '^RcdRceRadbe 



1 

2t2 



Rab 



Now consider 



Q = MabWaWb + 2PabcUabWc + RabcdUabUcd- 



At a point where 



(2.5.14) 




and 




c 



9acWb) 
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we have 



(2.5.16) (I -a) 



Q = 2RacbdMcdWaWb - 2PacdPbdcWaWb 



+ 8RadcePdbeUabWc + ^Raecf RbedfU abU cd 

+ {PabcWc + RabcdUcd){PabeWe + RabefUef)- 



For simplicity wc assume the manifold is compact and the curvature 
operator is strictly positive. (For the general case we shall mess the formula 
up a bit to sneak in the term ee"^*/, as done in Lemma 2.1.3). Suppose 
not; then there will be a first time when the quantity Q is zero, and a point 
where this happens, and a choice of U and W giving the null eigenvectors. 
We can extend U and W any way we like in space and time and still have 
Q >0, up to the critical time. In particular we can make the first derivatives 
in space and time to be anything we like, so we can extend first in space to 
make (2.5.15) hold at that point. And then, knowing AWa and AUab, we 
can extend in time to make (2.5.14) hold at that point and that moment. 
Thus wc have (2.5.16) at the point. 

In the RHS of (2.5.16) the quadratic term 



is clearly nonnegative. By similar argument as in the proof of Lemma 2.1.3, 
to get a contradiction we only need to show the remaining part in the RHS 
of (2.5.16) is also nonnegative. 

A nonnegative quadratic form can always be written as a sum of squares 
of linear forms. This is equivalent to diagonalizing a symmetric matrix and 
writing each nonnegative eigenvalue as a square. Write 



{PabcWc + RabcdUcd){PabeWe + RabefUef) 




k 



This makes 



Pabc — ^ ^ab-^c 



k 



k 



and 



^ab^cd 



k 



It is then easy to compute 

2RacbdMcdWaWb - 2PacdPbdcWaWb + SRadcePdbeUabWe 
+ ^PaecfPbedfUabUcd 
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+ 8 (^^y,K^ Ua,w, 

k,l 

> 0. 

This says that the remaining part in the RHS of (2.5.16) is also nonnegative. 
Therefore we have completed the sketch of the proof. □ 

By taking Uab = ^{VaWb — VhWa) and tracing over Wa, we immediately 

get 

Corollary 2.5.5 (Hamilton |63j ). For any one-form Va we have 
dR R 

— + - + 2VaR ■ Va + 2RabVaVb > 0. 

ot t 

In particular by taking V = 0, we see that the function tR{x, t) is point- 
wise nondecreasing in time. By combining this property with the local de- 
rivative estimate of curvature, we have the following elliptic type estimate. 

Corollary 2.5.6 (Hamilton [65| ). Suppose we have a solution to the 
Ricci flow for t > which is complete with bounded curvature, and has 
nonnegative curvature operator. Suppose also that at some time t > we 
have the scalar curvature R < M for some constant M in the ball of radius 
r around some point p. Then for k = 1,2, . . ., the k*^ order derivatives of 
the curvature at p at the time t satisfy a bound 

\V^Rm{p,t)\'' < CkM^ + ^ + 

for some constant depending only on the dimension and k. 

Proof. Since tR is nondecreasing in time, we get a bound R < 2M in 
the given region for times between t/2 and t. The nonnegative curvature hy- 
pothesis tells us the metric is shrinking. So we can apply the local derivative 
estimate in Theorem 1.4.2 to deduce the result. □ 

By a similar argument as in Corollary 2.5.3, one readily has the following 
Harnack inequality. 

Corollary 2.5.7 (Hamilton [63j). Let gij{x,t) be a complete solution 
of the Ricci flow on a manifold with bounded and nonnegative curvature 
operator, and let xi,X2 G M, < ti < t2. Then the following inequality 
holds 

R{x2,t2) > -e-'^*i(^i'^2)V2{t2~ti) .^(^.^^i^), 
t2 
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In the above discussion, we assumed that the solution to the Ricci flow 
exists on < t < T, and we derived the Li-Yau-Hamilton estimate with 
terms 1/t in it. When the solution happens to be ancient, i.e., defined 
on — oo < t < T, Hamilton [63j found an interesting and simple procedure 
for getting rid of them. Suppose we have a solution on a < t < T we can 
replace i by t — a in the Li-Yau-Hamilton estimate. If we let a — > — oo, 
then the expression l/(t — a) and disappears! In particular the trace 
Li-Yau-Hamilton estimate in Corollary 2.5.5 becomes 

(2.5.17) — + 2VaR ■ Va + 2RabVaVh > 0. 

By taking V = 0, we see that ^ > 0. Thus, we have the following 

Corollary 2.5.8 (Hamilton [63j). Let gij{x,t) be a complete ancient 
solution of the Ricci flow on AI x {—oo,T) with bounded and nonnegative 
curvature operator, then the scalar curvature R{x, t) is pointwise nondecreas- 
ing in time t. 

Corollary 2.5.8 will be very useful later on when we study ancient k- 
solutions in Chapter 6, especially combined with Shi's derivative estimate. 

We end this section by stating the Li-Yau-Hamilton estimate for the 
Kahler-Ricci flow, due to the first author [13], under the weaker curvature 
assumption of nonnegative holomorphic bisectional curvature. Note that 
the following Li-Yau-Hamilton estimate in the Kahler case is really a Li- 
Yau-Hamilton estimate for the Ricci tensor of the evolving metric, so not 
only can we derive an estimate on the scalar curvature, which is the trace of 
the Ricci curvature, similar to Corollary 2.5.5 but also an estimate on the 
determinant of the Ricci curvature as well. 

Theorem 2.5.9 (Cao |13j). Let g^p[x,t) he a complete solution to the 
Kdhler-Ricci flow on a complex manifold M with bounded curvature and 
nonnegtive bisectional curvature and < t < T . For any point x € M and 
any vector V in the holomorphic tangent space Tx'^M, let 

d - J 1 

Then we have 

Q^-pW^w'^ > 

for all xe M,V,W e tI'^M, and t > 0. 

Corollary 2.5.10 (Cao [13] ). Under the assumptions of Theorem 2.5.9, 
we have 

(i) the scalar curvature R satisfies the estimate 
dR \VR\'^ R „ 

and 
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(ii) assuming R^j^ > 0, the determinant (p = det(i?Q,^)/ det{g^0) of the 
Ricci curvature satisfies the estimate 

^_^^ + !^ >o 

dt ncj) t ~ 
for all X e M and t > 0. 

2.6. Perelman's Estimate for Conjugate Heat Equations 

In [107j Perelman obtained a Li-Yau type estimate for fundamental 
solutions of the conjugate heat equation, which is a backward heat equation, 
when the metric evolves by the Ricci flow. In this section we shall describe 
how to get this estimate along the same line as in the previous section. More 
importantly, we shall show how the Li-Yau path integral, when applied to 
Perelman's Li-Yau type estimate, leads to an important space-time distance 
function introduced by Perelman |107] . We learned from Hamilton |69) this 
idea of looking at Perelman's Li-Yau estimate. 

We saw in the previous section that the Li-Yau quantity and the Li- 
Yau-Hamilton quantity vanish on expanding solutions. Note that when we 
consider a backward heat equation, shrinking solitons can be viewed as ex- 
panding backward in time. So we start by looking at shrinking gradient 
Ricci solitons. 

Suppose we have a shrinking gradient Ricci soliton gij with potential 
function / on manifold M and — oo < t < so that, for r = — t, 

(2.6.1) R,j + VjV,/ - ^gij = 0. 
Then, by taking the trace, we have 

Ti 

(2.6.2) i? + A/- — = 0. 

Also, by similar calculations as in deriving (1.1.15), we get 

(2.6.3) R+\Vf\^ - - = C 

T 

where C is a constant which we can set to be zero. 
Moreover, observe 

(2.6.4) ^ = |V/p 

because / evolves in time with the rate of change given by the Lie derivative 
in the direction of V/ generating the one-parameter family of diffeomor- 
phisms. 

Combining (2.6.2) with (2.6.4), we see / satisfies the backward heat 
equation 

(2.6.5) ^ = _A/ + |V/p-i? + ^, 
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or equivalently 
(2.6.6) 



Recall the Li-Yau-Hamilton quadratic is a certain combination of the 
second order space derivative (or first order time derivative), first order 
space derivatives and zero orders. Multiplying (2.6.2) by a factor of 2 and 
subtracting (2.6.3) yields 



2Af-\Vf\' + R+-f 



n 







valid for our potential function / of the shrinking gradient Ricci soliton. The 
quantity on the LHS of the above identity is precisely the Li-Yau-Hamilton 
type quadratic found by Perelman (cf. section 9 of |107j ). 

Note that a function / satisfies the backward heat equation (2.6.6) if 
and only if the function 



\ — — 

u = [Attt) 2 e 



-f 



satisfies the so called conjugate heat equation 



(2.6.7) 



nil 

a*u = ^-Au + Ru = 0. 

OT 



Lemma 2.6.1 (Perelman |107j ). Let gij{x,t), < t < T, be a complete 
solution to the Ricci flow on an n- dimensional manifold M and let u = 
{4:T:T)~^e~f he a solution to the conjugate equation (2.6.7) with t = T — t. 
Set 



H = 2Af -\Vf\^ + R + 



f -n 



and 



Then we have 



tHu = [t{R + 2Af - |V/p) + / - n)i 



dH 1 
— = AH - 2V/ -VH --H 

OT T 



Rij + ViVjf - —Qij 



and 



dv 

— — = Av — Rv — 2tu 

OT 



Rij + ^i^jf — l^dij 
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Proof. By direct computations, we have 



and 



2A (^^^ - 2{2R,„f-,) - 2 (vf, V (^|^) ^ + 2Ric (V/, V/) 



+ ^ R + ^ f ^ ~ ^ 



: 2A (a/ - |V/|2 + - |-) - 4(i?,, , n,) + 2Ric (V/, V/) 
- 2 (V/, V (a/ - |V/|2 + i? - ^) ) - Ai? - 2|i?i,- 12 



+ ^(A/-|V/p + i?-^ 



n 

27. 



V/f = V 2A/-|V/|2 + i? + 



/-n 



2V(A/) - 2(VV,/, Vif) + VR+ -Vf, 



T 



AH = A{ 2Af - \Vff + R + 



f -n 



2A(A/) - A(| V/|2) + Ai? + - A/, 

T 



2VH ■ Vf = 2(2V(A/) - 2{VVif, Vif) +VR+ -Vf, Vf) 

T 

= 2 [(2V(A/), V/) - 2(/,,-, fifj) + {VR, Vf)] + ^\Vf\' 



Thus we get 



9 . 1 
—H -AH + 2Vf ■VH + -H 

OT T 

= -4(%,/y) +2Ric(V/,V/) - 2|i?,,f - A(|V/p) + 2(V(A/),V/) 

2 . . 2 „ n 
+ _A/ + -i?- — 

r r 2r"^ 



= -2 



l^..f + l/..f + ^ + 2(i?^„/.,) - f - ^A/ 



-Rii + ViVjf - —Qij 
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and 



{tHu) 



— - A ) {tH) ■ u - 2{V{tH),Vu) 



A]{TH)-2{ViTH),Vf) 



d_ 
dr 



BM 1 
— - + 2V/ ■VH+-H 

OT T 



U 



-2tu 



Rii + ViVjf 



1 

27 



9ij 



□ 



Note that, since / satisfies the equation (2.6.6), we can rewrite H as 



(2.6.8) H 
Then, by Lemma 2.6.1, we have 

d 



2|^ + |V/p 



R + -f- 

T 



dr 



(tH) = A{tH) - 2V/ • V{tH) - 2r 



Ric + V^/ 



2t^ 



So by the maximum principle, we find max^rH) is nonincreasing as r in- 
creasing. When u is chosen to be a fundamental solution to (2.6.7), one can 
show that limT-^o tH < and hence H < on M for all r G (0, T] (see, 
for example, |103j ). Since this fact is not used in later chapters and will be 
only used in the rest of the section to introduce a space-time distance via 
Li-Yau path integral, we omit the details of the proof. 

Once we have Perelman's Li-Yau type estimate H < 0, we can apply 
the Li-Yau path integral as in [85j to estimate the above solution u (i.e., 
a heat kernel estimate for the conjugate heat equation, see also the earlier 
work of Cheeger-Yau [29]). Let p,q £ M he two points and 7(T),r E [0, r], 
be a curve joining p and q, with 7(0) = p and 7(f) = q. Then along the 
space-time path (7(r),r), r G [0,f], we have 



(2V^/(7(r),r)) =2^ 



|^ + V/.7(r))+-L/ 



<V^{- \^f\Ur) + 2V/ • 7(t)) + V^R 

= -^/^|V/ - tWILm + V^{R + l7(r)lL.M) 



< V^(i?+|7(r)|J^^(,)) 
where we have used the fact that H < and the expression for H in (2.6.^ 
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Integrating the above inequality from r = to r = r, we obtain 



V^iR+\iir)\l^(r))dr, 



or 

where 
(2.6.9) 

Denote by 
(2.6.10) 



f{q,f)< 



2^ 

£(^) A r^(^+|^(^ 

JO 



Kcl.t) = inf- 



7 2y/f 

where the inf is taken over all space curves 7(r),0 < r < f, joining p 
and g. The space-time distance function l{q,f) obtained by the above Li- 
Yau path integral argument is first introduced by Perelman in }l07j and is 
what Perelman calls reduced distance. Since Perelman pointed out in page 
19 of |107j that "an even closer reference in |85j . where they use 'length', 
associated to a linear parabolic equation, which is pretty much the same as 
in our case", it is natural to call l{q,f) the Li-Yau-Perelman distance. 
See Chapter 3 for much more detailed discussions. 

Finally, we conclude this section by relating the quantity H (or v) and 
the W-functional of Perelman defined in (1.5.9). Observe that v happens to 
be the integrand of the W-functional, 



W(5i,(t),/,T) 



vdV. 



M 



Hence, when M is compact, 



M 



-2r 



d 

—v + Rv\ dV 

OT 



<0, 



or equivalently, 

d 



dt 



W{gij{t),f{t),T{t)) 



M 



2t 



Ric + 



2r' 



udV 



M 



Rij + ViVjf - —Qij 



(47rr) 2e ^dV, 



which is the same as stated in Proposition 1.5.8. 
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Chapter 3. Perelman's Reduced Volume 

In Section 1.5 we introduced the .F- functional and the W- functional of 
Perelman [107j and proved their monotonicity properties under the Ricci 
flow. In the last section of the previous chapter we have defined the Li- 
Yau-Perelman distance. The main purpose of this chapter is to use the 
Li-Yau-Perelman distance to define the Perelman's reduced volume, which 
was introduced by Perelman in [107], and prove the monotonicity property 
of the reduced volume under the Ricci flow. This new monotonicity formula 
of Perelman |107j is more useful for local considerations, especially when 
we consider the formation of singularities in Chapter 6 and work on the 
Ricci flow with surgery in Chapter 7. As first applications we will present 
two no local collapsing theorems of Perelman |107j in this chapter. More 
applications can be found in Chapter 6 and 7. This chapter is a detailed 
exposition of sections 6-8 of Perelman [107]. 

3.1. Riemannian Formalism in Potentially Infinite Dimensions 

In Section 2.6, from an analytic view point, we saw how the Li-Yau path 
integral of Perelman's estimate for fundamental solutions to the conjugate 
heat equation leads to the Li-Yau-Perelman distance. In this section we 
present, from a geometric view point, another motivation (cf. section 6 of 
|107j ) how one is lead to the consideration of the Li-Yau-Perelman distance 
function, as well as a reduced volume concept. Interestingly enough, the 
Li-Yau-Hamilton quadratic introduced in Section 2.5 appears again in this 
geometric consideration. 

We consider the Ricci flow 

on a manifold M where we assume that gij{-,t) are complete and have 
uniformly bounded curvatures. 

Recall from Section 2.5 that the Li-Yau-Hamilton quadratic introduced 
in [63] is 

Q = MijWiWj + 2PijkUijWk + RijkiUijUki 

where 

1 1 
Mij — ARij — -ViVjR + 2RikjiRki — RikRjk + i^^ji 

Pijk — ^ iRjk ^ jRik 

and Uij is any two-form and Wi is any 1-form. Here and throughout this 
chapter we do not always bother to raise indices; repeated indices is short 
hand for contraction with respect to the metric. 

In [65j , Hamilton predicted that the Li-Yau-Hamilton quadratic is some 
sort of jet extension of positive curvature operator on some larger space. 
Such an interpretation of the Li-Yau-Hamilton quadratic as a curvature 
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operator on the space M x M"*" was found by Chow and Chu |39j where 
a potentiahy degenerate Riemannian metric on M x was constructed. 
The degenerate Riemannian metric on M x M"*" is the hmit of the following 
two-parameter family of Riemannian metrics 

N 2 

gN,5{x,t) = g{x,t) + {R{x,t) + 2(^t + 5) ''^^ 

as N tends to infinity and S tends to zero, where g{x, t) is the solution of 
the Ricci flow on M and t € M+. 

To avoid the degeneracy, Perelman |107) considers the manifold M = 
M X X M+ with the following metric: 

3al3 

goo 

where i,j are coordinate indices on M; a, [5 are coordinate indices on S^; 
and the coordinate r on i?+ has index o. Let r = T—t for some fixed constant 
T. Then gij will evolve with r by the backward Ricci flow = 2Rij. 

The metric g^p on S''^ is a metric with constant sectional curvature 

We remark that the metric gap on is chosen so that the product 
metric (^jj, cjap) on M x evolves by the Ricci flow, while the component 
cjoo is just the scalar curvature of {cjij, ga/s)- Thus the metric g defined on 
M = M X §^ X M+ is exactly a "regularization" of Chow-Chu's degenerate 
metric on M x M"*". 

Proposition 3.1.1 (cf. [39j). The components of the curvature tensor 
of the metric g coincide {modulo N^^) with the components of the Li-Yau- 
Hamilton quadratic. 



9iji 

Tgai3 
N 

Oio 



+ R, 

~ 9ao 



Proof. By definition, the Christoffel symbols of the metric g are given 
by the following list: 

ij ~ ij ' 

f^^ = and fT=0, 
V% = Q and f7^ = 0, 
fi = g^'Rli and t% = -^R^,, 

f- = 4^"^^ and tl = \g-l^R, 
tip = 0, r'^p = and f r = 0, 

al3 ~ ^ a/3' 
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1 ~ 1 

= 7r^l and r"^ = --g"°gap, 



27 " ~ 
^0 = and f°^ = 0, 

1 / iv a 



Fix a point (p, s, r) S M x x and choose normal coordinates around 
p ^ M and normal coordinates around s G such that r^j(p) = and 

r^^(s) = for all i,j,k and a,/3, 7. We compute the curvature tensor Rm 
of the metric g at the point as follows: 



Rijki - Rijki + rfof °^ - Tjo^ii - Rijki + ( ]y 



RijkS — 0) 

i?,,^, = and R,p^,=fifls-f),,fi, = -]^g°°gpsg^'Ru = o(^ 



8 8 /I 

p p _ p I fifc po _ pfc po p I D I 

J^ijko — J^jk Q^j ^ik -r i jgi jo i jgi jo — J-tjk ^ \ 

^ 8'^ 8 

p _ _ p _ (" p Jk \ I -pfc -po _ -pfc -pj _ pfe po 

-TLjofco — 2 8x^8x'' dr ^io^ 00 A oi^ io ^ 00^ io 



-VjVfci? — —R'ik + "^RikRlk — TT^ik — RijRjk + O ( — 

2 ar 2r V 



1 



— I "a ^ ao^ 00 0/3'' cto j ' ~ \ J\[ 

RnB^fi = O i — 



Iaf3-y5 - ^ ^ 

Thus the components of the curvature tensor of the metric g coincide 
(modulo A^~^) with the components of the Li-Yau-Hamilton quadratic. □ 

The following observation due to Perelman |107j gives an important 
motivation to define Perelman 's reduced volume. 

Corollary 3.1.2. All components of the Ricci tensor of g are zero 
{modulo N^^). 
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Proof. From the list of the components of the curvature tensor of g 
jiven above, we have 

AT 



00 

2t" ' " ViV 



^0 — 7n^°°-^j + O 



o 



1 

-Rio = g^^Rikol + g°'^Riaol3 + g°° Riooo 



= g'^^Rakpl + g^^Ra-yl35 + g°° R-aoPo 
-n-ao — y ^akol ~r y J^aficr) 1 y ^aooo — '-'i 

Roo = g^^Rokoi + g'^^R-oaop + g°°Roooo 



Since g°° is of order A?" ^ , we see that the norm of the Ricci tensor is given 

by 



|Ric \~g = 



This proves the result. □ 

We now use the Ricci-fiatness of the metric g to interpret the Bishop- 
Gromov relative volume comparison theorem which will motivate another 
monotonicity formula for the Ricci flow. The argument in the following 
will not be rigorous. However it gives an intuitive picture of what one may 
expect. Consider a metric ball in (M, g) centered at some point (p, s, 0) G M. 
Note that the metric of the sphere at r = degenerates and it shrinks to 
a point. Then the shortest geodesic 7(r) between (p, s, 0) and an arbitrary 
point (g, s,f) e M is always orthogonal to the fibre. The length of 7(r) 
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can be computed as 



= V^(R+\i{r)\]„)dT + 0(N'i). 

Thus a shortest geodesic should minimize 

C{^)= f^V^{R+\i{T)\l.)dT. 

Let L{q,f) denote the corresponding minimum. We claim that a metric 
sphere S_^~j{V2Nf) in M of radius V2Nf centered at {p,s,0) is O(Ar-i)- 
close to the hypersurface {r = f}. Indeed, if (x, s' ,t{x)) lies on the metric 
sphere Sj^{V2Nf), then the distance between (x, s' ,t(x)) and {p,s,0) is 

V2Nf= ^/2Nt{x) + -^L{x,t{x)) + O (^N-^^ 

which can be written as 



This shows that the metric sphere Sj^{-\/2Nt) is 0{N ^) -close to the hy- 
persurface {r = f }. Note that the metric gcep on S-^ has constant sectional 



curvature gjv- Thus 



Vol (5^ [V2N¥] 
= / {T{x))^Yo\{S'^)dVM 

JM 



N 



« {2N)^UN (^Vf-^L{x,T{x)) + 0{N--')j dVu 

^ {2N)^UN ^^(^' ^) + «(^"')) ^^M, 

where wjv is the volume of the standard A?^-dimensional sphere. Now the 
volume of Euclidean sphere of radius \/2Nf in is 

Vol {S^„+N+i{V2Nf)) = {2Nf)^uJn+N- 

Thus we have 



Yo\{S^{V2m)) 



Vol (Sjgn+Ar+l 



j 2i / /_\ H I 1 / — \ 1 

const ■ N 2 . / (r) 2 exp —L{x,t) > ciFm- 

r)) 7m I 2Vr J 
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Since the Ricci curvature of M is zero (modulo the Bishop-Gromov 

volume comparison theorem then suggests that the integral 

V{f) ^ ^^(4vrf )-t exp |--l=L(x,f)| d^M, 

which we will call Perelman's reduced volume, should be nonincreasing 
in f. A rigorous proof of this monotonicity property will be given in the 
next section. One should note the analog of reduced volume with the heat 
kernel and there is a parallel calculation for the heat kernel of the Shrodinger 
equation in the paper of Li-Yau 



3.2. Comparison Theorems for Perelman's Reduced Volume 

In this section we will write the Ricci flow in the backward version 

on a manifold M with t = T[t) satisfying dr/dt = — 1 (in practice we often 
take T = to — t for some fixed time to). We always assume that either M 
is compact or gij{T) are complete and have uniformly bounded curvature. 
To each (smooth) space curve 7(r), < ri < r < T2, in M, we define its 
£-length as 

^(7) = r V^{R{l{r),T) + \jir)\l^^r))dr. 

J Tl 

Let X{t) = 7(r), and let Y{t) be any (smooth) vector field along 7(t). 
First of all, we compute the first variation formula for £-length (cf. section 
7 of [107]). 

Lemma 3.2.1 (First variation formula). 
5y{C) = 2^(X, Y)\ll + j^' Vt(y,VR- 2VxX - 4Ric (•, X) - ^X^ dr 
where {■,■) denotes the inner product with respect to the metric gijir). 

Proof. By direct computations, 
5y(£)= [ ' V^{{VR,Y) +2{X,VYX))dT 

J T-l 

VT{{VR,Y) + 2{X,VxY))dT 

j^J ^ (^{VR, Y) + 2^(X, Y) - 2{VxX, Y) - 4Ric {X, Y)^ dr 

2V^(X, Y)\ll + j^' (y, VR - 2VxX - 4Ric (•, X) - ^X^ dr. 

□ 



Tl 
T2 
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A smooth curve 7(t) in M is called an /^-geodesic if it satisfies the 
following i2-geodesic equation 

(3.2.1) VxX --VR + —X + 2mc{X,-) =0. 

2 2t 

Given any two points p,q G M and r2 > ri > 0, there always exists an 
vC-shortest curve (or shortest >C-geodesic) 7(r): [ri,r2] M connecting p to 
q which satisfies the above £-geodesic equation. Multiplying the £-geodesic 
equation (3.2.1) by ^/T, we get 

Vx{V^X) = ^VR-2^mc{X,-) on [n,T2], 
or equivalently 

-^(V^X) = ^Vi?-2Ric(y7X,-) on [n.rs]. 

Thus if a continuous curve, defined on [0,r2], satisfies the i2-geodesic equa- 
tion on every subinterval < ri < t < T2, then ■y/riX(ri) has a limit as 
Ti — > 0+ . This allows us to extend the definition of the £-length to include 
the case ti = for all those (continuous) curves 7 : [0, T2] — > M which 
are smooth on (0, T2] and have limits lim ^/Tj{T). Clearly, there still ex- 

T— >0+ 

ists an £-shortest curve 7(t) : [0, T2] — > M connecting arbitrary two points 
p,q G M and satisfying the £-geodesic equation (3.2.1) on (0, T2]. Moreover, 
for any vector v G TpM, we can find an £-geodesic 7(r) starting at p with 
lim \/T'y{T) = V. 

r— >0+ 

From now on, we fix a point p G M and set ri = 0. The /^-distance 
function on the space-time M x is denoted by L{q, f) and defined to be 
the >C-length of the ^-shortest curve 7(t) connecting p and q with < r < f. 

Consider a shortest £- geodesic 7 : [0, r] ^ M connecting p to q. In the 
computations below we pretend that ^-shortest geodesies between p and q 
are unique for all pairs {q, f); if this is not the case, the inequalities that we 
obtain are still valid, by a standard barrier argument, when understood in 
the sense of distributions (see, for example, |116] ). 

The first variation formula in Lemma 3.2.1 implies that 

VyL(g,f) = (2V^X(f),y(f)). 

Thus 

VL{q,f)=2VfX{f), 

and 



(3.2.2) 



-4fR + 4f{R + \X\^). 



90 H.-D. CAO AND X.-P. ZHU 

We also compute 

(3.2.3) L,{^{f),f) = ^L{^{r),T)\r=f - {VL,X) 

= Vf{R + \X\^) -2Vf\X\'^ 
= 2VfR-Vf{R + \X\^). 
To evaluate R + \X\'^, we compute by using (3.2.1), 

^iRilir),r) + \Xir)\l^^^) 
= Rr + {VR, X) + 2{VxX, X) + 2Ric {X, X) 
= Rr + -R + 2{VR, X) - 2Ric (X, X) - -{R + \X\ 

T T 

= -Q{X)--{R+\X\'), 

T 



where 



Q{X) = -Rr - - - 2{VR, X) + 2Ric (X, X) 

T 



is the trace Li-Yau-Hamilton quadratic in Corollary 2.5.5. Hence 

^{rl {R + \X\'))\r=f = lV¥{R + \X\^) - f lQiX) 

= i|-L(7(T),r)|.=,-fiQ(X). 

Therefore, 

(3.2.4) 4{R+\X\^) = ]^L{q,f)-K, 
where 

(3.2.5) ^ = I r^Q{X)dT. 

Jo 

Combining (3.2.2) with (3.2.3), we obtain 

(3.2.6) |VL|2 = -4fi? + 4^L- 
and 

(3.2.7) Lf = 2VfR - -^L + \k. 

2t t 

Next we compute the second variation of an £-geodesic (cf. section 7 of 

mx)- 

Lemma 3.2.2 (Second variation formula). For any C-geodesic 7, we 
have 

6^{C) = 2^{VyY,X)\1+ r V^[2\VxY\^ + 2{R{Y,X)Y,X) 

Jo 

+ VyVyR + 2VxRic (y, Y) - 4VyRic {Y, X)]dT. 
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Proof. Wc compute 

= [ V^{Y{Y{R)) + 2{VyVyX,X) +2\VYX\'^)dT 
Jo 

= r ^/T{Y{Y{R)) + 2{VyVxY, X) + 2\V xY\'')dT 
Jo 

and 

2{VyVxY,X) 

= 2(VxVyy, X) + 2(i?(y, X)Y, X) 

= 2^{VyY, X) - 4Ric (Vy y, X) - 2( Vy Vx^) 
ar 

- (^2(^^Vyy,X^ -2{VxVyy,X)^ +2{R{Y,X)Y,X) 

= 2^{VyY, X) - 4Ric (Vyy, X) - 2(Vyy, V xX) 
ar 

- 2 (Y'Y^{g^\ViRij + V jRu - ViRij))^,X^ + 2{R{Y, X)Y, X) 

= 2-^ (Vyy, X) - 4Ric (Vyy, X) - 2(Vyy, VxX) - 4VyRic (X, Y) 
ar 

+ 2VxRic (y, y) + 2(i?(y, x)y, x) , 

where we have used the computation 
d_ 

dr 

Thus by using the i2-geodesic equation (3.2.1), we get 



T% = g^'iV^Ri, + V,Ru - ViR^j). 



dr 

dr 



5l{c) = y"^v^ y(y(i?)) + 2^(Vyy,x)-4Ric(Vyy,x) 

- 2(Vyy, VxX) - 4VyRic (X, Y) + 2VxRic (y, Y) 

+ 2{R{Y,X)Y,X) +2\VxY\^ 

+ / V^[y(y(ii;))-(Vyy,Vi?)-4VyRic(x,y) 

Jo 

+ 2VxRic (y, y) + 2{R{Y, X)y, X) + 2\VxY\'^]dT 

= 2V^(Vyy, X) IS + r v^[2| v^y I' + 2(i?(y, x)y, x) 

Jo 

+ Vy Vyi? - 4VyRic (X, Y) + 2VxRic (y, y)]dr. 
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We now use the above second variation formula to estimate the Hessian 
of the ^-distance function. 

Let 7(t) : [0, f] — > M be an vC-shortest curve connecting p and q so that 
the ^-distance function L = L{q,f) is given by the £-length of 7. We fix 
a vector Y at t = f with |y|g.^.(^) = 1, and extend Y along the i2-shortest 
geodesic 7 on [0, f] by solving the following ODE 

(3.2.8) VxY = -Ric{Y,-) + ^Y. 

It 

This is similar to the usual parallel translation and multiplication with pro- 
portional parameter. Indeed, suppose {Yi, . . . , Y^^ is an orthonormal basis 
at r = r (with respect to the metric gij{f)) and extend this basis along the 
^-shortest geodesic 7 by solving the above ODE (3.2.8). Then 

2Ric {Yi,Yj) + {VxY„ Yj) + {Yi,VxYj) 
for all Hence, 

(3.2.9) {Y,{r),Yj{r)) = ^6ij 

and {Yi{t), . . . ,Yn{T)} remains orthogonal on [0, f] with Yi{0) = 0, i = 
l,...,n. 

Proposition 3.2.3 (Perelman |107j ). Given any unit vector Y at any 
point q £ M with t = f, consider an C-shortest geodesic 7 connecting p to 
q and extend Y along 7 by solving the ODE (3.2.8). Then the Hessian of 
the C-distance function L on M with t = f satisfies 

HessL(y, Y)<^- 2V¥Ric (Y, Y) - [ VrQ{X, Y)dT 
Vr Jo 

in the sense of distributions, where 

Q{X, Y) = -Vy^yR - 2{R{Y, X)Y, X) - 4VxRic (F, Y) + 4VyRic {Y, X) 

- 2Ric ^(y, y) + 2|Ric (y, oi^ - -Ric (y, y) 

r 

is the Li-Yau-Hamilton quadratic. Moreover the equality holds if and only 
if the vector field Y(t),t £ [0,f], is an £-Jacobian field (i.e., Y is the 
derivative of a variation of ^ by C- geodesies). 

Proof. As said before, we pretend that the shortest /^-geodesies between 
p and q are unique so that L{q,f) is smooth. Otherwise, the inequality is 
still valid, by a standard barrier argument, when understood in the sense of 
distributions (see, for example, |116] ). 
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Recall that VL{q,f) = 2VfX. Then (VyF, VL) = 2y/f{VYY,X). We 
compute by using Lemma 3.2.2, (3.2.8) and (3.2.9), 

HessL(y,y) = Y{YiL)){f) - (VyF, VL)(f) 
<6^{C)-2Vf{VYY,X)if) 



Jo 



xY\'^ + 2{R{Y, X)Y, X) + Vy Vyi? 



+ 2VxRic {Y, Y) - 4VyRic {Y, X)]dT 

2 

2 



Jo 



mc{Y,.) + -Y 



+ 2{R{Y, X)Y, X) + Vy Vyi? 
dT 



+ 2VxRic (y, Y) - 4VyRic (F, X) 
= / 2|Ric(y,-)p- -Ric(F,F) + ;r^ + 2(i?(y,X)y,X) 

+ Vy Vyi? + 2VxRic {Y, Y) - 4VyRic (y, X) dr. 



Since 
d 



dT 



Ric (y, y) = Ric ^(y, y) + VxRic (y, y) + 2Ric {VxY, y) 



1. 



Ric^(y, y) + VxRic (y, y) - 2|Ric (y, or + -Ric {y, y), 



we have 
HessL(y,y) 



< / 



2|Ric (y, Or - -Ric (y, y) + — + 2(i?(y, x)y, x) 

r zrr 



+ VyVyi?-4(VyRic)(x,y)- ( 2— Ric (y, y) - 2Ric^(y, y) 



+ 4|Ric (y. Or - -Ric {Y, Y) ) + 4VxRic {Y, Y) 



dT 



2V7-^Ric (y, y) + ^Ric (y, y) 



2(i?(y, x)Y, X) + Vy^yR + -Ric (y, y) 

r 

+ 4(VxRic (y, y) - VyRic (X, y)) + 2Ric^(y, y) - 2|Ric (y, oP 
= 4^ - 2VtRic (y, y) - / VtQ(x, Y)dT. 

This proves the inequality. 



dT 
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As usual, the quadratic form 

I{V,V)= [ VT[2\VxV\'^ + 2{R{V,X)V,X) +VvVvR 
Jo 

+2VxRic {V, V) - 4VyRic {V, X)]dT, 

for any vector field V along 7, is called the index form. Since 7 is shortest, 
the standard Dirichlet principle for I{V, V) implies that the equality holds 
if and only if the vector field Y is the derivative of a variation of 7 by 
£-geodesics. □ 

Corollary 3.2.4 (Perelman |107j ). We have 

Til 1 

AL<^- 2VfR - -K 
Vr r 

in the sense of distribution. Moreover, the equality holds if and only if we 
are on a gradient shrinking soliton with 

1 1 
Rij + -^-j=ViVjL = -^gij- 

Proof. Choose an orthonormal basis {Yi, . . . , Y^} at r = f and extend 
them along the shortest £-geodesic 7 to get vector fields Yi^r), i = 1, . . . ,n, 
by solving the ODE (3.2.8), with {Yi{T),Yj{T)) = ^5ij on [0,f]. Taking 
y = in Proposition 3.2.3 and summing over i, we get 

(3.2.10) AL < ^ - - y / VrQ{X, Y,)dT 

= " _ 2VfR - r (-) Q{X)dT 
vr Jo ^'^^ 

= " _ 2VfR - -K. 
Vr r 

Moreover, by Proposition 3.2.3, the equality in (3.2.10) holds everywhere if 
and only if for each {q, r) and any shortest £-geodesic 7 on [0, f ] connecting 
p and q, and for any unit vector Y at r = f, the extended vector field 
y(r) along 7 by the ODE (3.2.8) must be an >C-Jacobian field. When Yi(r), 
i = 1, . . . ,n are £-Jacobian fields along 7, we have 

±{Y,{r),Y,{T)) 

= 2Ric (y„ Yj) + {VxY,, Yj) + {Yi,VxYj) 

= 2Ric(y„y,) + (vy. (^^^) '^^^ + (^-^^. (271^^) 

= 2Ric (y„ Yj) + -l=RessL{Yi, Y^) 
vr 
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and then by (3.2.9), 

2Ric {Yi,Yj) + -^RessLiYi, Yj) = ^6ij, at r = r. 

Therefore the equality in (3.2.10) holds everywhere if and only if we are on 
a gradient shrinking soliton with 

Rij + ^-j=ViVjL = ^9ij- 

□ 

In summary, from (3.2.6), (3.2.7) and Corollary 3.2.4, we have 

aL _ 9 /^p L j_ K 



I VLp = -ifR + -j^L - -^K, 

AL < -2^/fR + ^ - f , 

in the sense of distributions. 

Now the Li-Yau-Perelman distance / = l{q,f) is defined by 

liq,f) = L{q,f)/2Vf. 
We thus have the following 

Lemma 3.2.5 (Perelman [107j ). For the Li-Yau-Perelman distance 
l{q,f) defined above, we have 

dl I 1 

(3.2.12) = -R + L-A^K, 

77 1 

(3.2.13) A/<-i? + --^K, 

in the sense of distributions. Moreover, the equality in (3.2.13) holds if and 
only if we are on a gradient shrinking soliton. 

As the first consequence, we derive the following upper bound on the 
minimum of 1{-,t) for every r which will be useful in proving the no local 
collapsing theorem in the next section. 

Corollary 3.2.6 (Perelman fl07J). Let gijir), t > 0, be a family of 
metrics evolving by the Ricci flow -§fgij = 2Rij on a compact n-dimensional 
manifold M. Fix a point p in M and let l{q,T) be the Li-Yau-Perelman 
distance from {p, 0) . Then for all t, 

n 

min{/(Q',r) | q £ M} < -. 



96 H.-D. CAO AND X.-P. ZHU 

Proof. Let 

L{q,T) =ATl{q,T). 
Then, it follows from (3.2.11) and (3.2.13) that 

and 

AL < -4TR + 2n ^. 



Hence 



^ + AL < 2n. 

OT 



Thus, by a standard maximum principle argument, mm{L{q,T) — 2nT\ q £ 
M} is nonincreasing and therefore min{Z(g, t)| q £ M} < 2nr. □ 

As another consequence of Lemma 3.2.5, we obtain 

dl , , . ,„,|2 ^ ^ 



— -AI + 1 v^r - i? + — > 0. 

OT It 



or equivalently 

d 



^_ A + Rj (^(47rf )- 2 exp(-Oj < 0. 
If M is compact, we define Perelman's reduced volume by 

V{t)= [ {ATTTy'i exp{-l{q,T))dVr{q), 



JM 

where dVr denotes the volume element with respect to the metric gij^T). 
Note that Perelman's reduced volume resembles the expression in Huisken's 
monotonicity formula for the mean curvature flow [T4j. It follows, from the 
above computation, that 



/ (47rf)-texp(-/(g,f))dT4((z) 
dr Jm 

d 



M 



Q_ ((47rr) 2 exp(-/(g, r))) + i?(47rr) 2 exp(-/(g, r)) 



dVf(q) 



< [ AiiAnf)-^ expi-l{q,f)))dVr{q) 



= 0. 

This says that if M is compact, then Perelman's reduced volume V{t) is 
nonincreasing in r; moreover, the monotonicity is strict unless we are on a 
gradient shrinking soliton. 

In order to define and to obtain the monotonicity of Perelman's reduced 
volume for a complete noncompact manifold, we need to formulate the mono- 
tonicity of Perelman's reduced volume in a local version. This local version 
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is very important and will play a crucial role in the analysis of the Ricci flow 
with surgery in Chapter 7. 

We define the /^-exponential map (with parameter f) Cexp{f) : 
TpM ^ M as follows: for any X e TpM, we set 

Lexpxif) = 7(f) 

where 7(r) is the >C-geodesic, starting at p and having X as the limit of 
■y/r7(r) as r ^ 0"*". The associated Jacobian of the /^-exponential map 
is called /2-Jacobian. We denote by J7'(r) the /2-Jacobian of Cexp^r) : 
TpM — > M. We can now deduce an estimate for the >C-Jacobian as follows. 

Let q = jOexpxif) and 7(r), r G [0,f], be the shortest >C-geodesic 
connecting p and q with \/t'^{t) ^ X as r — > 0+. For any vector v G TpM, 
we consider the family of i2-geodesics: 

7s(r) = £. exp(^x+sv) i'^)^ < r < f , s G (-e, e). 

The associated variation vector field V{t), < t < f, is an Jacobian field 
with V{0) = and V{t) = {Cexpx{T))*{v). 

Let vi,... ,Vn ben linearly independent vectors in TpM. Then 

= (.^expx{T))*{vi), i = 1,2,. ..,n, 

are n >C-Jacobian fields along 7(r), r G [0,f]. The >C-Jacobian J7'(r) is given 

by 

J{t) = \Vi{t) a • • • a Vn{T)\g..(^r)/\vi A • • • A Vn\. 

Now for fixed 6 G (0, f), wc can choose linearly independent vectors 
vi, . . . ,Vn & TpM such that {Vi{b), Vj{b))g..(^f,-^ = Sij. We compute 



|ui A--- Ai;n|2 



^(Fi A • • • A Vx^i A • • • A 14, 14 A • • • A K)s,,.(r) 



+ kT^^ — ^^(FiA---ARic(F,v)A---AK,^iA---AK),^^.(,). 

At r = 6, 

d 2 " 

j=l 
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Thus, 



- log J{b) = J]((VxF„ V,>,^^.(,) + Ric {V„V,)) 



dT 




AL + R. 

Therefore, in view of Corollary 3.2.4, we obtain the following estimate for 
£-Jacobian: 

d TL \ 

(3.2.14) °" [0'^]- 

On the other hand, by the definition of the Li-Yau-Perelman distance and 
(3.2.4), we have 

d ^ 1 , Id 



2r3/2' 

Here and in the following we denote by Z(r) = ^(7(r),r). Now the com- 
bination of (3.2.14) and (3.2.15) implies the following important Jacobian 
comparison theorem of Perelman [107 . 

Theorem 3.2.7 (Perelman's Jacobian comparison theorem). Let gijir) 
be a family of complete solutions to the Ricci flow -^pQij = "^Rij on a manifold 
M with bounded curvature. Let 7 : [0, f] — > M 5e a shortest C-geodesic 
starting from a fixed point p. Then Perelman's reduced volume element 

(4^r)-texp(-/(T))J(r) 

is nonincreasing in r along 7. 

We now show how to integrate Perelman's reduced volume element over 
TpM to deduce the following monotonicity result of Perelman [107] . 

Theorem 3.2.8 (Monotonicity of Perelman's reduced volume). Let gij 

be a family of complete metrics evolving by the Ricci flow -^^gij = '^Rij on 
a manifold M with bounded curvature. Fix a point p in M and let l{q,T) be 
the reduced distance from {p,0). Then 
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(i) Perelman's reduced volume 

V{t)= f (47rr)-iexp(-Kg,r))(iy^(g) 
Jm 

is finite and nonincreasing in t; 

(ii) the monotonicity is strict unless we are on a gradient shrinking 
soliton. 

Proof. For any v G TpM we can find an £-geodesic 7(t), starting at p, 
with lim ^/T^{T) = V. Recall that 7(r) satisfies the i2-geodesic equation 

r— »0+ 

V-vM7(r) - \VR + ^7(r) + 2Ric (7(t), ■) = 0. 
Multiplying this equation by y/r, we get 

(3.2.16) ^(^^) - \^^R + 2Ric (V^7(r), •) = 0. 

Since the curvature of the metric Qijir) is bounded, it follows from Shi's 
derivative estimate (Theorem 1.4.1) that |Vi?| is also bounded for small 
r > 0. Thus by integrating (3.2.16), we have 

(3.2.17) |\/^7(r) -v\< Ct{\v\ + 1) 

for r small enough and for some positive constant C depending only the 
curvature bound. 

Let vi, . . . ,Vn he n linearly independent vectors in TpM and let 

Viir) = (i:exp^(r))*(vi) = ^|s=o>Ccxp(^+^^.)(r), i = l,...,n. 

The Zl-Jacobian J{t) is given by 

J(r) = |Vi(r) A • • • A V;(r)|g. A • • • A 

By (3.2.17), we see that 



VT^>Cexp(„+,„.)(r) -{v + svi 



< Ct{\v\ + \vi\ + 1) 



for r small enough and all s G (— e, e) (for some e > small) and i = 1, . . . ,n. 
This implies that 



lim -\/rFi(r) = Vi, i = l,...,n, 

T— »0+ 



so we deduce that 



(3.2.18) lim t~^J{t) = 1. 

T— >0+ 

Meanwhile, by using (3.2.17), we have 

Kr) = ^l^ VT{R + \j{r)f)d7 
—>■ Ivl"^ as T —>■ 0"^. 
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Thus 

(3.2.19) /(O) = 

Combining (3.2.18) and (3.2.19) with Theorem 3.2.7, we get 

V{t) = [ (47rT)-texp(-/(g,r))dK(g) 

< [ (Attt)-'^ exp{-l{T))J{T)\r=odv 

JTpM 

= (47r)~ 2" / exp{—\v\'^)dv 

< +00. 

This proves that Perelman's reduced volume is always finite and hence well 
defined. Now the monotonicity assertion in (i) follows directly from Theorem 
3.2.7. 

For the assertion (ii), we note that the equality in (3.2.13) holds every- 
where when the monotonicity of Perelman's reduced volume is not strict. 
Therefore we have completed the proof of the theorem. □ 

3.3. No Local Collapsing Theorem I 

In this section we apply the monotonicity of Perelman's reduced volume 
in Theorem 3.2.8 to prove Perelman's no local collapsing theorem I(cf. 
section 7.3 and section 4 of [107j ). which is extremely important not only 
because it gives a local injectivity radius estimate in terms of local curvature 
bound but also it will survive the surgeries in Chapter 7. 

Definition 3.3.1. Let k, r be two positive constants and let gij{t),0 < 
t < T, be a solution to the Ricci flow on an n-dimensional manifold M. We 
call the solution gij{t) K-noncoUapsed at (xo,to) ^ M x [0,T) on the scale 
r if it satisfies the following property: whenever 

\Rm\{x,t) < 

for all X £ Btg {xq , r) and t £ [to — r"^, to] , we have 

Vok,{Bt,{xo,r)) > Kr"". 

Here i?i(,(xo, r) is the geodesic ball centered at xq S M and of radius r with 
respect to the metric gij{to)- 

Now we are ready to state the no local collapsing theorem I of 
Perelman |107j . 

Theorem 3.3.2 (No local collapsing theorem I). Given any metric gij 
on an n-dimensional compact manifold M . Let gij{t) be the solution to the 
Ricci flow on [0,T), withT < +oo, starting atgij. Then there exist positive 
constants n and po such that for any to G [0, T) and any point xq £ M , the 
solution gij{t) is n-noncollapsed at (xo,to) on all scales less than po- 
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Proof. We argue by contradiction. Suppose that there are sequences 
Pk e M,tk e [0, T) and ^ such that 

(3.3.1) \Rm\{x,t)<r^^ 
for X e Bk = Bt^ipk, Tk) and tk - rl < t < t^, but 

(3.3.2) ek = r^^Volt,{Bk)^ ^0 ask~^(^. 

Without loss of gcncrahty, we may assume that — > T as — >■ +oo. 
Let f{t) = tk — t, p = Pk and 

Vk{f)= [ (47rr)-texp(-/(g,r))dVi,_^(g), 

where l{q, f) is the Li-Yau-Perelman distance with respect to p = pk- 
Step 1. We first want to show that for k large enough, 

Vkiekrl)<2el 

For any v G TpM we can find an >C-geodesic 7(r) starting at p with 
lim i/r7(r) = v. Recall that 7(r) satisfies the equation (3.2.16). It follows 

T— »0 

from assumption (3.3.1) and Shi's local derivative estimate (Theorem 1.4.2) 
that |Vi?| has a bound in the order of l/r| for t e [tk — efcr^,ife]- Thus by 
integrating (3.2.16) we see that for r < e^r^ satisfying the property that 
7(cr) G Bk as long as a < r, there holds 

(3.3.3) |V^7(r) - < Cek{\v\ + 1) 

where C is some positive constant depending only on the dimension. Here we 
have implicitly used the fact that the metric gij{t) is equivalent for x G Bk 
and t E [tk — efer|,tjk]. In fact since = —2Rij and \Rm\ < r^^ on 
Bk X [tk - rl,tk], we have 

(3.3.4) e'^^'^gijix, tk) < gij{x, t) < e^^^gij{x, tk), 
for X e Bk and t e [tk - ekrl, tk]. 

_ 1 

Suppose V G TpM with \v\ < ^Sj, ^ . Let r < e^.r^ such that 7(0") G Bk as 

long as o" < T, where 7 is the £-geodesic starting at p with lim \/t7(''") = 

r— »o 

Then, by (3.3.3) and (3.3.4), for k large enough, 

dtk{Pk,7{T))< [ |7((7)|g (t^)d(7 

Jo 

< T — 

< n- 
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This shows that for k large enough, 



(3.3.5) /:exp^|^|^ 1^-1/2-^ (efcr|) C Bk = Bt^{pk,rk). 



We now estimate the integral of Vk{^ki^k) as follows, 
(3.3.6) 

M^krl) = ^(47refer^)-t exp(-Z(g, efer^))dl^,^_,^,2(g) 

J (47refcr^)"5exp(-/(g,efcr^))dyj^_,^^2(g) 

+ J (47refer^)-texp(-/(g,efcr^))dVi^_,^^2(g). 

We observe that for each q e B^, 

L{q,ekrl) = f"^' ^{R + \^\'')dT > -Cin)r-\e,rl)l = -C(n)e|rfc, 

^0 

hence l{q,ekrl) > — C(n)efe. Thus, the first term on the RHS of (3.3.6) can 
be estimated by 

(3.3.7) j (47referi)-t eM-l{Q,ekrl))dVt^_,^,2{q) 

< e-'= J (47refer2)-f exp(-/((?, efcr^))dVi, (g) 



< e"^'=(4vr)-t . e^(")^'= • e, ^ • (r^'^VoU, (S^)) 

2 



where we have also used (3.3.5) and (3.3.4). 

Meanwhile, by using (3.2.18), (3.2.19) and the Jacobian Comparison 
Theorem 3.2.7, the second term on the RHS of (3.3.6) can be estimated as 
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follows 



(3.3.8) J {A7rekrl)-^eM-KQ,^krl))dV,^_,^,2{q) 



M\£exp _i (ekrl) 



< J (47rr)-texp(-/(r))J(r)|^=o(it; 

{\v\>hkh 
= (47r)~2 J exp(—\vf)dv 



for k sufficiently large. Combining (3.3.6)-(3.3.8), we finish the proof of Step 
1. 

Step 2. We next want to show 

Vkitk) = (47rtfe)-t / expi-liq,tk))dVoiq) > C 
Jm 

for all k, where C is some positive constant independent of k. 

It suffices to show the Li-Yau-Perelman distance l{-,tk) is uniformly 
bounded from above on M. By Corollary 3.2.6 we know that the minimum 
of 1{-,t) does not exceed | for each r > 0. Choose Qk € M such that 
the minimum of l{-,tk — ^) is attained at q^- Wc now construct a path 
7 : [0, tk] M connecting to any given point g G M as follows: the first 
half path 7|[qj^_tj connects Pk to qk so that 

I (qk,tk -^)= ^A— - r ^ VT{R + \j{T)\')dr < 5 

and the second half path 7|[j^_t is a shortest geodesic connecting q^ to 
q with respect to the initial metric gij{0). Then, for any q G M"', 



2Vh 



< c 

for some constant C > 0, since all geometric quantities in gij are uniformly 
bounded when t G [0, ^] (or equivalently, r G [tfe — 
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Combining Step 1 with Step 2, and using the monotonicity of Vk{T), we 

get 

C < Vk{tk) < Vki^kvl) < 2el ^ 

as A; ^ oo. This gives the desired contradiction. Therefore we have proved 
the theorem. □ 

The above no local collapsing theorem I says that if \Rm\ < on the 
parabolic ball {{x,t) \ dtQ{x,XQ) < r, to — < i < to}) then the volume of 
the geodesic ball BtQ{xo,r) (with respect to the metric gij{to)) is bounded 
from below by Kr"'. In |107j . Perelman used the monotonicity of the W- 
functional (defined by (1.5.9)) to obtain a stronger version of the no local 
collapsing theorem, where the curvature bound assumption on the parabolic 
ball is replaced by that on the geodesic ball Btg^XQ, r). The following result, 
called no local collapsing theorem I', gives a further extension where 
the bound on the curvature tensor is replaced by the bound on the scalar 
curvature only. 

Theorem 3.3.3 (No local collapsing theorem I'). Suppose M is a com- 
pact Riemannian manifold, and gij{t), < t < T < +oo, is a solution to 
the Ricci flow. Then there exists a positive constant k depending only the 
initial metric and T such that for any (xo,to) G M x (0,T) if 

R{x,to) < r'"^, G Bt„(xo,r) 

with < r < VT, then we have 

Yolt,{Bt,{xo,r)) > nr"". 

Proof. We will prove the assertion 
(*)a Volio(5io(xo,a)) > KO" 

for all < a < r. Recall that 

^,{gij,T) = inf |w(5^„/,r) / {AnT)-'^ e'f dV = l| . 



Set 



M 



By Corollary 1.5.9, we have 

(3.3.9) /u((7^,(to),6) > /i(5ii(0),to + h) 

for < b < r^. Let < < 1 be a positive smooth function on M where 
C(s) = 1 for |s| < ^, IC'P/C ^ 20 everywhere, and ({s) is very close to zero 
for |s| > 1. Define a function / on M by 

(47rr2)-ie-/W = e-^Anr'^yh (^^^^ii^^ , 
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where the constant c is chosen so that Jj^^(47rr^)^2 e~'^£iVtg = 1. Then it 
follows from (3.3.9) that 

(3.3.10) W{gij{to)J,r^)= [ [rWVf\^ + R) + f-n]i47rr^)-'^e-^dVt, 

JM 



Note that 



1 = / (W)-te-C ('^^^i^ ) dVt 



M \ r 

to 



to 



> I (47rr2)-te-Wt„ 

= (47rr2)-ie-'=Volt„ (a^o,0). 
By combining with (3.3.10) and the scalar curvature bound, we have 



JM \ 



^ logC • CJ e-\AiTr')-^dVt, + {n-l)+^io 
> -2(20 + e-i)e-^(47rr2)-tVolto(Sto(xo,r)) + (n- 1) +/xo 

+ ^ )vol,„(5,„(.o,i))+^"-'^+^°' 

where we used the fact that ({s) is very close to zero for |s| > 1. Note also 
that 

2 f e-'=(47rr^)-tdV(o > / {4TTr^)-'^ e'-^ dYt^ = 1. 

JBto{xo,r) JM 

Let us set 

K = min I ^ exp(-2(20 + 6-^)3"" + (n - 1) + /xq), 

where a„ is the volume of the unit ball in M". Then we obtain 

Volt„(fito(xo,r))>ie'=(47rr2)i 

> ^(47r)t exp(-2(20 + 6-^)3"" + (n - 1) + /xq) • 

> Kr" 

provided VokoiBtoixo, §)) > 3-"FoZto(5to(^o, r)). 

Note that the above argument also works for any smaller radius a < r. 
Thus we have proved the following assertion: 

(3.3.11) Volto(Sto(xo,a)) >Ka" 

whenever a G (0,r] and Yoko {Bto {xq, ^)) > 3-''Yolto{Bto{xo,a)). 
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Now we argue by contradiction to prove the assertion {*)a for any a G 
(0,r]. Suppose (*)a fails for some a E (0,r]. Then by (3.3.11) we have 

< 3~"Ka" 

< k{- 



.2, 

This says that (*)2l would also fail. By induction, we deduce that 



n 



Volt,, (^xo, < K (^j for all > 1. 

This is a contradiction since lim Vol^g {Biq (xq, ^)) / (^)" = "n- D 

fe^oo 

3.4. No Local Collapsing Theorem II 

By inspecting the arguments in the previous section, one can see that if 
the injectivity radius of the initial metric is uniformly bounded from below, 
then the no local collapsing theorem 1 of Perelman also holds for complete 
solutions with bounded curvature on a complete noncompact manifold. In 
this section we will use a cut-off argument to extend the no local collapsing 
theorem to any complete solution with bounded curvature. In some sense, 
the second no local collapsing theorem of Perelman [107] gives a good rela- 
tive estimate of the volume element for the Ricci flow. 

We first need the following useful lemma which contains two assertions. 
The first one is a parabolic version of the Laplacian comparison theorem 
(where the curvature sign restriction in the ordinary Laplacian comparison 
is essentially removed in the Ricci flow). The second one is a generalization 
of a result of Hamilton (Theorem 17.2 in [65] ). where it was derived by an 
integral version of Bonnet-Myers' theorem. 

Lemma 3.4.1 (Perelman [107] ). Let gij{x,t) be a solution to the Ricci 
flow on an n- dimensional manifold M and denote by dt{x,XQ) the distance 
between x and xq with respect to the metric gij{t). 

(i) Suppose Ric(-,to) 1^ in — l)K on Btg{xo,rQ) for some xq G M 
and some positive constants K and rg. Then the distance function 
d{x,t) = dt{x,xo) satisfies, at t = to and outside i?to(xo, "To), the 
differential inequality: 

- Ad > -(n - 1) Qxro + Tq-i 

(ii) Suppose Ric{-, to) < {n-l)K on Btoixo,ro)\J Bto{xi,ro) for some 
xo,xi £ M and some positive constants K and tq. Then, at t = to, 

^dt{xo,xi) > -2(n- 1) ('^Kro + r^^ 
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Proof. Let 7 : [0,d(j;,to)] — > M be a shortest normal geodesic from xq 
to X with respect to the metric gijito). As usual, we may assume that x and 
xq are not conjugate to each other in the metric gij{to), otherwise we can un- 
derstand the differential inequality in the barrier sense. Let X = 7(0) and let 
{X, ei, . . . , e„_i} be an orthonormal basis of T^qM. Extend this basis par- 
allel along 7 to form a parallel orthonormal basis {X{s), ei(s), . . . , e„_i(s)} 
along 7. 

(i) Let Xi{s), i = 1, . . . , n — 1, be the Jacobian fields along 7 such that 
Xi{0) = and Xi{d{x,to)) = ei{d{x,to)) for i = 1, . . . , n — 1. Then it is 
well-known that (see for example [116j ) 



(in Proposition 3.2.3 we actually did this for the more complicated C- 
distance function). 

Define vector fields Yi, i = 1, . . . ,n — 1, along 7 as follows: 



which have the same value as the corresponding Jacobian fields Xi{s) at the 
two end points of 7. Then by using the standard index comparison theorem 
(see for example |23j) we have 







On the other hand 




7 



Hence we obtain the desired differential inequality. 
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(ii) The proof is divided into three cases. 
Case (1): dtQixo,xi) > 2ro. 

Define vector fields Yi, i = 1, . . . ,n — 1, along 7 as follows: 

'^ei{s), if s e [0,ro], 

Yi{s) = Iei{s), if s G [ro,d{xi,to)], 

,^^^l^f^ei(s), if s e[d{xi,to) -ro,d{xi,tQ)]. 
Then by the second variation formula, we have 

fd{xi,to) fd{xi,to) 

V/ R{X,Yi,X,Yi)ds<y2 \Yifds, 

i=i i=i 

which implies 

j-ro „2 rd{x,to)-ro 

/ —Ric{X,X)ds+ / mc {X,X)ds 

Jo ''O -Jro 

Jdixi,to)-ro \ fO J ro 

Thus 

^{dt{xo,xi)) 

> - J^' (1 - Ric {X, X)ds 

Jd{xi,to)-ro \ \ ro J J ro 

> -2(n-l) I^^Kro + ro'^ • 

Case (2): < dto{xo,xi) < 2ro. 

V ~3~ 

In this case, letting ri = } and applying case (1) with ro replaced by 

V ~3~ 

ri, we get 



-K(xo,xi)) > -2(n-l) (^^i^n + rfi^ 
>-2(n-l) Qi^ro + ro"^). 

Case (3): dto(xo,xi) < min | -4^ , 2ro | . 
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In this case, 

fd{xi,to) 2 

Ric {X, X)ds <{n- l)i^^= = (n - 1)V6K, 



r 

Jo 



and 



2{n - 1) ( ^Kro + ro"! j > (n - i^- 

This proves the lemma. □ 

The fohowing result, called the no local collapsing theorem II, was 
obtained by Perelman in |107) . 

Theorem 3.4.2 (No local collapsing theorem II). For any ^4 > there 
exists K = i^{A) > with the following property: if gij{t) is a complete 
solution to the Ricci flow on < t < rg with bounded curvature and satifying 

\Rm\{x,t) < on Bo{xo,rQ) x [0,rl] 

and 

Volo(5o(xo,ro))>^-Vj, 

then gij{t) is n-noncollapsed on all scales less than rg at every point (x,rg) 
with d^2{x,XQ) < ArQ. 

Proof. From the evolution equation of the Ricci flow, we know that the 
metrics gij{-,t) are equivalent to each other on Bo{xo,rQ) x [0,rQ]. Thus, 
without loss of generality, we may assume that the curvature of the solution 
is uniformly bounded for all t £ [0, Tq] and all points in Bt{xQ,rQ). Fix a 
point (2;,rg) G M x {r^}. By scaling we may assume tq = 1. We may 
also assume di(x,xo) = A. Let p = x, f = 1 — t, and consider Perelman's 
reduced volume 



V{f)= / {ATrf)~2 eM-l{Q,r))dViMQ), 

IM 



where 



l{q, f) = inf I ^ V^{R + \i\^)dT I 7 : [0, f ] ^ M 

with 7(0) = p, 7(f) = g| 

is the Li-Yau-Perelman distance. We argue by contradiction. Suppose for 
some < r < 1 we have 

\Rm\{y,t) < 

whenever y £ Bi{x,r) and 1 — < t < 1, but e = r~^Vol r))~ is 
very small. Then arguing as in the proof of the no local collapsing theorem 
I (Theorem 3.3.2), we see that Perelman's reduced volume 

^(er^) < 2et 
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On the other hand, from the monotonicity of Perelman's reduced volume we 
have 

(47r)-t / exp(-/(g, l))dVo{q) = V{1) < V{er^). 

Thus once we bound the function l{q, 1) over Bo(xo, 1) from above, we will 
get the desired contradiction and will prove the theorem. 

For any q G Bo{xo, 1), exactly as in the proof of the no local collapsing 
theorem I, we choose a path 7 : [0, 1] M with 7(0) = x, 7(1) = q, 
7(5) = y ^ Bi{xo, jq) and 7(r) G Bi-j-{xo, 1) for r G 1] such that 

';Wio,4,) = 2\/|i(!-.i) {=^{v-l))- 

Now >C(7|[i^^]) = Ji -v/T(i?(7(T), 1 - r) + |7(T)|^.^(^_^pdr is bounded from 

above by a uniform constant since all geometric quantities in gij arc uni- 
formly bounded on {{y,t) \ t £ [0, 1/2], y G Bt{xo, 1)} (where t G [0, 1/2] is 
equivalent to r G [1/2, 1]). Thus all we need is to estimate the minimum of 
l{-, ^), or equivalently L{-, i) = 4i/(-, i), in the ball Bi{xq, jq). 

Recall that L satisfies the differential inequality 

(3.4.1) — + AL < 2n. 

ar 

We will use this in a maximum principle argument. Let us define 

h{y, t) = <P{d{y, t) - A{2t - 1)) • (L(y, 1 - t) + 2n + 1) 

where d{y,t) = dt{y,xo), and is a function of one variable, equal to 1 on 
(—00, ^), and rapidly increasing to infinity on (^, j^) in such a way that: 

(3.4.2) 2^^ - (j)" > (2A + lOOnU' - C(AU 

for some constant C{A) < +00. The existence of such a function (p can 
be justified as follows: put v = then the condition (3.4.2) for <f) can be 
written as 

-v' > {2A + 100n)v - C{A) 

which can be solved for v. 

Since the scalar curvature R evolves by 

^ = AR + 2\Rc\^>AR+-R^ 
ot n 

we can apply the maximum principle as in Chapter 2 to deduce 
R{x, t)>-— for i G (0, 1] and x e M. 
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r v^{R 

Jo 



> 2v^ / 



+ \i\'^)dT 



n 



2(1 -r) 

> 2Vf / ^{-n)dT 
Jo 



dr 



That is 
(3.4.3) 



> -2n. 



L(-,l-t) + 2n + l> 1, forte 



Clearly min h{y, i) is achieved by some y G Bi [xq, jt^) and 

yeM 2 



(3.4.4) 

We compute 

d 



min h{y, 1) < h{x, 1) = 2ra + 1. 



dt 



A h 



d_ 
di 



+ < 



A U • {L{y, 1 - t) + 2n + 1) 



A)L{y,l-t)-2{V<pyL{y,l-t)) 



d_ 

at 



^-A]d-2A 
dt 



•"\Vd\^) -(1 + 271 + 1) 



+ < 



A L-2(V(/),VL) 



> 



d_ 

dr 



|-A)d-2A 



(L + 2n + 1) 



-2n(f)-2{V(j),VL) 
by using (3.4.1). At a minimizing point of h we have 

VL 



Hence 



V0 

~ (L + 2n + l)' 



iVoiP - (<^')^ - 

-2(V0, VL) = 2^^(L + 2n + 1) = 2^^(L + 2n + 1). 
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Then at the minimizing point of h, we compute 



2ra(/) + 2^^(L + 2n+ 1) 



> 



d_ 
dt 



A d - 2y4 



/' -(1 + 271+1) 



• (Z + 2n + 1) 



A'\2 



for t G [^,1] and 



- 2nh + 2-!^-^(L + 2n + 1) 



Ah > 0. 



Let us denote by /imin(i) = ioamh{y,t). By applying Lemma 3.4.1(i) to the 

2/eM 

set where cf)' 0, we further obtain 

d 



dt 



/imin > (-L + 2n + 1) • 



(^'(-lOOn - 2 A) -(f)" + 2 



(0' 



— 2n/in 



> -{2n + CiA))h^in, for [-,!]. 



This impHes that /imin(i) cannot decrease too fast. By combining (3.4.3) 
and (3.4.4) we get the required estimate for the minimum Z(-, ^) in the ball 

Therefore we have completed the proof of the theorem. □ 
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Chapter 4. Formation of Singularities 

Let gij{x,t) be a solution to the Ricci flow on M x [0,T) and suppose 
[0,T), T < oo, is the maximal time interval. If T < +00, then the short 
time existence theorems in Section 1.2 tells us the curvature of the solution 
becomes unbounded as t ^ T (cf. Theorem 8.1 of [65j). We then say the 
solution develops a singularity as t — > T. As in the minimal surface theory 
and harmonic map theory, one usually tries to understand the structure of a 
singularity of the Ricci flow by rescaling the solution (or blow up) to obtain 
a sequence of solutions to the Ricci flow with uniformly bounded curvature 
on compact subsets and looking at its limit. 

The main purpose of this chapter is to present the convergence theorem 
of Hamilton [64j for a sequence of solutions to the Ricci flow with uniform 
bounded curvature on compact subsets, and to use the convergence theorem 
to give a rough classification in |65] for singularities of solutions to the Ricci 
flow. Further studies on the structures of singularities of the Ricci flow will 
be given in Chapter 6 and 7. 

4.1. Cheeger Type Compactness 

In this section, we establish Hamilton's compactness theorem (Theorem 
4.1.5) for solutions to the Ricci flow. The presentation is based on Hamilton 

m- 

We begin with the concept of Cf^^ convergence of tensors on a given man- 
ifold M. Let Tj be a sequence of tensors on M. We say that Tj converges 
to a tensor T in the topology if we can find a covering {{Us,^Ps)}, 
ifs '■ Us ^ M", of coordinate charts so that for every compact set 
K C M, the components of Tj converge in the C°° topology to the compo- 
nents of T in the intersections of K with these coordinate charts, considered 
as functions on (ps{Us) C M"". Consider a Riemannian manifold {M,g). A 
marking on M is a choice of a point p G M which we call the origin. We 
will refer to such a triple {M,g,p) as a marked Riemannian manifold. 

Definition 4.1.1. Let {Mk, gk,Pk) be a sequence of marked complete 
Riemannian manifolds, with metrics gk and marked points pk G Mk- Let 
B{pk,Sk) C Mk denote the geodesic ball centered at pk € Mk and of ra- 
dius Sk (0 < Sfc < -|-oo). We say a sequence of marked geodesic balls 
{B{pk,Sk),gk,Pk) with Sk Soo{< +00) converges in the C^^ topology 
to a marked (maybe noncomplete) manifold {Boo, goo, Poo), which is an 
open geodesic ball centered at poo G Boo and of radius Sqo with respect to 
the metric goo, if we can find a sequence of exhausting open sets C/fc in Boo 
containing poo and a sequence of diffeomorphisms fk of the sets Uk in Boo 
to open sets Vk in B{pk,Sk) C Mk mapping poo to pk such that the pull- 
back metrics gk = {fkTdk converge in C°° topology to goo on every compact 
subset of Boo- 
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We remark that this concept of Cj'^-convergence of a sequence of marked 
manifolds [M^, gk,Pk) is not the same as that of Cj'^^.-convergence of metric 
tensors on a given manifold, even when we are considering the sequence of 
Riemannian metric gk on the same space M. This is because one can have 
a sequence of diffeomorphisms fk-M^M such that {fk)*9k converges in 
topology while gk itself does not converge. 

There have been a lot of work in Riemannian geometry on the conver- 
gence of a sequence of compact manifolds with bounded curvature, diame- 
ter and injectivity radius (see for example Gromov [55j . Peters [llOj . and 
Greene and Wu [53]). The following theorem, which is a slight generaliza- 
tion of Hamilton's convergence theorem [64] , modifies these results in three 
aspects: the first one is to allow noncompact limits and then to avoid any 
diameter bound; the second one is to avoid having to assume a uniform lower 
bound for the injectivity radius over the whole manifold, a hypothesis which 
is much harder to satisfy in applications; the last one is to avoid a uniform 
curvature bound over the whole manifold so that we can take a local limit. 

Theorem 4.1.2 (Hamilton [64]). Let (M^, g^, Pk) be a sequence of 
marked complete Riemannian manifolds of dimension n. Consider a se- 
quence of geodesic halls B{pk,Sk) C Mk of radius Sk (0 < Sfc < oo), with 
Sk Soo{< oo), around the base point pk of Mk in the metric gk- Suppose 

(a) for every radius r < Soo and every integer I > there exists a con- 
stant Bir, independent ofk, and positive integer k{r, I) < +oo such 
that as k > k{r,l), the curvature tensors Rm{gk) of the metrics gk 
and their l^^-covariant derivatives satisfy the bounds 

\V^Rm{gk)\ < Bi^r 

on the balls B{pk,r) of radius r around pk in the metrics gk; and 

(b) there exists a constant 5 > independent of k such that the in- 
jectivity radii inj {Mk,Pk) of Mk at pk in the metric gk satisfy the 
bound 

inj {Mk,Pk) > S. 

Then there exists a subsequence of the marked geodesic balls {B{pk, Sk), gk, 
Pk) which converges to a marked geodesic ball {B{poc, Soo), gocPoo) in 
topology. Moreover the limit is complete if Soo = +oo. 

Proof. In |64j (see also Theorem 16.1 of |65j ). Hamilton proved the 
above convergence theorem for the case Sqo = +oo. Thus it remains to 
prove the case of Sqo < +oo. Our proof here follows, with some slight mod- 
ifications, the argument of Hamilton [64]. In fact, except Step 1, the proof 
is essentially taken from Hamilton [64]. Suppose we are given a sequence 
of geodesic balls {B{pk, Sk), gk,Pk) C {Mk,gk,Pk): with Sk Soo(< +oo), 
satisfying the assumptions of Theorem 4.1.2. We will split the proof into 
three steps. 

Step 1: Picking the subsequence. 



HAMILTON-PERELMAN'S PROOF 



115 



By the local injectivity radius estimate (4.2.2) in Corollary 4.2.3 of the 
next section, we can find a positive decreasing function p{r), < r < Sqo, 
independent of k such that 

(4.1.1) P{r)<^{soo-r), 

(4.1.2) > p{r) > ^ 



1000' 

and a sequence of positive constants ^ so that the injectivity radius 
at any point x G B{pk, Sk) with = dk{x,pk) < Soo — £k is bounded from 
below by 

(4.1.3) inj(Mfe,x) > 500/9(rfe(a;)), 

where rk{x) = dk{x,Pk) is the distance from x to pk in the metric of M^. 
We define 

p{r) = p{r + 20p(r)), p{r) = p{r + 20p(r)). 

By (4.1.2) we know that both p{r) and p{r) are nonincreasing positive func- 
tions on [0, Soo). 

In each S(pjk, Sqo) we choose inductively a sequence of points for 
a = 0,1,2,... in the following way. First we let x^ = Pk- Once are 
chosen for a = 0, 1, 2, . . . , cj, wc pick -t^^"*^ closest to p^ so that r'^^'^ = 
^ small as possible, subject to the requirement that the open 
ball B{x'^'^^ ,p'^'^^) around x'^^^ of radius p'^'^^ is disjoint from the balls 
5(x^,p^) for a = 0, 1, 2, . . . , cr, where = p(r^) and = rk{x'^). In 
particular, the open balls B(x'^,p'^),a = 0,1,2,..., are all disjoint. We 
claim the balls B(x'^,2p'^) cover B{pk,Scx> — £k) and moreover for any r, 
< r < Soo — efc, we can find A(r) independent of k such that for k large 
enough, the geodesic balls B(x'^,2p'^) for a < A(r) cover the ball B{pk,r). 

To see this, let x G B{j)]^^ Sqq — £k) and let r{x) be the distance from x to 
Pk and let p = p{r{x)). Consider those a with < r{x) < Soo — £k- Then 

~P < ~Pl 

Now the given point x must lie in one of the balls i?(x^,2p^). If not, we 
could choose the next point in the sequence of to be x instead, for since 
Pk+P ^ '^Pk ball B{x, p) would miss B{x'^, p'^) with < r{x). But this 
is a contradiction. Moreover for any r, < r < s^o — £k, using the curvature 
bound and the injectivity radius bound, each ball B{x^, pf.) with < r has 
volume at least e{r)p^ where e(r) > is some constant depending on r but 
independent of k. Now these balls are all disjoint and contained in the ball 
B{Pk, (^ + Soo)/2). On the other hand, for large enough k, we can estimate 
the volume of this ball from above, again using the curvature bound, by a 
positive function of r that is independent of k. Thus there is a k'(r) > 
such that for each k > k'{r), there holds 

(4.1.4) #{a \r^<r}< A(r) 
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for some positive constant A(r) depending only on r, and the geodesic balls 
B{x'^,2p'^) for a < A(r) cover the ball B{pi^,r). 
By the way, since 



and by (4.1.1) 

we get by induction 

49 



tt- 1 




So for each a, with a < A(r) (r < Sqo), there holds 



(4.1.5) < 1 



50 / 



for all k. And by passing to a subsequence (using a diagonalization argu- 
ment) we may assume that converges to some for each a. Then 
(respectively p'^,p'^) converges to p"' = p{r°^) (respectively = p{r'^),p°' = 

Pin)- 

Hence for all a we can find A; (a) such that 

<~pt< 2^" 

^p"<P^<2p" and ^p"<p^<2p" 

whenever k > k{a). Thus for all a, p'^ and p" are comparable when k is 
large enough so we can work with balls of a uniform size, and the same 
is true for and p", and and p". Let = S(x^,4p"), then p'^ < 
2;5" and B(x^,2^^) C S(x^,4^°) = S^. So for every r if we let k{r) = 
max{A'(a) | a < A(r)} then when k > k(r), the balls B^ for a < A(r) cover 
the ball B{pk,r) as well. Suppose that i?^ and B^ meet for /c > k{a) and 

A; > k{P), and suppose < r^. Then, by the triangle inequality, we must 
have 

rk<4 + + < rf + 8^^ < rf + 16pf . 
This then implies 

= M) = Pi4 + 20p(rf )) < p{rt) = ~pt 
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and hence 

Therefore C B{x^, 36/5°) whenever and B^ meet and k > max{A;(Q;), 

HP)}- 

Next we define the baUs = S(x«,5p") and B^ = S(a;^,p"/2). Note 
that 13^ arc disjoint since B^ C B{xl,~pl). Since C 5^, the balls B'^ 
cover r) for a < A(r) as before. If 5^ and meet for k > k{a) and 

k > k{/3) and r-^ < r^, then by the triangle inequality we get 

and hence 

again. Similarly, 

Pk = Prf) = Prf + 20p(rf )) < p(r^) = p^. 

This makes 

/ < 4/9°. 

Now any point in B^ has distance at most 

from x^, so Bj^ C S(x^,45p"). Likewise, whenever B'^ and Bj^ meet for 
k > k{a) and k > k{P), any point in the larger ball B{x^, 45p^) has distance 
at most 

5^" + b^f^ + 45/ < 205/9" 
from and hence 5(x^,45/) C 205/9"). Now we define B^ = 

— CK 

B(x^,45p") and Sj. = B{x'^,205p°'). Then the above discussion says that 
whenever B^ and B^ meet for A; > k{a) and k > k{P), we have 

(4.1.6) 5fc5^ and C B^. 

Note that is still a nice embedded ball since, by (4.1.3), 205p" < 410/9^ < 
mj(Mfe,x^). 

We claim there exist positive numbers N{r) and k"(r) such that for any 
given a with r" < r, as > k"{r), there holds 

(4.1.7) #{/3 I B^nijf 7^</)}<iV(r). 

Indeed, if B^ meets B'^ then there is a positive k"{a) such that as 
k > k"{a), 

< r + 20p(r) 
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where we used (4.1.2) in the third inequaUty. Set 

k"{r) = max{k" (a) , k' (r) \ a < A(r)} 

and 

N{r) = A Ir + lisoo-'' 



5 

Then by combining with (4.1.4), these give the desired estimate (4.1.7) 

Next we observe that by passing to another subsequence we can guar- 
antee that for any pair a and /? we can find a number k{a,(3) such that if 
k> k{a,/3) then either always meets or it never does. 
Hence by setting 

k{r) = max < k{a, P), k{a), k{P), k" (r) \ a < X{r) and 



we have shown the following results: for every r < s^o, if A; > k{r), we have 

(i) the ball B{pk, r) in is covered by the balls B^ for a < A(r), 

(ii) whenever B^ and B^ meet for a < A(r), we have 

B^.CB^ and B^, C §1 

(iii) for each a < A(r), there no more than N{r) balls ever meet B^, 
and 

(iv) for any a < A(r) and any /3, either B^ meets B^ for all k > k{r) 
or none for all k > k{r). 

Now we let E",E"',E°', and be the balls of radii 4^°, 5^", 45p", and 
205/9" around the origin in Euclidean space R". At each point G B{pk, s^) 
we define coordinate charts : E'^ B^ as the composition of a linear 
isometry of to the tangent space Tx^M/. with the exponential map exp a 

k k 

— — — = a = <y = Q 

at x^. We also get maps H^^ : E'^ B^ and Hf, : E — > in the 
same way. Note that (4.1.3) implies that these maps are all well defined. 
We denote by g'^ (and and g"^) the pull-backs of the metric gk by 

— —a 

(and and H/^). We also consider the coordinate transition functions 
■.Ef^^E'^ and jf : E^ ^ E"" defined by 

jf = m)-'Hi and Jf = m)-'HI 

Clearly jfj^'^ = I. Moreover J^^^ is an isometry from g^ to g^ and J^^^ 
from to 5^. 

Now for each fixed q, the metrics 5^ are in geodesic coordinates and 
have their curvatures and their covariant derivatives uniformly bounded. 

Claim 1. By passing to another subsequence we can guarantee that for 
each a (and indeed all a by diagonalization) the metrics g^ (or g^ or g^) 
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converge uniformly with their derivatives to a smooth metric (or or 

— — — Ct 

g") on i?" (or E°' or E ) which is also in geodesic coordinates. 

Look now at any pair a, (3 for which the balls and always meet 
for large k, and thus the maps J^^ (and J^^ and J^"^ and jf"^) are always 
defined for large k. 

Claim 2. The isometrics J^^ (and J^^ and J^"^ and jf") always have 
a convergent subsequence. 

So by passing to another subsequence we may assume J^^ — > J"^ (and 

jf J'^P and jf" ^ J^" and jf" ^ J^"). The hmit maps : ^ 

and J"^ : -E^ ^ E are isometrics in the limit metrics and (7". 
Moreover 

We are now done picking subsequences, except we still owe the reader the 
proofs of Claim 1 and Claim 2. 

Step 2: Finding local diffeomorphisms which are approximate isometrics. 

Take the subsequence {B{pf:, Sk), gk,Pk) chosen in Step 1 above. We 
claim that for every r < Sqo and every (ei, €2, . . . , Sp), and for all k and 
/ sufficiently large in comparison, we can find a diffeomorphism F^i of a 
neighborhood of the ball B{pk,r) C B{pk,Sk) into an open set in B{pi,si) 
which is an (ei, £2, • • • , e^) approximate isometry in the sense that 

fVFkiVFki -I\<ei 

and 

\V^Fki\ < e2,...,\VPFki\ < ep 

where V^F^i is the p*^ covariant derivative of Ff^i. 

The idea (following Peters |110) or Greene and Wu |53] ) of proving the 
claim is to define the_map F_° = o (F^)"^ (or F° = o {H^)~\ resp.) 
from B^ to B" (or B'j^ to Bf, resp.) for k and £ large compared to a so as 
to be the identity map on E°' (or E"', resp.) in the coordinate charts Hj^ 
and (or and H", resp.), and then to define Ff^i on a neighborhood of 
B{pk,r) for k,£ > k{r) be averaging the maps for j3 < A(r+ ^(sqo — r)). 
To describe the averaging process on B^ with a < A(r) we only need to 
consider those B^ which meet -B^; there are never more than N{r) of them 
and each f3 < A(r + ^(soo — and they are the same for k and £ when 
k,£ > k{r). The averaging process is defined by taking Fki{x) to be the 
center of mass of the F^^{x) for x G B'^ averaging over those j3 where B^ 
meets B'^ using weights /^f (x) defined by a partition of unity. The center of 
mass of the points = F^^{x) with weights /i'^ is defined to be the point y 
such that 

expy = y^ and ^ /x^F^ = 0. 
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When the points are all close and the weights /i^ satisfy < < 1 then 
there will be a unique solution y close to y^ which depends smoothly on the 
and the /i^ (see |53j for the details). The point y is found by the inverse 
function theorem, which also provides bounds on all the derivatives of y as 
a function of the y^ and the /x^. 

Since C i?f and i?f C Bf, the map F^^ = o (H^)-^ can be 
represented in local coordinates by the map 



defined by 



pa/3 _ jaf3 j(3a 



Since jf " ^ as A: ^ oo and jf ^ as £ ^ oo and J"^ o J/^" = /, 
we see that the maps P^^f — > / as /c,£ ^ cxd for each choice of a and /?. 
The weights fi^ are defined in the following way. We pick for each /3 a 
smooth function which equals 1 on E^ and equals outside E^. We 
then transfer to a function i/j^ on by the coordinate map (i.e. 
tPI = ^P o (#f )-^). Then let 



as usual. In the coordinate chart E"^ the function ■0^ looks like the compo- 



4 = 4 lY.^^ 

the coordinate c 
sition of with ■0'^. Call this function 

= 4 o Jf " 

Then as A; — > oo, '0^'^ — >■ where 

In the coordinate chart E°^ the function looks like 

7 

and /i^'^ — > as /c — > CXD where 

7 

Since the sets cover B{pk,r), it follows that ^^ipk > 1 on this set and 
by combining with (4.1.5) and (4.1.7) there is no problem bounding all these 
functions and their derivatives. There is a small problem in that we want 
to guarantee that the averaged map still takes pk to p£. This is true at least 
for the map Fj!^. Therefore it will suffice to guarantee that //^ = in a 
neighborhood of pfc if « 7^ 0. This happens if the same is true for ip'^. If not, 
we can always replace -0^ by -0^ = (1 — '(/'fc)V'fc which still leaves tp^ > ^i/j'^ 
or 0^ > ^ everywhere, and this is sufficient to make '4^2 — ^ everywhere. 
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Now in the local coordinate E"' we are averaging maps which con- 
verge to the identity with respect to weights fi'^^ which converge. It follows 
that the averaged map converges to the identity in these coordinates. Thus 

can be made to be an (ei, £2, . . . , Cp) approximate isometry on B[pk, r) 
when k and £ are suitably large. At least the estimates 

fVFke • VFke - /| < ei 

and I V^Fyfe^l < €2, • • • , | V^F^^I < Cp on B{pk, r) follow from the local coordi- 
nates. We still need to check that is a difFeomorphism on a neighborhood 

of Bipk,r). 

This, however, follows quickly enough from the fact that we also get a 
map Fik on a slightly larger ball B{pi, r') which contains the image of -F^^ on 
B{pki ^) if we take r' = (1 + ei)r, and F^k also satisfies the above estimates. 
Also Fki and Fgk fix the markings, so the composition Fik o Fke satisfies the 
same sort of estimates and fixes the origin p^. 

Since the maps P^f and P^jf converge to the identity as k,£ tend to 
infinity, F^^ o F^e must be very close to the identity on B{pk,r). It follows 
that Fki is invertible. This finishes the proof of the claim and the Step 2. 

Step 3: Constructing the limit geodesic ball {Boo, goo,Poo)- 
We now know the geodesic balls iB{pk, s^), gk,Pk) nearly isomet- 
ric for large k. We are now going to construct the limit B^o- For a se- 
quence of positive numbers rj s^o with each rj < Sj, we choose the 
numbers (ei(rj), . . . , ej(rj)) so small that when we choose k{rj) large in 
comparison and find the maps Fk^rj),k{rj+i) constructed above on neigh- 
borhoods of B{p^j.j),fj), in Mk(^rj) into M^rj+i) the image always lies in 

^^"^ composition of Fk(rj)^k{rj+i) with -FA;(rj+i),fc(rj+2) ^^'^ 

■ ■ ■ and -Ffe(r,_i),fc(r,) for any s > j is stih an {m{rj), • • • , Vjifj)) isometry for 
any choice of rji{rj), say rii{rj) = 1/j for 1 < i < j. Now we simplify the 
notation by writing Mj in place of M^^ ) Sind Fj in place of Ff.(^r ),k{r +i)- 
Then 

Fj : B{pj,rj) B{pj+i,rj+i) 
is a diffeomorphism map from B{pj,rj) into B{pj^i,rj^i), and the compo- 
sition 

Fs-i o---oFj : B{pj,j) B{ps, s) 
is always an (ryi(rj), . . . ,i]j{rj)) approximate isometry. 

We now construct the limit B^o as a topological space by identifying the 
balls B{pj,rj) with each other using the homeomorphisms Fj. Given any 
two points X and y in B^o, we have x G B{pj,rj) and y G B{ps,rs) for some 
j and s. If J < s then x G B{ps,rs) also, by identification. A set in B^o is 
open if and only if it intersects each B{pj,rj) in an open set. Then choosing 
disjoint neighborhoods of x and y in B{ps,rs) gives disjoint neighborhoods 
of X and y in B^o- Thus B^o is a Hausdorff space. 

Any smooth chart on B(j)j,rj) also gives a smooth chart on B{ps,rs) 
for all s > j. The union of all such charts gives a smooth atlas on B^. 
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It is fairly easy to see the metrics gj on B{pj,rj), converge to a smooth 
metric goo on B^o uniformly together with all derivatives on compact sets. 
For since the Fs-i o ■ ■ ■ o Fj are very good approximate isometries, the gj 
are very close to each other, and hence form a Cauchy sequence (together 
with their derivatives, in the sense that the covariant derivatives of gj with 
respect to gs are very small when j and s are both large). One checks in the 
usual way that such a Cauchy sequence converges. 

The origins pj are identified with each other, and hence with an origin 
Poo in Boo- Now it is the inverses of the maps identifying B{pj,rj) with open 
subsets of Boo that provide the diffeomorphisms of (relatively compact) open 
sets in Boo into the geodesic balls B{pj,Sj) C Mj such that the pull-backs 
of the metrics gj converge to ^oo- This completes the proof of Step 3. 

Now it remains to prove both Claim 1 and Claim 2 in Step 1. 

Proof of Claim 1. It suffices to show the following general result: 

There exists a constant c > depending only on the dimension, and 
constants Cq depending only on the dimension and q and bounds Bj on the 
curvature and its derivatives for j < q where \D^ Rm\ < Bj, so that for any 
metric g^e in geodesic coordinates in the ball |a;| < r < c/\/Bq, we have 

and 

d d 



9ke 



where 1^^ is the Euclidean metric. 

Suppose we are given a metric gij{x)dx^dx^ in geodesic coordinates in 
the ball |a;| < r < c/-\/Bo as in Claim 1. Then by definition every line 
through the origin is a geodesic (parametrized proportional to arc length) 
and gij = lij at the origin. Also, the Gauss Lemma says that the metric 
gij is in geodesic coordinates if and only if gijx^ = lijx^. Note in particular 
that in geodesic coordinates 

= Qij^'x^ = lijx'-x^ 

is unambiguously defined. Also, in geodesic coordinates we have r^^ (0) = 0, 
and all the first derivatives for gj^ vanish at the origin. 
Introduce the symmetric tensor 

1 

Since we have gjkX^ = IjkX^ , we get 

k d _ _ k ^ 

and hence from the formula for F*-^ 

x^r%=g''Aki. 
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Hence Ak£X^ = 0. Let Di be the covariant derivative with respect to the 
metric gij. Then 

Introduce the potential function 

P = |x|V2 = ^gijx'x^. 
We can use the formulas above to compute 

DiP = gijxK 

Also we get 

DiDjP = gij+Aij. 
The defining equation for P gives 

g'WiPDjP = 2P. 
If we take the covariant derivative of this equation we get 

g'^^DjDkPDeP = DjP 

which is equivalent to Ajj^x^ = 0. But if we take the covariant derivative 
again we get 

g^^D.DjDkPDeP + g^^DjDkPDiDiP = DiDjP. 

Now switching derivatives 

D.DjDkP = DiDkDjP = DkDiDjP + R,kjig^"'D^P 

and if we use this and DiDjP = gij + Aij and g^^D^P = we find that 

x'^DkAij + Aij + g'^^AikAje + Rikjtx^x^ = 0. 

Prom our assumed curvature bounds we can take \Riju\ < Bq. Then we get 
the following estimate: 

\x^DkAij + Aij\ < C\Aij\^ + CSor^ 

on the ball |x| < r for some constant C depending only on the dimension. 

We now show how to use the maximum principle on such equations. 
First of all, by a maximum principle argument, it is easy to show that if / 
is a function on a ball |x| < r and A > is a constant, then 



A sup I/I < sup 



+ A/ 



dx^ 

For any tensor T = {Ti...j} and any constant A > 0, setting / = |rp in the 
above inequality, we have 

(4.1.8) A sup |r| < sup \x^DkT + AT|. 

Applying this to the tensor A^j we get 

sup \Aij\ < C sup \Aij\'^ + CBor"^ 

\x\<r Ixl^f 

for some constant depending only on the dimension. 
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It is fairly elementary to see that there exist constants c > and Co < oo 
such that if the metric gij is in geodesic coordinates with l-Rijfe^l < Bq in the 
ball of radius r < cj^fBQ then 

< CoBor^. 

Indeed, since the derivatives of g^j vanish at the origin, so does Aij. Hence 
the estimate holds near the origin. But the inequality 

sup j-^ijl ^ C sup 
\x\<r l^l^T 

says that \Aij\ avoids an interval when c is chosen small. In fact the inequal- 
ity 

X < CX^ + D 

is equivalent to 

\2CX-1\ > Vl - ^CD 

which makes X avoid an interval if ACD < 1. (Hence in our case wc need 
to choose c with 4C^c^ < 1.) Then if X is on the side containing we get 

1 - VI - „^ 
20 S'"- 

This gives \Aij\ < CoB^r^ with Co = 2C. 

We can also derive bounds on all the covariant derivatives of P in terms 
of bounds on the covariant derivatives of the curvature. To simplify the 
notation, we let 

DiP = {D,,D,,...D,^P] 

denote the g*^ covariant derivative, and in estimating D^P we will lump all 

the lower order terms into a general slush term which will be a polynomial 
in D^P, D^P, Di-^P and Rm, D^Rm, Di-'^Rm. We already have 
estimates on a ball of radius r 

P < rV2 
\D^P\ < r 
\Aij\ < CoBor^ 

and since DiDjP = g^j + Aij and r < cj^fB^ if we choose c small we can 
make 

I Ail < 1/2, 

and we get 

\D^P\ < C2 

for some constant C2 depending only on the dimension. 

Start with the equation g^^ DiPDjP = 2P and apply repeated covariant 
derivatives. Observe that we get an equation which starts out 

g'WiPDWjP + • • • = 

where the omitted terms only contain derivatives D'^P and lower. If we 
switch two derivatives in a term D'^'^^P or lower, we get a term which is a 
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product of a covariant derivative of Rm of order at most q — 2 (since the 
two closest to P commute) and a covariant derivative of P of order at most 
q — 1; such a term can be lumped in with the slush term Therefore up 
to terms in we can regard the derivatives as commuting. Then paying 
attention to the derivatives in D^P we get an equation 

g'WiPDjDk, ■ ■ ■ Dk^P + g'WiDk,PDjDk, ■ ■ ■ D^^P 
+g'WiDk,PDjDk,Dk, ■ ■ ■ D^^P + ■■■ + g'WiDk^PDjDk, ■ ■ ■ Dk^_,P 
= Dk,---Dk^P + ^i. 

Recalling that DiDjP = gij + Aij we can rewrite this as 

= g'WiPDjDk, ■■■Dk. + iq- \)Dk, ■ ■ ■ Dk,P 

+ g'^Aik,DjDk^ ■ ■ ■ Dk^P + ■■■ + g'^Aik^DjDk, ■ ■ ■ Dk^_^P. 

Estimating the product of tensors in the usual way gives 

\x'DiDiP +{q- 1)D1P\ < q\A\\D'iP\ + |$«|. 

Applying the inequality A sup |r| < sup {x'^D^T + Ar| with T = D^P gives 

(g - 1) sup |£>«P| < sup{q\A\\D''P\ + |$«|). 

Now we can make \A\ < 1/2 by making r < c/-\/Bo with c small; it is 
important here that c is independent of q\ Then we get 

{q -2) sup \D''P\ < 2sup|$''| 

which is a good estimate for q > 3. The term is estimated inductively 
from the terms D'^~^P and D'^~^Rm and lower. This proves that there 
exist constants Cq for g > 3 depending only on q and the dimension and on 
\D^Rm\ ioT j < q — 2 such that 

on the ball r < cj^fBQ. 

Now we turn our attention to estimating the Euclidean metric Ijk and 
its covariant derivatives with respect to gj\^. We will need the following 
elementary fact: suppose that / is a function on a ball \x\ < r with /(O) = 
and 



dx'^ 



< C\x 



2 



for some constant C. Then 

(4.1.9) I/I < C\xf 

for the same constant C. As a consequence, if T = {Tj...^} is a tensor which 
vanishes at the origin and if 

\x'DiT\ < C|a;|2 

on a ball |a;| < r then |T| < Cjxp with the same constant C. (Simply apply 
the inequality (4.1.9) to the function / = |r|. In case this is not smooth, 
we can use / = ^|Tp + — e and then let e — ^ 0.) 
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Our application will be to the tensor Ijk which gives the Euclidean metric 
as a tensor in geodesic coordinates. We have 

and since 

we get the equation 

Diljk — (f^ -Ajplkq ff"^ -^kpljq 

We already have \Ajk\ < CoBo\x\'^ for |a;| < r < c/^/Bq. The tensor Ij^ 
doesn't vanish at the origin, but the tensor 

hjk — Ijk 9jk 

does. We can then use 

X^Dihjk = ^g'"^Ajphkq — g^'^ Akqhjq — 2Ajk. 

Suppose M(s) = sup|^|<^ \hjk\- Then 

WDihjk\ < 2[1 + M{s)]CoBo\x\'^ 

and we get 

\hjk\ <2[l + M(s)]Co5o|x|2 

on I a; I < s. This makes 

M(s) < 2[1 + M{s)]CoBos'^. 

Then for s < r < c/^/Bq with c small compared to Co we get 2Co-Bos^ < 1/2 
and M(s) < iCoBos'^. Thus 

\Ijk - 9jk\ = \hjk\ < 4:CoBo\xf 
for |x| < r < c/\/5o, and hence for c small enough 

■^9jk < Ijk < "^gjk- 

Thus the metrics are comparable. Note that this estimate only needs r 
small compared to Bq and does not need any bounds on the derivatives of 
the curvature. 

Now to obtain bounds on the covariant derivative of the Eucliden metric 
Ike with respect to the Riemannian metric gke we want to start with the 
equation 

X^Dilke. + g^'^Akmhn + g^'^Aimlkn = 

and apply q covariant derivatives • • • Dj^ . Each time we do this we must 
interchange Dj and x^Di, and since this produces a term which helps we 
should look at it closely. If we write Rji = [Dj,Di] for the commutator, this 
operator on tensors involves the curvature but no derivatives. Since 

Djx' = Pj+g'^Ajm 
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we can compute 

and the term Dj in the commutator helps, while Aj^n can be kept small and 
Rji is zero order. It follows that we get an equation of the form 

= x^DiDj^ ■ ■ ■ Djjke + qDj^ ■ ■ ■ Djju 



+ g'^'^jhmDj^ ■ ■ ■ Dj^_^DiDj^^^ ■ ■ ■ Djjke 
h=l 

+ g'^^'AkruDj, ■ ■ ■ Djjtn + g'^^'A^^Dj, ■ ■ ■ Djjkn + *^ 

where the slush term '■f is a polynomial in derivatives of I^e of degree no 
more than q—1 and derivatives of P of degree no more than q + 2 (remember 
_ gi^i D-p and Aij = DiDjP — gij) and derivatives of the curvature Rm 
of degree no more than g — 1. We now estimate 

Dnu = {Dj,---DjJu} 

by induction on q using (4.1.8) with \ = q. Noticing a total of g + 2 terms 
contracting A^j with a derivative of 7^^ of degree g, we get the estimate 

gsup \D^Iki\ < (g + 2) sup \A\ sup + sup |*«|. 

and everything works. This proves that there exists a constant c > de- 
pending only on the dimension, and constants Cq depending only on the 
dimension and q and bounds Bj on the curvature and its derivatives for 
j < q where \D^Rm\ < Bj, so that for any metric (/^^ in geodesic coordi- 
nates in the ball |a;| <r< c/^/Bq the Euclidean metric Ike satisfies 

-^gki < he < 2c/fe^ 
and the covariant derivatives of I^e with respect to g^e satisfy 

■ --Djqhel < Cq. 

The difference between a covariant derivative and an ordinary derivative 
is given by the connection 



to get 

This gives us bounds on Vfj . We then obtain bounds on the first derivatives 
of gij from 

d 

Q^i9jk = gke^j + dje^ik- 

Always proceeding inductively on the order of the derivative, we now get 
bounds on covariant derivatives of from the covariant derivatives of Ipk 
and bounds of the ordinary derivatives of T^^ by relating the to the covariant 
derivatives using the F^^ , and bounds on the ordinary derivatives of the gjk 



128 H.-D. CAO AND X.-P. ZHU 

from bounds on the ordinary derivatives of the Tfj . Consequently, we have 
estimates 

and 

d d 



9ke 



for similar constants Cq. 

Therefore we have finished the proof of Claim 1. 

Proof of Claim 2: We need to show how to estimate the derivatives 

of an isomctry. Wc will prove that if y = F{x) is an isomctry from a ball in 
Euclidean space with a metric gijdx^dx^ to a ball in Euclidean space with 
a metric hkidy^dyK Then we can bound all of the derivatives of y with 
respect to x in terms of bounds on gij and its derivatives with respect to x 
and bound on hki and its derivatives with respect to y. This would imply 
Claim 2. 

Since y = F{x) is an isometry we have the equation 

dy^dy^ _ 

Using bounds gjk < Cljk and hpg > clpg comparing to the Euclidean metric, 
we easily get estimates 

dyP 



< C. 



dx^ 

Now if we differentiate the equation with respect to x^ we get 

^ d'^yP dy'i ^ ^ dyP d'^yi _ dgjk dhpg dy'' dyP dyi 
^'^ dx^dx^ dx^ dx^ dx^dx^ dx^ dy^ dx^ dx^ dx^ 

Now let 

dyP d'^yi 



and let 



ijk P"^ dx'^ dx^dx^ 

jj ^ dgjk dhpg dy"" dyP dyi 
^''^ dx^ dy^ dx^ dx^ dx^ ' 



Then the above equation says 

'^kij '^jik ~ ^ijk- 

Using the obvious symmetries Tj^-fe = T^kj and Uijk = Ui^j we can solve this 
in the usual way to obtain 

We can recover the second derivatives of y with respect to x from the formula 

d^yP dyP 



ox^ox^ ax* 
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Combining these gives an explicit formula giving d^y^' / dx''dx^ as a function 
of g^^ , hpq, dgjk/dx^ , dhpq/dy'^ , and dy^/dy'^. This gives bounds 

d'^yP 



< C 



dy'^dy^ 

and bounds on all higher derivatives follow by differentiating the formula 
and using induction. This completes the proof of Claim 2 and hence the 
proof of Theorem 4.1.2. □ 

We now want to show how to use this convergence result on solutions 
to the Ricci flow. Let us first state the definition for the convergence of 
evolving manifolds. 

Definition 4.1.3. Let {M^, gk{t),pk) be a sequence of evolving marked 
complete Riemannian manifolds, with the evolving metrics gk{t) over a fixed 
time interval t G (A, il], A < < i}, and with the marked points ph G M^. 
We say a sequence of evolving marked {Bo{pk, s^), gk{t),Pk) over t G {A, Q], 
where BQ{pf.,Sk) are geodesic balls of (M^, gk{0)) centered at pk with the 
radii Soo(< +oo), converges in the topology to an evolving 

marked (maybe noncomplete) manifold {Boo, goo{t),Poo) over t G {A,Q,], 
where, at the time t = 0, B^ is a geodesic open ball centered at Poo € B^ 
with the radius Sqo, if we can find a sequence of exhausting open sets Uk 
in Boo containing p^o and a sequence of diifeomorphisms fk of the sets Uk 
in Boo to open sets Vk in B{pk,Sk) C mapping poo to Pk such that the 
pull-back metrics gk{t) = {fk)*gk{t) converge in C°° topology to goo{t) on 
every compact subset of B^o x (A, 0]. 

Now we fix a time interval A < t < ^ with — oo < A < and < 
O < +00. Consider a sequence of marked evolving complete manifolds 
{Mk,gk{t),Pk), t G fi], with each gk{t), k = 1,2, . . . , being a solution of 
the Ricci flow 

^gk{t) = -2Rick{t) 

on Bo^pkjSk) X (y4, r^], where Rick is the Ricci curvature tensor of gk, and 
Bo{pk,Sk) is the geodesic ball of {Mk,gk{^)) centered at pk with the radii 
Sk Soo(< +00). 

Assume that for each r < Sqo there are positive constants C(r) and k{r) 
such that the curvatures of gk{t) satisfy the bound 

\Rm{gk)\ < C{r) 

on BQ{pk,r) X J^] for all k > k{r). We also assume that {Mk,gk{t),Pk), 
k = 1,2, ... , have a uniform injectivity radius bound at the origins pk at 
t = 0. By Shi's derivatives estimate (Theorem 1.4.1), the above assumption 
of uniform bound of the curvatures on the geodesic balls Bo{pk, r) (r < Sqo) 
implies the uniform bounds on all the derivatives of the curvatures at t = 
on the geodesic balls B^ipk, r) (r < Soo)- Then by Theorem 4.1.2 we can find 
a subsequence of marked evolving manifolds, still denoted by {Mk, gk{t),Pk) 
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with t G (j4,i7], SO that the geodesic baUs {BQ{pk, Sk), gk{0),Pk) converge in 
the C^^ topology to a geodesic ball (i?oo(Poo, Soo), ffoo(0),Poo)- ^From now 
on, we consider this subsequence of marked evolving manifolds. By Defini- 
tion 4.1.1, we have a sequence of (relatively compact) exhausting covering 
{Uk} of -Boo(poo) ■Soo) containing poo and a sequence of diffeomorphisms fk 
of the sets Uk in BodPoc, Soo) to open sets Vk in Bo^pk, Sk) mapping poo to 
Pk such that the pull-back metrics at t = 

5fc(0) = ifk)*gk{0) 5oo(0), as k ^ +00, on -Boo (Poo , Soo ) ■ 

However, the pull-back metrics gk{t) = {fk)*9k{t) ai^e also defined at all 
times A <t <Q. (although goo{t) is not yet). We also have uniform bounds 
on the curvature of the pull-back metrics gkit) and all their derivatives, 
by Shi's derivative estimates (Theorem 1.4.1), on every compact subset of 
BooiPoo, Soo) X (^,^2]. What we claim next is that we can find uniform 
bounds on all the covariant derivatives of the gk taken with respect to the 
fixed metric ffoo(O). 

Lemma 4.1.4 (Hamilton [64]). Let {M,g) be a Riemannian manifold, 
K a compact subset of M , and gk{t) a collection of solutions to Ricci flow 
defined on neighborhoods of K x [a,f3\ with [a, (5] containing 0. Suppose that 
for each / > 0, 

(a) C^^g < gk{0) < Cog, on K, for all k, 

(b) |Y'5fc(0)| < Ci, on K, for all k, 

(c) \y\Rm{gk)\k < C'l, on K x [a,/3], for all k, 

for some positive constants Ci, C[, I = 0,1,..., independent of k, where 
Rm{gk) are the curvature tensors of the metrics gk{t), denote covariant 
derivative with respect to gk{t), \-\k are the length of a tensor with respect to 
gk{t), and \ is the length with respect to g. Then the metrics gk{t) satisfy 

Co~^g < gk{t) < Cog, on K x [a, 13] 

and 

\Vgk\ <Ci, ouKx [a,[3], 1 = 1,2,..., 
for all k, where Ci, / = 0, 1, . . . , are positive constants independent of k. 

Proof. First by using the equation 

d 

w:9k = -2RiCfc 
ot 

and the assumption (c) we immediately get 

(4.1.10) Co'\ < gkit) < Cog, on K x [a,/3] 

for some positive constant Cq independent of k. 
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Next we want to bound Vgk- The difference of the connection f ^ of gk 
and the connection F of ^ is a tensor. Taking T to be fixed in time, we get 



1 



d d d 



= ^i9kr^[{^k)a{-2iRick)p5) + (Vfc)^(-2(Ricfc)«5) 



-(Vfc)5(-2(RiCfe)«/3) 
and then by the assumption (c) and (4.1.10), 



(ffc-r) 



<C, for all A;. 



Note also that at a normal coordinate of the metric g at a fixed point and 
at the time t = 0, 



d ^ d ^ d ^ 



dx 



= -j^{9kV\^a{gk)5l3 + ^I3{9k)sa " '^5{9k)af}), 

thus by the assumption (b) and (4.1.10), 

|ffe(0) -r| < C, for all k. 
Integrating over time we deduce that 
(4.1.12) |fjfc-r|<C, on Kx[a,l3], for all A;. 

By using the assumption (c) and (4.1.10) again, we have 
d 



dt 



(V^fe) =|-2VRicfe| 

= I - 2VfcRicfc + (f fc - r) * Ricfcl 
< C, for all k. 

Hence by combining with the assumption (b) we get bounds 

(4.1.13) iV^ikl <C'i, on Kx[a,P], 

for some positive constant Ci independent of A;. 

Further we want to bound V^gk- Again regarding V as fixed in time, 
we see 

^ (V'^fe) = -2V\Rick). 



dt 
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Write 

V^Ricfc = (V- Vfc)(VRicfc) + Vfc(V- Vfc)Ricfc + V|Ricfc 

= (r - ffc) * VRicfe + Vfc((r - ffc) * Ricfc) + V^Ricfc 
= (r - ffe) * [(V - Vfe)Ric fc + VfcRic k] 
+ ^kijJk^ * V^fe * Ric k) + V|Ric k 

= (r - ffe) * [(r - tk) * Ric fc + VfcRic fc] 

+ Vfc(5fc ^ * V^fe * Ric fc) + V|Ric k 

where we have used (4.1.11). Then by the assumption (c), (4.1.10), (4.1.12) 
and (4.1.13) we have 

I^V^^fcl < C + C- iVfcV^fcl 
ot 

= C + C-\V^~gk + {fk-T)*V~gk\ 

<C + C\V^~gk\- 
Hence by combining with the assumption (b) we get 

iV^^fcl < (72, on K X [a, 13], 

for some positive constant C2 independent of k. 

The bounds on the higher derivatives can be derived by the same argu- 
ment. Therefore we have completed the proof of the lemma. □ 

We now apply the lemma to the pull-back metrics gkit) = {fk)*gk{t) 
on Boo{poo, Soo) X (^, i^]. Since the metrics 5fc(0) have uniform bounds on 
their curvature and all derivatives of their curvature on every compact set 
of -Boo(Poo) Soo) and converge to the metric goo(O) in topology, the as- 
sumptions (a) and (b) are certainly held for every compact subset K C 
^oo(Poo, Soo) with g = (7oo(0). For every compact subinterval [a, /3] C {A, Q], 
we have already seen from Shi's derivative estimates (Theorem 1.4.1) that 
the assumption (c) is also held on K x [a,/?]. Then all of the V'^fc are 
uniformly bounded with respect to the fixed metric g = goo(O) on every 
compact set of -Boo(Poo, Soo) x (^,fi]. By using the classical Arzela-Ascoli 
theorem, we can find a subsequence which converges uniformly together 
with all its derivatives on every compact subset of -Boo(Poo) Soo) x (^, 0]. 
The limit metric will agree with that obtained previously at t = 0, where 
we know its convergence already. The limit gooit), t £ {A, fi], is now clearly 
itself a solution of the Ricci flow. Thus we obtain the following Cheeger 
type compactness theorem to the Ricci flow, which is essentially obtained 
by Hamilton in |64j and is called Hamilton's compactness theorem. 

Theorem 4.1.5 (Hamilton's compactness theorem). Let {Mk, gk{t),Pk), 
t S {A, 0] with A < < Q, be a sequence of evolving marked complete 
Riemannian manifolds. Consider a sequence of geodesic balls BQ{pk,Sk) C 
Mfc of radii Sfc(0 < Sfc < +00), with Sk — > Soo (< +00), around the base 
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points pk in the metrics 5^(0). Suppose each gk{t) is a solution to the Ricci 
flow on Bo{pk,Sk) X (j4,0]. Suppose also 

(i) for every radius r < Sqo there exist positive constants C{r) and 
k{r) independent of k such that the curvature tensors Rm(gk) of 
the evolving metrics gk{t) satisfy the hound 

\Rm{gk)\ < C{r), 

on B(){pk,r) X for all k > k[r), and 

(ii) there exists a constant 5 > such that the injectivity radii of Mk 
at Pk in the metric gk{0) satisfy the bound 

inj {Mk,Pk,gk{0)) >S>0, 
for all k = 1,2, .. .. 

Then there exists a subsequence of evolving marked {BQ{pk, Sk), gki't),Pk) 
overt £ {A,^}] which converge in C'f^^ topology to a solution {B^o, goo{t)-,Poo) 
over t £ (A, 0,] to the Ricci flow, where, at the time t = 0, B^o is a geodesic 
open ball centered at p^o £ B^o with the radius Sqo • Moreover the limiting 
solution is complete if Soo = +oo. 

4.2. Injectivity Radius Estimates 

We will use rescaling arguments to understand the formation of singular- 
ities and long-time behaviors of the Ricci flow. In view of the compactness 
property obtained in the previous section, on one hand one needs to control 
the bounds on the curvature, and on the other hand one needs to control 
the lower bounds of the injectivity radius. In applications we usually rescale 
the solution so that the (rescaled) curvatures become uniformly bounded on 
compact subsets and leave the injectivity radii of the (rescaled) solutions 
to be estimated in terms of curvatures. In this section we will review a 
number of such injectivity radius estimates in Riemannian geometry. The 
combination of these injectivity estimates with Perelman's no local collaps- 
ing theorem I' yields the well-known little loop lemma to the Ricci flow 
which was conjectured by Hamilton in [65j . 

Let M be a Riemannian manifold. Recall that the injectivity radius 
at a point p £ M \s defined by 

inj {M,p) = sup{r > | expp : B{0,r)(c TpM) ^ M is injective}, 

and the injectivity radius of M is 

inj (M) = inf{inj {M,p) \ p £ M}. 

We begin with a basic lemma due to Klingenberg (cf. Corollary 5.7 of 
Cheeger & Ebin [23j). 

Klingenberg's Lemma. Let M be a complete Riemannian manifold 
and let p £ M . Let Im{p) denote the minimal length of a nontrivial geodesic 
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loop starting and ending at p (maybe not smooth atp). Then the injectivity 
radius of M at p satisfies the inequality 



where i^max denotes the supermum of the sectional curvature on M and we 
understand tt/\/ Xmax to be positive infinity if K^^^^x ^ 0. 

Based on this lemma and a second variation argument, Klingenberg 
proved that the injectivity radius of an even-dimensional, compact, simply 
connected Riemannian manifold of positive sectional curvature is bounded 
from below by Tr/^i^max- For odd-dimensional, compact, simply connected 
Riemannian manifold of positive sectional curvature, the same injectivity 
radius estimates was also proved by Klingenberg under an additional as- 
sumption that the sectional curvature is strictly ^-pinched (cf. Theorem 
5.9 and 5.10 of [23j ). We also remark that in dimension 7, there exists 
a sequence of simply connected, homogeneous Einstein spaces whose sec- 
tional curvatures are positive and uniformly bounded from above but their 
injectivity radii converge to zero. (See [2j.) 

The next result, due to Gromoll and Meyer [54j, shows that for com- 
plete noncompact Riemannian manifold with positive sectional curvature, 
the above injectivity radius estimate actually holds without any restriction 
on dimensions. Since the result and proof were not explicitly given in [54j, 
we include a proof here. 

Theorem 4.2.1 (The Gromoll-Meyer injectivity radius estimate). Let 

M be a complete, noncompact Riemannian manifold with positive sectional 
curvature. Then the injectivity radius of M satisfies the following estimate 



Proof. Let O be an arbitrary fixed point in M. We need to show 
that the injectivity radius at O is not less than tt/^/ Kmax • We argue by 
contradiction. Suppose not, then by Klingenberg's lemma there exists a 
closed geodesic loop 7 on M starting and ending at O (may be not smooth 



Since M has positive sectional curvature, we know from the work of 
Gromoll-Meyer [54] (also cf. Proposition 8.5 of [23]) that there exists a com- 
pact totally convex subset C of M containing the geodesic loop 7. Among 
all geodesic loops starting and ending at the same point and lying entirely 
in the compact totally convex set C there will be a shortest one. Call it 70, 
and suppose 70 starts and ends at a point we call pq. 

First we claim that 70 must be also smooth at the point po- Indeed by 
the curvature bound and implicit function theorem, there will be a geodesic 
loop 7 close to 7o starting and ending at any point p close to pq. Let p be 
along 7o. Then by total convexity of the set C, 7 also lies entirely in C. If 70 
makes an angle different from tt at po, the first variation formula will imply 




at O). 
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that 7 is shorter than 70. This contradicts with the choice of the geodesic 
loop 70 being the shortest. 

Now let L : [0, +00) ^ M be a ray emanating from pQ. Choose r > 
large enough and set q = L{r). Consider the distance between q and the 
geodesic loop 70. It is clear that the distance can be realized by a geodesic 
/3 connecting the point g to a point p on 79. 

Let X be the unit tangent vector of the geodesic loop 70 at p. Clearly X 
is orthogonal to the tangent vector of (5 at p. We then translate the vector 
X along the geodesic (3 to get a parallel vector field X{t), < t < r. By 
using this vector field we can form a variation fixing one endpoint q and the 
other on 70 such that the variational vector field is {1 — -)X(t). The second 
variation of the arclength of this family of curves is given by 




< 



when r is sufficiently large, since the sectional curvature of M is strictly 
positive everywhere. This contradicts with the fact that /3 is the shortest 
geodesic connecting the point q to the shortest geodesic loop 70. Thus we 
have proved the injectivity radius estimate. □ 

In contrast to the above injectivity radius estimates, the following well- 
known injectivity radius estimate of Cheeger (cf. Theorem 5.8 of [23j) does 
not impose the restriction on the sign of the sectional curvature. 

Cheeger's Lemma. Let M be an n- dimensional compact Riemannian 
manifold with the sectional curvature \Km\ < A, the diameter d{M) < D, 
and the volume Vol (M) > t> > 0. Then, we have 

m^{M)>Cn{KD,v) 

for some positive constant Cn{\D,v) depending only on X,D,v and the 
dimension n. 

For general manifolds, there are localized versions of the above Cheeger's 
Lemma. In 1981, Cheng-Li- Yau |36j first obtained the important estimate 
of local injectivity radius under the normalization of the injectivity radius 
at any fixed base point. Their result is what Hamilton needed to prove 
his compactness result in [64]. Here, we also need the following version 
of the local injectivity radius estimate, which appeared in the 1982 paper 
of Cheeger-Gromov- Taylor [28j . in which the normalization is in terms of 
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local volume of a ball. (According to Yau, the argument between local 
volume and local injectivity radius was, however, initiated by him during 
a conversation with Gromov in 1975 in an explanation of his paper |132j 
on proving complete manifolds with positive Ricci curvature have infinite 
volume.) 

Theorem 4.2.2. Let -B(xo,4ro), < tq < oo, be a geodesic ball in an 
n- dimensional complete Riemannian manifold (M, g) such that the sectional 
curvature K of the metric g on i?(xo,4ro) satisfies the bounds 

\<K<A 

for some constants A and A. Then for any positive constant r < tq {we will 
also require r < 7r/(4\/A) i/A > 0) the injectivity radius of M at xq can be 
bounded from below by 

■ -IM ^^ Vol(i?(xo,r)) 
^"J^"^'"") - ' • Vol(i?(xo,r)) + l-(2r)' 

where V^{2r) denotes the volume of a geodesic ball of radius 2r in the n- 
dimensional simply connected space form M\ with constant sectional curva- 
ture A. 

Proof. The following proof is essentially from Cheeger-Gromov- Taylor 
[28] (cf. also [1]). 

It is well known (cf. Lemma 5.6 of |23j ) that 

inj(M, Xq) = min | conjugate radius of xq, -Im{xo] 

where Im{xq) denotes the length of the shortest (nontrivial) closed geodesic 
starting and ending at xq. Since by assumption r < 7r/(4\/A) if A > 0, the 
conjugate radius of xq is at least 4r. Thus it suffices to show 

, / ^ \o\iB{xQ,r)) 

The idea of Cheeger-Gromov- Taylor |28j for proving this inequality, as indi- 
cated in [1], is to compare the geometry of the ball B{xq, 4r) C B{xq, 4ro) C 
M with the geometry of its lifting B^r C Txq{M), via the exponential map 
exp^jjj, equipped with the pull-back metric g = ex.p*^g. Thus exp^.^^ : B^r — > 
B(xo,4r) is a length-preserving local diffeomorphism. 

Let xo,xi, . . . ,xn be the preimages of xq in B^ C B^^ with xq = 0. 
Clearly they one-to-one correspond to the geodesic loops 7o, 7i, • • • , 7Af at 
Xq of length less than r, where 70 is the trivial loop. Now for each point Xi 
there exists exactly one isometric immersion ipi : Br ^ B^r mapping to Xi 
and such that exp^.^ ifi = exp^,^ . 

Without loss of generality, we may assume 71 is the shortest nontrivial 
geodesic loop at xq. By analyzing short homotopies, one finds that <Pi{x) 7^ 
ifj{x) for all X £ Br and < i < j < N. This fact has two consequences: 
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(a) > 2m, where m = [r /iMixo)]- To see this, we first observe 
that the points ipi{0), —m < k < m, are preimages of xq in Bj. because (pi 
is an isometric immersion satisfying exp^^ipi = exp^^. Moreover we claim 
they are distinct. For otherwise ipi would act as a permutation on the set 
{ipi{0) I —m<k< m}. Since the induced metric g at each point in Br has 
the injectivity radius at least 2r, it follows from the Whitehead theorem (see 
for example |23) ) that B^ is geodesically convex. Then there would exist the 
unique center of mass y £ Br- But then y = ipo{y) = (pi{y), a contradiction. 

(b) Each point in B{xo, r) has at least preimages in r2 = U^Qi?(xj, r) 
C B2r- Hence by the Bishop volume comparison, 

{N + l)Vol {B{xo,r)) < Volg(^^) < Vol3(^2.) < Vr(2r). 

Now the inequality (4.2.1) follows by combining the fact > 2[r /iMixo)] 
with the above volume estimate. □ 

For our later applications, we now consider in a complete Riemannian 
manifold M a geodesic ball B{po,sq) (0 < sq < oo) with the property that 
there exists a positive increasing function A : [0, sq) [0, oo) such that for 
any < s < sq the sectional curvature K on the ball B{pQ,s) of radius s 
around po satisfies the bound 

\K\ < A(s). 

Using Theorem 4.2.2, we can control the injectivity radius at any point p G 
B(po, So) in terms a positive constant that depends only on the dimension n, 
the injectivity radius at the base point pq, the function A and the distance 
d{po,p) from p to po. We now proceed to derive such an estimate. The 
geometric insight of the following argument belongs to Yau |132j where he 
obtained a lower bound estimate for volume by comparing various geodesic 
balls. Indeed, it is a finite version of Yau's Busemann function argument 
which gives the information on comparing geodesic balls with centers far 
apart. 

For any point p £ B{pq,sq) with d{po,p) = s, set vq = (sq — s)/4 (we 
define ro=l if sq = oo). Define the set S to be the union of minimal geodesic 
segments that connect p to each point in B{pQ,rQ). Now any point q £ S 
has distance at most 

ro + ro + s = s + 2ro 

frompo and hence S C B{pQ, s+2ro). For any < r < min{7r/4iyA(s + 2ro), 
ro}, we denote by a{p, r) the sector S n B{p, r) of radius r and by a{p, s + 
ro) = 5 n B{p,s + ro). Let a^A(s+2ro){ro) (resp. a_A(s+2ro)(s + ro)) be a 
corresponding sector of the same "angles" with radius ro (resp. s + ro) in 
the n-dimensional simply connected space form with constant sectional cur- 
vature — A(s + 2ro). Since B(j)o,ro) C S C a{p, s + ro) and a{p,r) C B{p,r), 
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the Bishop-Gromov volume comparison theorem imphes that 
Vol {B{po,ro)) ^ Vol (a(p,g + ro)) 
Vol {B{p,r)) - Vol {a{p,r)) 

^ Vol (a-A(s+2ro)(s + ^o)) _ ^-A(s+2ro)(^ + ^o) 
Vol(a_A(s+2r-o)(^)) ~ ^_!'A(,+2r-o)(^) 

Combining this inequality with the local injectivity radius estimate in The- 
orem 4.2.2, we get 

inj {M,p) 

^ ^-"A(.+2.o)(^)-VoUi^(PO,ro)) 

" '^%+2n,)«V°U5(Po,ro)) + l^_V^2.o)(20^_V^^ 
Thus, we have proved the following (cf. [36], |28j or [1]) 

Corollary 4.2.3. Suppose B(po,so) (0 < sq < cxd) is a geodesic ball 
in an n-dimensional complete Riemannian manifold M having the property 
that for any < s < sq the sectional curvature K on B{pQ,s) satisfies the 
bound 

\K\ < A(s) 

for some positive increasing function A defined on [0, sq). Then for 
any point p £ B{pQ, sq) with d{po, p) = s and any positive number 
r < min{7r/4y^ A(s + 2ro), ro} with tq = (sq — •s)/4, the injectivity radius of 
M at p is bounded below by 

inj {M,p) 

- '^_V+2.o)(^)V°l(^(^'0'^o)) + VT^(,+2.o)(20^_\(^^^^^^ 
In particular, we have 

(4.2.2) inj(M,p) >p„,5,a(s) 

where 6 > is a lower bound of the injectivity radius inj (M,po) the 
origin pQ and pn,5,A ■ [0, so) — > I^"*" is a positive decreasing function that 
depends only on the dimension n, the lower bound 5 of the injectivity radius 
inj (M, po); fl^^ ihe function A. 

We remark that in the above discussion if sq = oo then we can apply 
the standard Bishop relative volume comparison theorem to geodesic balls 
directly. Indeed, for any p £ A-I and any positive constants r and ro, we have 

B{po,rQ) C B{p,f) with r = max{r, tq + d{pQ,p)}. Suppose in addition the 
curvature on M is uniformly bounded by A < -ftT < A for some constants 
A and A, then the Bishop volume comparison theorem implies that 

Vol(i3(po,ro)) ^ Vol {B{p,f)) ^ Vxjf) 
Vol (B(p,r)) - Vol(5(p,r)) " Vxir)' 
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(4.2.3) .nUM,p)>r, V^C) .YoUBip„.r„)) 



V;;{r)Vol (B(p„, r„)) + V^(2r)V^(f) 

So we see that the injectivity radius inj{M,p) at p fahs off at worst expo- 
nentially as the distance d{pQ,p) goes to infinity. In other words, 



(4.2.4) inj {M,p) > -^(<5V;B)"e-^^'^(P'P«) 

v B 



where B is an upper bound on the absolute value of the sectional curvature, 
(5 is a lower bound on the injectivity radius at po with 6 < cj^fB^ and c > 
and C < +00 are positive constants depending only on the dimension n. 

Finally, by combining Theorem 4.2.2 with Perelman's no local collapsing 
Theorem I' (Theorem 3.3.3) we immediately obtain the following important 
(due to Perelman |107j ) Little Loop Lemma conjectured by Hamilton 



Theorem 4.2.4 (Little Loop Lemma). Let gij{t), < t < T < +oo, be 
a solution of the Ricci flow on a compact manifold M . Then there exists a 
constant p > having the following property: if at a point xq G M and a 
time to £ [0, T), 

\Rm\{-,to) < r'"^ on Bto{xo,r) 

for some r < VT, then the injectivity radius of M with respect to the metric 
Sijito) is hounded from below by 

inj {M,xo,gij{to)) > pr. 

4.3. Limiting Singularity Models 

In [65], Hamilton classified singularities of the Ricci flow into three types 
and showed each type has a corresponding singularity model. The main 
purpose of this section is to discuss these results of Hamilton. Most of the 
presentation follows Hamilton [65j. 

Consider a solution gij{x,t) of the Ricci flow on M x [0,T), T < +oo, 
where either M is compact or at each time t the metric gij{-,t) is complete 
and has bounded curvature. We say that gij{x,t) is a maximal solution 
if either T = +00 or T < -l-oo and \Rm\ is unbounded as t ^ T. 

Denote by 

i^max(i) = sup \Rm{x,t)\g (^ty 

Definition 4.3.1. We say that {{xk,tk) £ M x [0,T)}, A; = 1, 2, . . ., is 
a sequence of (almost) maximum points if there exist positive constants 
ci and a G (0, 1] such that 

Q 

\Rm{xk,tk)\ > ciK^s,^{t), te[tk- — TTTj^fc] 

-"-max(,*fc J 

for all k. 
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Definition 4.3.2. We say that the solution satisfies injectivity radius 

condition if for any sequence of (almost) maximum points {(x^, t^)}, there 
exists a constant C2 > independent of k such that 

inj {M,Xk,gij{tk)) > , for all k. 

Clearly, by the Little Loop Lemma, a maximal solution on a compact 
manifold with the maximal time T < +oo always satisfies the injectivity 
radius condition. Also by the Gromoll-Meyer injectivity radius estimate, a 
solution on a complete noncompact manifold with positive sectional curva- 
ture also satisfies the injectivity radius condition. 

According to Hamilton |65) , we can classify maximal solutions into three 
types; every maximal solution is clearly of one and only one of the following 
three types: 

Type I: T < +oo and sup (T - t)-fCmax(i) < +oo; 

tG[0,T) 

Type II: (a) T < +oo but sup (T - t)Kmi,x{t) = +oo; 

te[o,T) 

(b) T = +00 but sup ti^max(i) = +oo; 
te[o,T) 

Type III: (a) T = +oo, sup ti^max(i) < +oo, and 

te[o,T) 

limsuptifmax(i) > 0; 

t— >+oo 

(b) T = +00, sup tK^s.x{t) < +00, and 
te[o,T) 

limsupti^max(i) = 0; 

Note that Type III (b) is not compatible with the injectivity radius 
condition unless it is a trivial flat solution. (Indeed under the Ricci flow the 
length of a curve 7 connecting two points xq, xi £ M evolves by 

^^t(7) = / -Ric(7,7)(is 

< C(n)i^^ax(t) • Lt{j) 

< -Lti^j), as t large enough, 

for arbitrarily fixed e > 0. Thus when we are considering the Ricci flow on a 
compact manifold, the diameter of the evolving manifold grows at most as 
t*^. But the curvature of the evolving manifold decays faster than t~^. This 
says, as choosing e > small enough, 

diamtiM f ■\Rm{-,t)\ ^0, as t ^ +00. 
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Then it is well-known from Cheeger-Gromov [56j that the manifold is a 
nilmanifold and the injectivity radius condition can not be satisfied as t large 
enough. When we are considering the Ricci flow on a complete noncompact 
manifold with nonnegative curvature operator or on a complete noncompact 
Kahler manifold with nonnegative holomorphic bisectional curvature, Li- 
Yau-Hamilton inequalities imply that tR{x, t) is increasing in time t. Then 
Type ni(b) occurs only when the solution is a trivial flat metric.) 

For each type of maximal solution, Hamilton ^65j defined a correspond- 
ing type of limiting singularity model. 

Definition 4.3.3. A solution gij{x,t) to the Ricci flow on the manifold 
M, where either M is compact or at each time t the metric gij{-,t) is com- 
plete and has bounded curvature, is called a singularity model if it is not 
flat and of one of the following three types: 

Type I: The solution exists for t G (—00, ^2) for some constant with 
< < +00 and 

\Rm\ < - t) 

everywhere with equality somewhere at t = 0; 
Type II: The solution exists for t G (— cxd,+oo) and 

\Rm\ < 1 

everywhere with equality somewhere at t = 0; 

Type III: The solution exists for t G {—A, +00) for some constant A with 
< yl < +00 and 

\Rm\ < A/{A + t) 
everywhere with equality somewhere at t = 0. 

Theorem 4.3.4 (Hamilton |65j ). For any maximal solution to the Ricci 
flow which satisfies the injectivity radius condition and is of Type I, H(a), (b), 
or HI (a), there exists a sequence of dilations of the solution along (almost) 
maximum points which converges in the topology to a singularity model 
of the corresponding type. 

Proof. 

Type I: We consider a maximal solution gij{x,t) on M x [0,T) with 
T < +00 and 

Q. = limsup(T — t)i^max(i) < +00. 
First we note that 17 > 0. Indeed by the evolution equation of curvature, 

^i^max(i) < Const • i^Lx(i)- 

This implies that 

i^max(t) ■{T-t)> Const > 0, 
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because 

limsupKinax(i) = +00. 

Thus O must be positive. 

Choose a sequence of points and times such that tk ^ T and 

hm (T - tk)\Rm{xk,tk)\ = ^. 

k—*<x 

Denote by 

1 

^J\Rm{xk,tk)\ 

We translate in time so that tk becomes 0, dilate in space by the factor 
and dilate in time by e| to get 

Then 

= —'2^Rij{-,tk + e^i) 

=-2i?;?(-,t), 

where r\j'' is the Ricci curvature of the metric glj\ So gij\-,i) is still a 
solution to the Ricci flow which exists on the time interval [— tfc/e|,(T — 
tk)/4)' where 

tk/4 = tk\R'm{xk,tk)\ -> +00 

and 

(T - tk)/el = {T- tk)\Rm{xk,tk)\ ^ n. 
For any e > we can find a time t <T such that for t G [r, T) , 

\Rm\ < {Q + e)/{T-t) 

by the assumption. Then for t G [(r — tk)/e\, (T — tkj/e^), the curvature of 
gi^\-,t) is bounded by 

\Rm^^'^ \ = el\Rm\ 

< {n + e)/{{T-t)\Rm{xk,tk)\) 

= {Q + e)/{{T - tk)\Rm{xk,tk)\ + {tk - t)\Rm{xk,tk)\) 
^ (Q + e) /(n -i), as k ^ +00. 

This implies that {(x^, t^)} is a sequence of (almost) maximum points. And 
then by the injectivity radius condition and Hamilton's compactness theo- 
rem 4.1.5, there exists a subsequence of the metrics glj\i) which converges 

in the C^^^ topology to a limit metric g^'^^ {i) on a limiting manifold M with 
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i G (-00, fi) such that is a complete solution of the Ricci flow and 

its curvature satisfies the bound 

|^m(°°)| < n/{n-i) 

everywhere on M x (—00, 17) with the equality somewhere at i = 0. 

Type 11(a): We consider a maximal solution gij{x,t) on M x [0,T) 
with 

T < +00 and limsup(r — t)Kraax{t) = +00. 

Let Tf; <T < +CX) with T, and 7^ y 1, as A; — +00. Pick points 

Xk and times t/. such that, as k ^ +00, 

{Tk - tk)\Rm{xk,tk)\ > ^k sup (Tfc - t)\Rm{x,t)\ +00. 

xeM,t<Tk 

Again denote by 

1 



y/\Rm{xk,tk)\ 
and dilate the solution as before to get 

^Jf (•> i) = ^fmji-,tk + eli), i G [-tk/el in - tk)/el), 
which is still a solution to the Ricci flow and satisfies the curvature bound 

\Rm^'')\ = el\Rm\ 

1 {Tk - tk) 



< 



Ik (Tk - t) 

1 {Tk-tk)\Rm{xk,tk)\ 
Ik [{Tk - tk)\Rm{xk,tk)\ - i\ 



for i G 



tk_ {Tk - tk) 

2' 2 
^k ^k 



since t = tk + e^i and = 1/ ^\Rm{xk,tk)\- Hence {{xk, tk)} is a sequence 
of (almost) maximum points. And then as before, by applying Hamilton's 
compactness theorem 4.1.5, there exists a subsequence of the metrics g^^^ (t) 

which converges in the Cf^^ topology to a limit 5^°^^ {i) on a limiting manifold 

M and t G (-co, +00) such that gl°°\i) is a complete solution of the Ricci 
flow and its curvature satisfies 

|^m(°°)| < 1 

everywhere on Af x (—00, +00) and the equality holds somewhere at t = 0. 

Type 11(b): We consider a maximal solution gij{x,t) on M x [0, T) 
with 

T = +00 and limsupiii'niax(i) = +00. 

Again let T^ ^ T = +00, and 7^ y 1, as A; — ^ +00. Pick Xk and tk such 
that 

tk{Tk - tk)\Rm{xk,tk)\ > 7fe sup t{Tk - t)\Rm{x,t)\. 

xeM,t<Tk 
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Define 



where = 1/ ■sJ\Rm{xk,tk)\. 
Since 

tk{Tk-tk)\Rm{xk,tk)\>lk sup t{Tk-t)\Rm{x,t)\ 

xeM,t<Tk 

> 7fc sup t{Tk-t)\Rm{x,t)\ 

xeM,t<Tk/2 

T 

>-;rlk sup t\Rm(x,t)\, 

^ xeM,t<Tk/2 

we have 

%=tk\Rm{xk,tk)\>^\ '^^ ) sup i|i?m(x,t)| ^ +00, 

Cjfc ^ X-'-k-tkJ x&M,t<Tk/2 

and 

^k ^ \1^k J xeM,t<Tk/2 

as k ^ +00. As before, we also have 



^gl^\.,i) = -2Rff{.,i) 



and 

= el\Rm 



< 



fel 

tkjTk — tk) 
Ik ' t{Tk - t) 

J tk{Tk - tk)\Rm{xh,tk)\ 

Ik ' {tk + eli)[{Tk - tk) - elt\ ■ \Rm{xk, ife)| 

J_ tkjTk -tk)\Rm{xk,tk)\ 

Ik ' {tk + eli)[{Tk - tk)\Rmixk,tk)\ - i] 

tk{Tk - tk)\Rm{xk,tk)\ 



7fe(l+i/(ifc|^rn(a;fe,ife)|))[ifc(Tfe-tfc)|i?m(a;fe,tfe)|](l-i/((Tfe-ife)|i?m(a;fc,tfc)|)) 
— > 1, as fc ^ +00. 

Hence {{x^, tk)} is again a sequence of (almost) maximum points. As before, 



there exists a subsequence of the metrics gl^ (i) which converges in the Cf^^ 

topology to a limit gl°°\i) on a limiting manifold M and i G (—00, +00) 

such that §1°°^ (i) is a complete solution of the Ricci flow and its curvature 
satisfies 

\Rm^^^\ < 1 

everywhere on M x (—00, +00) with the equality somewhere at f = 0. 
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Type Ill(a): We consider a maximal solution gij{x,t) on M x [0,T) 
with r = +00 and 

limsupti^max(0 = A G (0, +00). 

t~*T 

Choose a sequence of Xk and tk such that tk +00 and 

lim tk\Rm{xk,tk)\ = A. 

fc— >oo 

Set €k = 1/ y^\Rm{xk,tk)\ and dilate the solution as before to get 

9lj\-,i) = efgij{-,h + eli), i G [-tk/el +00) 

which is still a solution to the Ricci flow. Also, for arbitrarily fixed e > 0, 
there exists a sufficiently large positive constant r such that for t G [r, +00), 

|^m(^')| = el\Rm\ 

\tk + elt) 

= {A + €)/{tk\Rm{xk,tk)\+t), for t G [(r - tfc)/e^, +cx)). 

Note that 

{A + e)/{tk\Rm{xk,tk)\+i) ^ {A + e)/{A + i), as k ^ +00 

and 

(t — tk)/e1 —>■ —A, as k —>■ +co. 
Hence {{xk,tk)} is a sequence of (almost) maximum points. And then as 
before, there exists a subsequence of the metrics g^j\i) which converges 
in the topology to a limit gl°°\i) on a limiting manifold M and i G 

{—A, +00) such that g'f^\i) is a complete solution of the Ricci flow and its 
curvature satisfies 

\Rm^^\ < A/{A + i) 
everywhere on M x {—A, +00) with the equality somewhere at f = 0. □ 

In the case of manifolds with nonnegative curvature operator, or Kahler 
metrics with nonnegative holomorphic bisectional curvature, we can bound 
the Riemannian curvature by the scalar curvature ii up to a constant factor 
depending only on the dimension. Then we can slightly modify the state- 
ments in the previous theorem as follows 

Corollary 4.3.5 (Hamilton [65]). For any complete maximal solution to 
the Ricci flow satisfying the injectivity radius condition and with bounded and 
nonnegative curvature operator on a Riemannian manifold, or on a Kdhler 
manifold with bounded and nonnegative holomorphic bisectional curvature, 
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there exists a sequence of dilations of the solution along {almost) maximum 
points which converges to a singular model. 

For Type I solutions: the limit model exists for t G {—oo,Q) with < Q < 
+00 and has 

R<n/{n-t) 

everywhere with equality somewhere at t = 0. 

For Type II solutions: the limit model exists for t G (—00, +00) and has 

R<1 

everywhere with equality somewhere at t = 0. 

For Type III solutions: the limit model exists for t G (— ^, +00) with < 
A < +00 and has 

R < A/{A + t) 

everywhere with equality somewhere at t = 0. 

A natural and important question is to understand each of the three 
types of singularity models. The following results obtained by Hamilton 
[68j and Chen-Zhu [31j characterize the Type II and Type III singularity 
models with nonnegative curvature operator and positive Ricci curvature 
respectively. 

Theorem 4.3.6. 

(i) (Hamilton [68]) Any Type II singularity model with nonnegative 
curvature operator and positive Ricci curvature to the Ricci flow on 
a manifold M must be a {steady) Ricci soliton. 

(ii) (Chen-Zhu [31j) Any Type 111 singularity model with nonnegative 
curvature operator and positive Ricci curvature on a manifold M 
must be a homothetically expanding Ricci soliton. 

Proof. We only give the proof of (ii), since the proof of (i) is similar 
and easier. 

After a shift of the time variable, we may assume the Type HI singularity 
model is defined on < t < +00 and tR assumes its maximum in space-time. 

Recall from the Li-Yau-Hamilton inequality (Theorem 2.5.4) that for 
any vectors and W^, 

(4.3.1) MijWW + {Pk^j + Pkji)V''WW + RikjiWWV^V^ > 0, 
where 

Mij = ARij — -ViVjR + 2RipjqR^'' — g^'^RipRjg + i^Rij 

and 

Pijk — ^ iT^jk ^ jTiik- 

Take the trace on W to get 

(4.3.2) Q ^ !lfi + _ + 2ViR ■ V' + 2Ri.V^Vi > 

at t 
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for any vector V^. Let us choose V to be the vector field minimizing Q, i.e., 

(4.3.3) V' = -^{mc"^y''VkR, 

where [Ric~^y^ is the inverse of the Ricci tensor Rij. Substitute this vector 
field V into Q to get a smooth function Q. The calculations of Chow- 
Hamilton in the proof of Theorem 6.1 of [40] give, 

(4.3.4) > AQ - ^Q. 

Suppose tR assumes its maximum at (xo,to) with to > 0, then 

OR R ^ , , 

— + — = 0, at {xo,to). 
at t 



Q = — + - + 2ViR ■ V' + 2RijV'V^ 



This implies that the quantity 

dR R 

vanishes in the direction y = at (xo,to)- We claim that for any earlier 
time t < tQ and any point x E M, there is a vector V S T^M such that 
Q = 0. 

We argue by contradiction. Suppose not, then there is x £ M and 
< t < to such that Q is positive at x = x and t = t. We can find a 
nonnegative smooth function p on M with support in a neighborhood of x 
so that p{x) > and 

at t = t. Let p evolve by the heat equation 

dp A 

It then follows from the standard strong maximum principle that p > 
everywhere for any t > t. From (4.3.4) we see that 

|(«-|)^A(Q-|)-H^-| 
Then by the maximum principle as in Chapter 2, we get 

This gives a contradiction with the fact Q = for V = at (xo,to)- We 
thus prove the claim. 

Consider each time t < Iq. The null vector field of Q satisfies the equa- 
tion 

(4.3.5) ViR + 2RijV^ = 0, 

by the first variation of Q in V. Since Rij is positive, we see that such a 
null vector field is unique and varies smoothly in space-time. 



g > 4 > 0, for all t > t. 
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Substituting (4.3.5) into the expression of Q, we have 

(4.3.6) ^ + | + v,i?-r = 
Denote by 

Qij = Mij + {Pkij + Pkji)V^ + RikjiV'vK 

Prom (4.3.1) we see that Qij is nonnegative definite with its trace Q = 
for such a nuh vector V. It follows that 

Qij = Mij + {Pmj + Pkji)V^ + RikjiV'V^ = 0. 

Again from the first variation of Qij in V, we see that 

(4.3.7) {Pkij + Pkji) + {Rikjl + RjkilW^ = 0, 
and hence 

(4.3.8) Mij - R.kjiV'V^ = 0. 
Applying the heat operator to (4.3.5) and (4.3.6) we get 

(4.3.9) = (^^ - {ViR + 2RijV^) 

= 2i.,(|-A)w + (|-A)(V.i^) 



+ 2V^ [^-A] Rij - AVkRijV'V^, 



d_ 
and 

(4.3.10) 0=('|-AUf + 5 + V.iJ.F' 



^dt J \ dt t 
= ViR (^^ -A^V' + V' (^^ - A^ (ViR) - 2VfeV,i? • V'^V' 
f d \ (dR R 

Multiplying (4.3.9) by F*, summing over i and adding (4.3.10), as well 
as using the evolution equations on curvature, we get 

(4.3.11) = 2V\2V:,{\Rc\^) - RhVR) + 2V'V^ i2Rp^qjRP'^ - 2gPmp^Rgj) 

- 4VkRij ■ VV^' • V' - 2Vk^iR ■ ^''V' + 4R'^ViVjR 



+ Ag'^'g^^'^gPrnkmRnpRgi + ^RijkiR^'V^V' - | 



Prom (4.3.5), we have the following equalities 

-2V'RiiV^R - AV'V^gPiRp,Rqj = 0, 



(4.3.12) \ -AVkRij ■ V^F^' • V' - 2\7kViR ■ V*^F^ = ARijVkV' ■ V*^y^ 
ViVjR = -2ViRji ■ - 2RjiViVK 
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Substituting (4.3.12) into (4.3.11), we obtain 

8R'^{VkRij ■ + R^kJlV''V' - V^Rji • V' - RjiViV') 

+ iRijVkV ■ V'^V^ + Ag^'g^^g^mkraRnpRqi " ^ = 0. 
By using (4.3.7), we know 

R'^{VkR^J ■ + R^kjlV^V^ - ViRjl ■ V^) = 0. 

Then we have 
(4.3.13) 

- SR'^RjiViV' + ARijVkV ■ V'^W + Ag^'g^^g^mkraRnpRqi " | = 0- 

By taking the trace in the last equality in (4.3.12) and using (4.3.6) and the 
evolution equation of the scalar curvature, we can get 

(4.3.14) R'^{Rij + ^ - V,Vj) = 0. 
Finally by combining (4.3.13) and (4.3.14), we deduce 

4i?^^/' {R,k + 1^ - v,y,) {R,k + ^ - v,y,) = 0. 

Since R-ij is positive definite, we get 

(4.3.15) ViVj = R,j + ^, for all i, j. 

This means that gij{t) is a homothetically expanding Ricci soliton. □ 

Remark 4.3.7. Recall from Section 1.5 that any compact steady Ricci 
soliton or expanding Ricci soliton must be Einstein. If the manifold M in 
Theorem 4.3.6 is noncompact and simply connected, then the steady (or 
expanding) Ricci soliton must be a steady (or expanding) gradient Ricci 
soliton. For example, we know that Vjlj- is symmetric from (4.3.15). Also, 
by the simply connectedness of M there exists a function F such that 

ViVjF = ViVj, on M. 

So 

Rij = V^VjF-^, on M 

This means that gij is an expanding gradient Ricci soliton. 

In the Kahler case, we have the following results for Type II and Type 
III singularity models with nonnegative holomorphic bisectional curvature 
obtained by the first author in |15] . 

Theorem 4.3.8 (Cao [15]). 

(i) Any Type II singularity model on a Kdhler manifold with nonnega- 
tive holomorphic bisectional curvature and positive Ricci curvature 
must be a steady Kdhler-Ricci soliton. 
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(ii) Any Type III singularity model on a Kdhler manifold with nonnega- 
tive holomorphic bisectional curvature and positive Ricci curvature 
must be an expanding Kdhler-Ricci soliton. 

To conclude this section, we state a result of Sesum |117j on compact 
Type I singularity models. Recall that Perelman's functional W, introduced 
in Section 1.5, is given by 

WigJ,T)= [ ii7TT)-^[T{\Vf\^ + R) + f-n]e-fdVg 

with the function / satisfying the constraint 

/ {ATTT)-^e~fdVg = 1. 
Jm 

And recall from Corollary 1.5.9 that 

fi{g{t))=mf!^W{g{t)J,T-t)\ljA7T{T-t))-'^e-^dVg^t) = l'^ 

is strictly increasing along the Ricci flow unless we are on a gradient shrink- 
ing soliton. If one can show that fj,{g{t)) is uniformly bounded from above 
and the minimizing functions / = f{-,t) have a limit as t — > T, then the 
rescaling limit model will be a shrinking gradient soliton. As shown by 
Natasa Sesum in Type I assumption guarantees the boundedness of 

li{g{t)), while the compactness assumption of the rescaling limit guarantees 
the existence of the limit for the minimizing functions f{-,t). Therefore we 
have 

Theorem 4.3.9 (Sesum [117j ). Let {M,gij(t)) be a Type I singularity 
model obtained as a rescaling limit of a Type I maximal solution. Suppose 
M is compact. Then {M,gij{t)) must be a gradient shrinking Ricci soliton. 

It seems that the assumption on the compactness of the rescaling limit 
is superfluous. We conjecture that any noncompact Type I limit is also a 
gradient shrinking soliton. 

4.4. Ricci Solitons 

We now follow Hamilton |65j to examine the structure of a steady Ricci 
soliton that we get as a Type II limit . The material is from section 20 of 
Hamilton [65] and Hamilton |62j . 

Lemma 4.4.1 (Hamilton [65]). Suppose we have a complete gradient 
steady Ricci soliton gij with bounded curvature so that 

Rij = ^i^jF 

for some function F on M . Assume the Ricci curvature is positive and the 
scalar curvature R attains its maximum i?max o-t ol point xq G M . Then 

(4.4.1) |VF|2 + R = R^^, 
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everywhere on M, and furthermore F is convex and attains its minimum at 
xo- 

Proof. Recall that, from (1.1.15) and noting our F here is — / there, 
the steady gradient Ricci soliton has the property 

\VF\'^ + R = Co 

for some constant Cq. Clearly, Cq > -Rmax- 

If Co = -Rmax, then VF = at the point xq- Since ViVjF = Rij > 0, 
we see that F is convex and F attains its minimum at xq. 

If Co > Rmax, consider a gradient path of F in a local coordinate neigh- 
borhood through xq = {xq, . . . ,Xq) : 

X* = x*(u), It G (— £, s), i = 1, . . . ,n 

4 = a^nO), 
and 

^=5^^V,F, «G (-£,£). 

Now |VF|2 = Co-R>Co-R max > everywhere, while iVFp is smallest 
at X = Xo since R is largest there. But wc compute 

= 2g'''g^'ViVjF ■ VfcFV^F 
= 2g'''g^'R,jVkFViF 
> 

since Rij > and |VFp > 0. Then |VFp is not smallest at xq, and we 
have a contradiction. □ 

We remark that when we are considering a complete expanding gradient 
Ricci soliton on M with positive Ricci curvature and 

Rij + pgij = ViVjF 

for some constant p> and some function F, the above argument gives 

\VFf + R-2pF = C 

for some positive constant C. Moreover the function F is an exhausting and 
convex function. In particular, such an expanding gradient Ricci soliton is 
diffeomorphic to the Euclidean space M". 

Let us introduce a geometric invariant as follows. Let O be a fixed point 
in a Riemannian manifold M, s the distance to the fixed point O, and R 
the scalar curvature. We define the asymptotic scalar curvature ratio 

A = limsupi2s^. 

s—*+oo 
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Clearly the definition is independent of the choice of the fixed point O and 
invariant under dilation. This concept is particular useful on manifolds with 
positive sectional curvature. The first type of gap theorem was obtained by 
Mok-Siu-Yau |96j in understanding the hypothesis of the paper of Siu-Yau 
|124j . Yau (see |51j ) suggested that this should be a general phenome- 
non. This was later conformed by Greene- Wu |5H,l52j . Eschenberg-Shrader- 
Strake [47] and Drees |46J where they show that any complete noncompact 
n-dimensional (except n = 4 or 8) Riemannian manifold of positive sectional 
curvature must have A > 0. Similar results on complete noncompact Kahler 
manifolds of positive holomorphic bisectional curvature were obtained by 
Chen-Zhu [32] and Ni-Tam [I04j . 

Theorem 4.4.2 (Hamilton [65]). For a complete noncompact steady 
gradient Ricci soliton with bounded curvature and positive sectional curva- 
ture of dimension n > 3 where the scalar curvature assume its maximum at 
a point O £ M , the asymptotic scalar curvature ratio is infinite, i.e., 

A = limsupi?s^ = +00 

where s is the distance to the point O. 

Proof. The solution to the Ricci flow corresponding to the soliton exists 
for — CO < t < +00 and is obtained by flowing along the gradient of a 
potential function F of the soliton. We argue by contradiction. Suppose 
Rs"^ < C. We will show that the hmit 

9ij{x) = lim gij{x,t) 

t — ^— oo 

exists for x 7^ O on the manifold M and is a complete flat metric on M\{0}. 
Since the sectional curvature of M is positive everywhere, it follows from 
Cheeger-Gromoh [24] that M is diffeomorphic to M". Thus M \ {0} is 
diffeomorphic to S""^ x R. But for n > 3 there is no flat metric on S"'"^ x M, 
and this will flnish the proof. 

To see the limit metric exists, we note that i? ^ as s ^ +00, so 
|VF|2 i^j^ax as s ^ +00 by (4.4.1). The function F itself can be taken 
to evolve with time, using the definition 

dF „ ^ dx^ 

which pulls F back by the flow along the gradient of F. Then we continue 
to have ViVjF = Rij for all time, and |V-Fp — > Rmax as s ^ +00 for each 
time. 

When we go backward in time, this is equivalent to flowing outwards 
along the gradient of F, and our speed approaches \/-Rmax- So, starting 
outside of any neighborhood of O we have 

S dt{;0) 



V,F • ^ = -IVFP = AF-R„ 



\t\ \t\ 



\/-Rmax) &S t 



-00 
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and 

C 

(4.4.2) R{--,t) < — i-|2, as \t\ large enough. 

Hence for |t| sufficiently large, 

> -2Rij 

- ^ 

> -2Rgij 
2C 



> 



^ "rnax I I 



9ij 



which implies that for any tangent vector V, 
< -^{\og{g,,{t)V^Vr)) < 



d\t\ -Rmax ■ I^P 

These two inequalities show that gij{t)V^V^ has a limit gijV^V^ ast^ — oo. 

Since the metrics are all essentially the same, it always takes an infinite 
length to get out to the infinity. This shows the limit gij is complete at the 
infinity. One the other hand, any point P other than O will eventually be 
arbitrarily far from O, so the limit metric gij is also complete away from O 
in M \ {O}. Using Shi's derivative estimates in Chapter 1, it follows that 
gij{-,t) converges in the topology to a complete smooth limit metric gij 
as t ^ — oo, and the limit metric is flat by (4.4.2). □ 

The above argument actually shows that 

(4.4.3) lim sup iis^+^ = +0O 

for arbitrarily small e > and for any complete gradient Ricci soliton with 
bounded and positive sectional curvature of dimension n > 3 where the 
scalar curvature assumes its maximum at a fixed point O. 

Finally we conclude this section with the important result of Hamilton 
on the uniqueness of complete Ricci soliton on two-dimensional Riemannian 
manifolds. 

Theorem 4.4.3 (cf. Theorem 10.1 of Hamilton [62]). The only complete 
steady Ricci soliton on a two-dimensional manifold with bounded curvature 
which assumes its maximum 1 at an origin is the "cigar" soliton on the 
plane M? with the metric 

1 + x^ + y"^ 

Proof. Recall that the scalar curvature evolves by 

AR + R' 



dt 
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on a two-dimensional manifold M. Denote by i?min(i) = inf{i?(a;,t) | x G 
M}. We see from the maximum principle (see for example Chapter 2) that 
^min(i) is strictly increasing whenever i?min(i) 7^ 0, for — oo < t < +oo. 
This shows that the curvature of a steady Ricci soliton on a two-dimensional 
manifold M must be nonnegative and i?min(i) = for all t G (— oo,+oo). 
Further by the strong maximum principle wc sec that the curvature is actu- 
ally positive everywhere. In particular, the manifold must be noncompact. 
So the manifold M is diffiomorphic to and the Ricci soliton must be a 
gradient soliton. Let F be a potential function of the gradient Ricci soliton. 
Then, by definition, we have 

ViVj + VjVi = Rgij 

with Vi = ViF. This says that the vector field V must be conformal. In 
complex coordinate a conformal vector field is holomorphic. Hence V is 
locally given by V{z)-^ for a holomorphic function V{z). At a zero of V 
there will be a power series expansion 

V{z) =azP + -- - , (a 7^ 0) 

and if p > 1 the vector field will have closed orbits in any neighborhood 
of the zero. Now the vector field is gradient and a gradient flow cannot 
have a closed orbit. Hence V{z) has only simple zeros. By Lemma 4.4.1, we 
know that F is strictly convex with the only critical point being the minima, 
chosen to be the origin of M^. So the holomorphic vector field V must be 

F(2;)— =cz— , forzGC, 

for some complex number c. 

We now claim that c is real. Let us write the metric as 

with z = X + \/—ly. Then VF = cz-^ means that if c = a -|- \/— 16, then 

dF dF 

— = {ax- by)g, — = {hx + ay)g. 

Taking the mixed partial derivatives q^q^ and equating them at the origin 
X = y = gives 6 = 0, so c is real. 



Let 



Write 



(X = e" cos V, — oo < u < +00, 
y = e" sin v, < v < 27r. 

ds'^ = g{x,y){dx^ + dy"^) 

= g{e^ cosv, sini;)e^"(du^ -|- dv'^) 

= g{u,v){du^ +dv^). 
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Then we get the equations 

dF dF ^ 

since the gradient of F is just 0,^2 for a real constant ci. The second equation 
shows that F = F{u) is a function of u only, then the first equation shows 
that g = g{u) is also a function of u only. Then we can write the metric as 

(4.4.4) ds^ = g{u){du^ + dv"^) 

= 5(u)e-2«(da;2+dy2)_ 

This implies that e~^^g{u) must be a smooth function of + = e^". So 
as u — > —DO, 

(4.4.5) 5(u) =6ie2" + 62(e'")' + --- , 

with 6i > 0. 

The curvature of the metric is given by 



9 V5', 

where (•)' is the derivative with respect to u. Note that the soliton is by 
translation in u with velocity c. Hence g = g{u + ct) satisfies 



at 



which becomes 

Thus by (4.4.5), 

and then by integrating 

i.e.. 



eg' 



- = cg + 2 



g2u 



2^ 

In particular, we have c < since the Ricci soliton is not fiat. Therefore 

T 2 / \ -2u/i 2 , T 2\ dx^ + dy^ 

ds = g{u)e [dx + dy ) = ■ --^ — ^ 

ai + a2[x^ + y^) 

for some constants ai,a2 > 0. By the normalization condition that the 
curvature attains its maximum 1 at the origin, we conclude that 

dx"^ + dy"^ 



1 + (x2 + ?/2 



□ 
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Chapter 5. Long Time Behaviors 



Let M be a complete manifold of dimension n. Consider a solution of 
the Ricci flow gij(x,t) on M and on a maximal time interval [0, T). When 
M is compact, we usually consider the normalized Ricci flow 

dgij _ 2 _ 
dt ~ n^'' 

where r = RdV/ J^j dV is the average scalar curvature. The factor r 
serves to normalize the Ricci flow so that the volume is constant. To see 
this we observe that dV = y^det gij dx and then 

^ log ^JdetQij = ^g'^ ^^gij = r - R, 

d_ 

dt 

As observed by Hamilton [60j, the Ricci flow and the normalized Ricci flow 
differ only by a change of scale in space and a change of parametrization 
in time. Indeed, we first assume that gij{t) evolves by the (unnormalized) 
Ricci flow and choose the normalization factor = ip{t) so that gij = ipgij, 
and Jj^j dfl = 1. Next we choose a new time scale t = f ip{t)dt. Then for the 
normalized metric gij we have 

-0 ' ~ ll) 



f dV = [ {r-R)dV = 0. 
Jm Jm 



Rij = Rij,R = —R, r = —r. 



Because Jj^j dV = 1 , we see that jj^^dV = i)-2. Then 



|log0=(-^)|log/ dV 



M 



_2\ JMWt^'^^^m dx 
2 

= -r, 
n 

since ■§igij = —2Rij for the Ricci flow. Hence it follows that 



d 


d 








(- 

\dt 




2 






= -mj - 

n 


2, Rij 



9ij 



Thus studying the behavior of the Ricci flow near the maximal time is equiv- 
alent to studying the long-time behavior of the normalized Ricci flow. 

In this chapter we will discuss long-time behavior of the normalized Ricci 
flow for the following special cases: (1) compact two-manifolds (cf. Hamilton 
[62] and Chow [37j ): (2) compact three-manifolds with nonnegative Ricci 
curvature (cf . Hamilton [60j ) ; (3) compact four- manifolds with nonnegative 
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curvature operator (cf. Hamilton |61j ): and (4) compact three-manifolds 
with uniformly bounded normalized curvature (cf. Hamilton |67j ). 

5.1. The Ricci Flow on Two- manifolds 

Let M be a compact surface, we will discuss in this section the evolution 
of a Riemannian metric gij under the normalized Ricci flow. Most of the 
presentation in this section follows Hamilton [62], as well as Chow {37j . We 
also refer the reader to chapter 5 of Chow-Knopf's book |41j for an excellent 
description of the subject. 

On a surface, the Ricci curvature is given by 

1 

2' 

so the normalized Ricci flow equation becomes 

d 

(5-1-1) Q^dij = {r - R)gij- 

Recall the Gauss-Bonnet formula says 



[ RdV = AnxiM), 



where xi^) is the Euler characteristic number of M. Thus the average 
scalar curvature r = 47rx(M)/ dV is constant in time. 

To obtain the evolution equation of the normalized curvature, we recall a 
simple principle in [60] for converting from the unnormalized to the normal- 
ized evolution equation on an n-dimensional manifold. Let P and Q be two 
expressions formed from the metric and curvature tensors, and let P and Q 
be the corresponding expressions for the normalized Ricci flow. Since they 
differ by dilations, they differ by a power of the normalized factor ip = ip{t). 
We say P has degree k if P = ijj^P. Thus gij has degree 1, Rij has degree 
0, R has degree —1. 

Lemma 5.1.1 (Hamilton [60j). Suppose P satisfies 

dP 

for the unnormalized Ricci flow, and P has degree k. Then Q has degree 
k — 1, and for the normalized Ricci flow, 

dP ~~ . 2 ~ 
—^ = AP + Q + -krP. 
at n 

Proof. We first see Q has degree k — 1 since dt/dt = ip and A = ipA. 
Then 

^^(^-fcp) = ^A(V'"^P) + ^-^+^Q 
dt 
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which imphes 

at ip at 

= AP + Q + -kfP 

n 

since ^ log V' = log V')'^""^ = ^f. □ 

We now come back to the normahzed Ricci flow (5.1.1) on a compact 
surface. By applying the above lemma to the evolution equation of unnor- 
malized scalar curvature, we have 

(5.1.2) ^ = AR + R^ -rR 

for the normalized scalar curvature R. As a direct consequence, by using 
the maximum principle, both nonnegative scalar curvature and nonpositive 
scalar curvature are preserved for the normalized Ricci flow on surfaces. 

Let us introduce a potential function ip as in the Kahler-Ricci flow (see 
for example |12] ). Since R — r has mean value zero on a compact surface, 
there exists a unique function ip, with mean value zero, such that 

(5.1.3) Aip = R-r. 
Differentiating (5.1.3) in time, we have 



dt \ dx^dx^ dx^ 



{R-r)A^ + A{^ 



A{^) =A(A^) + rA^ 



Combining with the equation (5.1.2), we get 

Tt 

which implies that 

(5.1.4) ^ = + - 6(t) 

for some function h{t) of time only. Since J^^ (pdV = for all t, we have 

d 
di 



= ^ /" (fdfj. = [ {Aip + rLp- b{t))dfi + [ (p{r - R)dfi 
'm Jm Jm 



-b{t) I dn+ \\7(p\^dfi. 
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Thus the function b{t) is given by 

Jm 

Define a function h by 

h = A^ + |V(^p = {R-r) + 

and set 

Mij = ViVj <^ - 2^ 
to be the traceless part of ViVj ip. 

Lemma 5.1.2 (Hamilton |62j ). The function h satisfies the evolution 
equation 

dh 

(5.1.5) — = A/i-2|Mi,f + r/i. 

ot 

Proof. Under the normahzed Ricci flow, 

= iR- r)|Vvp|2 + 2g'^Vi{Aip + np - b{t))Vj^ 

= iR + r)\Vip\^ + 2g'^{AV^^ - R^jSJwWjV 

= {R + r)\Vcp\^ + A|V(^|2 - 2|VVl' - 2g'^ R^^Vk^Vj^ 

= A|V99|2-2|vVP + ?'|V99p, 

where Rik = \Rgik on a surface. 

On the other hand we may rewrite the evolution equation (5.1.2) as 

^{R -r) = A(R - r) + (Atpf + r(R - r). 
ot 

Then the combination of above two equations yields 

^^h = Ah-2{\V'^\'-^{Aipf) + rh 
= Ah - 2|Myp + rh 
as desired. □ 

As a direct consequence of the evolution equation (5.1.5) and the maxi- 
mum principle, we have 

(5.1.6) i?<Cie^* + r 

for some positive constant Ci depending only on the initial metric. 

On the other hand, it follows from (5.1.2) that i?mm(i) = minieM Rix, t) 
satisfies ^ 

~rr-^min — ^min(-^min r) ^ 

at 
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whenever Rmin < 0. This says that 

(5.1.7) -Rmin(t) > -C2, for all t>0 

for some positive constant C2 depending only on the initial metric. 

Thus the combination of (5.1.6) and (5.1.7) implies the following long 
time existence result. 

Proposition 5.1.3 (Hamilton [62]). For any initial metric on a com- 
pact surface, the normalized Ricci flow (5.1.1) has a solution for all time. 

To investigate the long-time behavior of the solution, let us now divide 
the discussion into three cases: x{^) < 0; x{^) = 0; and x{^) > 0. 

Case (1): xiM) < (i.e., r < 0). 

Prom the evolution equation (5.1.2), we have 

"77 -Rmin ^ -Rmin(-Rmin ^) 

dt 

> r{Rmm -r), on M X [0, +00) 

which implies that 

R-r>-Cie''\ on Mx[0,+oo) 

for some positive constant Ci depending only on the initial metric. Thus by 
combining with (5.1.6) we have 

(5.1.8) -Cie"* <R-r KCie''^ onMx[0,+oo). 

Theorem 5.1.4 (Hamilton [62j). On a compact surface with xi^) < 0; 
for any initial metric the solution of the normalized Ricci flow (5.1.1) exists 
for all time and converges in the C°° topology to a metric with negative 
constant curvature. 

Proof. The estimate (5.1.8) shows that the scalar curvature R{x,t) 
converges exponentially to the negative constant r as t — > -|-cxd. 

Fix a tangent vector v E T^M at a point x £ M and let \v\^ = 
gij{x,t)v^v^ . Then we have 

|h?=(|5..(^,*)) -V 

= {r-R)\v\^, 



which implies 



1 I |2 

^ log 14 



< Ce''\ for all t>0 



for some positive constant C depending only on the initial metric (by using 
(5.1.8)). Thus converges uniformly to a continuous function as 
t — > -|-cxD and 7^ if v 7^ 0. Since the parallelogram law continues 
to hold to the limit, the limiting norm comes from an inner product 
gijipo). This says, the metrics gij{t) are all equivalent and as t — > +00, the 
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metric gij{t) converges uniformly to a positive-definite metric tensor gij (oo) 
wliich is continuous and equivalent to the initial metric. 

By the virtue of Shi's derivative estimates of the unnormalized Ricci flow 
in Section 1.4, we see that all derivatives and higher order derivatives of the 
curvature of the solution gij of the normalized flow are uniformly bounded 
on M X [0,+cxd). This shows that the limiting metric gij{oo) is a smooth 
metric with negative constant curvature and the solution gij{t) converges to 
the limiting metric gij{oo) in the C°° topology as t ^ +00. □ 

Case (2): x(M) = 0, i.e., r = 0. 

The following argument of dealing with the case x{^I) = is adapted 
from Chow-Knopf's book (cf. section 5.6 of ^41j ). Prom (5.1.6) and (5.1.7) 
we know that the curvature remains bounded above and below. To get 
the convergence, we consider the potential function ip of (5.1.3) again. The 
evolution of ip is given by (5.1.4). We renormalize the function ip by 

ip{x,t) = ^p{x,t) + / b{t)dt, on M x [0, +00). 



Then, since r = 0, cp evolves by 

(5.1.9) ^ = Aip, onMx[0,+oo). 
From the proof of Lemma 5.1.2, we get 

(5.1.10) ^|V(^|2 = A|V^|2-2|VVP. 
Clearly, we have 

(5.1.11) ^^2^A^2_2|v<^|2. 
Thus it follows that 

Hence by applying the maximum principle, there exists a positive constant 
C3 depending only on the initial metric such that 

(5.1.12) |V(^p(x,t) < onMx[0,+oo). 

In the following we will use this decay estimate to obtain a decay estimate 
for the scalar curvature. 

By the evolution equations (5.1.2) and (5.1.10), we have 

^{R + 2| V(^|2) = A{R + 2| V(^|2) + i?2 _ 4| VVP 
< A{R + 2\Vip\^) - 
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Since = (A(^)2 < 2|V2(^p. Thus by using (5.1.12), we have 
|[t(i? + 2|V^|2)] 

< A[t(i? + 2| V(^|2)] -tR^ + R + 2| V(^|2 

< A[t(i? + 2|V(^|2)] - t{R + 2|V(^|2)2 + (1 + 4t|V(^|2)(i? + 2|V(^p) 

< A[t(i? + 2|V(^|2)] - [t(i? + 2|V<^p) - (l + 4C73)](i? + 2|V^|2) 

< A[t(i? + 2|V(^|2)] 

wherever t(i?+2|V(^P) > (I+4C3). Hence by the maximum principle, there 
holds 

C 

(5.1.13) i? + 2|V(^|^ < onMx[0,+oo) 

1 ~t~ ^ 

for some positive constant C4 depending only on the initial metric. 
On the other hand, the scalar curvature satisfies 

— = Ai? + i?2 onMx[0,+oo). 
at 

It is not hard to see that 

(5.1.14) R > ^r^°L ^ on M x [0, +00), 

by using the maximum principle. So we obtain the decay estimate for the 
scalar curvature 

(5.1.15) \R{x,t)\ < r^^, onMx[0,+oo), 

for some positive constant C5 depending only on the initial metric. 

Theorem 5.1.5 (Hamilton |62j ). On a compact surface with xi^) = Oj 
for any initial metric the solution of the normalized Ricci flow (5.1.1) exists 
for all time and converges in C°° topology to a flat metric. 

Proof. Since ^ = Aip, it follows from the maximum principle that 

\'fix,t)\ <Cq, on M X [0,+oo) 

for some positive constant Cq depending only on the initial metric. Recall 
that Aip = R. We thus obtain for any tangent vector v S TxM at a point 

X e M, 

|H?=(|5.,(x,t)) v^v^ 
= -R{x,t)\v\j 
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and then 



log- 



dt 



log 



vt\'^dt\ 



R{x,t)dt 

= \'f{x,t) - (p{x,0)\ 
<2Ce, 

for all X £ M and t £ [0,+oo). This shows that the solution gij{t) of the 
normalized Ricci flow are all equivalent. This gives us control of the diameter 
and injectivity radius. 

As before, by Shi's derivative estimates of the unnormalized Ricci flow, 
all derivatives and higher order derivatives of the curvature of the solution gij 
of the normalized Ricci flow (5.1.1) are uniformly bounded on M x [0, +oo). 
By the virtue of Hamilton's compactness theorem (Theorem 4.1.5) we see 
that the solution gij{t) subsequentially converges in C°° topology. The decay 
estimate (5.1.15) implies that each limit must be a flat metric on M. Clearly, 
we will finish the proof if we can show that limit is unique. 

Note that the solution gij{t) is changing conformally under the Ricci 
flow (5.1.1) on surfaces. Thus each limit must be conformal to the initial 
metric, denoted by gij. Let us denote gij{co) = e^gij to be a limiting metric. 
Since gij{oo) is flat, it is easy to compute 

= e""(i?- An), on M, 

where R is the curvature of gij and A is the Laplacian in the metric gij. 
The solution of Poission equation 

An = R, on M 

is unique up to constant. Moreover the constant must be also uniquely 
determined since the area of the solution of the normalized Ricci flow (5.1.1) 
is constant in time. So the limit is unique and we complete the proof of 
Theorem 5.1.5. □ 



Case (3): xiM) > 0, i.e., r > 0. 

This is the most difficult case. The first proof is due to Ben Chow [37j . 
based on the important work of Hamilton [62j . By now there exist several 
proofs (cf. Bartz-Struwe-Ye [6j and Struwe |125) . etc). But, in contrast 
to the previous two cases, none of the proofs depends only on maximum 
principle type argument. In fact, all the proofs rely on some kind of combi- 
nation of the maximum principle argument and certain integral estimate of 
the curvature. 

In the pioneer work [62j . Hamilton considered the important special 
case when the initial metric is of positive scalar curvature. He introduced 
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an integral quantity 



E= / RlogRdV, 
hi 



which he called entropy, for the (normalized) Ricci flow on a surface M 
with positive curvature, and showed that the entropy is monotone decreasing 
under the flow. By combining this entropy estimate with the Harnack in- 
equality for the curvature (Corollary 2.5.3), Hamilton obtained the uniform 
bound on the curvature of the normalized Ricci flow on M with positive 
curvature. Furthermore, he showed that the evolving metric converges to 
a shrinking Ricci soliton on M and that the shrinking Ricci soliton must 
be a round metric on the 2-sphere S^. Subsequently, Chow |37j extended 
Hamilton's work to the general case when the curvature may change signs. 
More precisely, he proved that given any initial metric on a compact sur- 
face M with x{^) > 0) the evolving metric under the (normalized) Ricci 
flow will have positive curvature after a finite time. Hence, when combined 
with Hamilton's result, B. Chow's result implies that the solution under the 
normalized flow on M converges to the round metric on S^. 

In the following we will basically follow the arguments of Hamilton |62j 
and Chow [37], except when we prove the uniform bound of the evolving 
scalar curvature we will present a new argument using the Harnack inequal- 
ity of Chow [37] and Perelman's no local collapsing theorem I' (as was done 
in the joint work of Bing-Long Chen and the authors [16] where they con- 
sidered the Kahler- Ricci flow of nonnegative holomorphic bisectional curva- 
ture). 

Given any initial metric on M with x{^) > Oj we consider the solution 
gij{t) of the normalized Ricci flow (5.1.1). Recall that the (scalar) curvature 
R satisfies the evolution equation 

^R = AR + R^- rR. 
at 

The corresponding ODE is 

ds 9 

(5.1.16 — = s^-rs. 

^ ' dt 

Let us choose c > 1 and close to 1 so that r/(l — c) < min^^gjv/ i2(x, 0). 
It is clear that the function s{t) = r/{l — ce''*) < is a solution of the ODE 

(5.1.16) with s(0) < min R{x, 0). Then the difference of R and s evolves by 

d 

(5.1.17) —{R-s) = A{R -s) + {R-r + s){R-s). 

Since min^^gM R{x, 0) — s(0) > 0, the maximum principle implies that R—s > 
for all times. 

First, we need the Harnack inequality obtained by B. Chow [37], which is 
an extension of Theorem 2.5.2, for the normalized Ricci flow whose curvature 
may change signs. 



HAMILTON-PERELMAN'S PROOF 165 

Consider the quantity 

L = \og{R-s). 

It is easy to compute 

dL _ . ,„.,2 



Set 



— = AL + IVLP + R-r + s. 
at 



Q = ^- iVi^l^ -s = AL + R-r. 



r? 



By a direct computation and using the estimate (5.1.8), we have 

= AQ + 2| V^LI^ + 2(VL, V(AL)) + i2| VL|2 

+ (i? - r)AL + AR + R{R - r) 
= AQ + 2\V^Lf + 2(VL, VQ) + 2{R - r)AL + {R- 

+ {r- s)AL + s| VLp + r{R - r) 
= AQ + 2(VL, VQ) + 2| V^Lp + 2(i? - r)AL + (i? 

+ (r - s)Q + s|VLp + s(ii - r) 
> AQ + 2(VL, VQ) + Q2 + (r - s)Q + s| VLp - C. 

Here and below C is denoted by various positive constants depending only 
on the initial metric. 

In order to control the bad term s|VLp, we consider 

— {sL) = A{sL) + s\VL\^ + s{R-r + s) + s{s - r)L 
> A{sL) + 2(VL, V(sL)) - s\VLf - C 

by using the estimate (5.1.8) again. Thus 

— (Q + sL) > A(Q + sL) + 2(VL, V(Q + sL)) +Q^ + {r-s)Q-C 
> A{Q + sL) + 2{VL,ViQ + sL)) + ^[{Q + sLf -C% 

since sL is bounded by (5.1.8). This, by the maximum principle, implies 
that 

Q> -C, for all te [0,+oo). 
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Then for any two points xi,X2 S M and two times t2 > ^i ^ 0, and a path 
7 : [^1,^2] M connecting xi to X2, we have 

L{x2,t2) - L{xi,h) = J ' ^L{j{t),t)dt 
> -^A-C{t2-h) 

where 

A = A(xi,ti;x2,t2) 

= inf 1^ ' \^{t)\l^^^^dt I 7 : [ti,t2] ^ M with 7(ti) = xi,j{t2) = X2| . 

Thus we have proved the following Harnack inequality of B. Chow. 

Lemma 5.1.6 (Chow |37j ). There exists a positive constant C depend- 
ing only on the initial metric such that for any xi, X2 € M and t2 > ti > 0, 

- < eT+c^'^~''\R{x2,t2) - S{t2)) 

where 

A = inf|^'|7(t)|2(ft I 7: [ti,t2] ^ M with -f{ti) = xi,-f{t2) = X2Y 

We now state and prove the following uniform bound estimate for the 
curvature, a consequence of the results of Hamilton |62] and Chow [37J. We 
remark the special case when the scalar curvature i? > is first proved by 
Hamilton [62]. As we mentioned before, the proof here is adapted from ^16j. 

Proposition 5.1.7 (cf. Lemma 5.74 and Lemma 5.76 of |41j ). Let 

{M,gij{t)) be a solution of the normalized Ricci flow on a compact surface 
with xi^) > 0- Then there exist a time to > and a positive constant C 
such that the estimate 

C-^ < R{x,t) < C 
holds for all X £ M and t G [to, +00). 

Proof. Recall that 

R(x,t)>s(t) = — 7, on M X [0,+cx)). 

1 — ce*"* 

For any e G (0, r), there exists a large enough to > such that 

(5.1.18) R{x,t)>-e^, on M X [to, +00). 

Let t be any fixed time with t > to + 1. Obviously there is some point 
xq £ M such that i?(xo, t + 1) = r. 

Consider the geodesic ball Bt{xo,l), centered at xq and radius 1 with 
respect to the metric at the fixed time t. For any point x G Bt{xo, 1), we 
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choose a geodesic 7: [t, t + 1] — > M connecting x and xq with respect to the 
metric at the fixed time t. Since 

d 

-g^9ij = {r - R)gij < 2rgij on M x [to, +00), 



t+l t-t+i 

2 J, / „2r / I •,/_m2 I ^ 2r 



we have 

rt+i 

\^{T)\ldT<e^^ l7(T)|?dr<e2^ 
Then by Lemma 5.1.6, we have 

(5.1.19) i?(x, t) < s{t) + exp I ^e^"" + c| • {R{xQ,t + 1) - s(t + 1)) 

< Ci, as x e -Bt(xo, 1), 

for some positive constant Ci depending only on the initial metric. Note the 
the corresponding unnormalized Ricci flow in this case has finite maximal 
time since its volume decreases at a fixed rate — 47rx(M) < 0. Hence the 
no local collapsing theorem I' (Theorem 3.3.3) implies that the volume of 
Bt{xQ, 1) with respect to the metric at the fixed time t is bounded from 
below by 

(5.1.20) Volt(Bt(xo,l)) > C2 

for some positive constant C2 depending only on the initial metric. 

We now want to bound the diameter of {M,gij{t)) from above. The 
following argument is analogous to Yau in |132j where he got a lower bound 
for the volume of geodesic balls of a complete Riemannian manifold with 
nonnegative Ricci curvature. Without loss of generality, we may assume 
that the diameter of {M,gij{t)) is at least 3. Choose a point xi £ M such 
that the distance dt{xQ,xi) between xi and xq with respect to the metric at 
the fixed time t is at least a half of the diameter of {M,gij{t)). By (5.1.18), 
the standard Laplacian comparison theorem (c.f. |116j ) implies 

= 2pAp + 2 < 2(1 + £/>) + 2 

in the sense of distribution, where p is the distance function from xi (with 
respect to the metric gij{t)). That is, for any (p € Co°(M), 99 > 0, we have 

(5.1.21) - / Vp^-V^< f [2(l+ep) + 2](^. 

JM JM 

Since C^{M) functions can be approximated by Lipschitz functions in the 
above inequality, we can set (p{x) = ip{p{x)), x G M, where ip{s) is given by 



1, < s < dt{xo,xi) - 1, 

V''(s) = dt{xo,xi) - 1 < s < dt{xo,xi) + 1, 

0, s > dt{xo,xi) + 1. 
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Thus, by using (5.1.20), the left hand side of (5.1.21) is 
- / Vp2 . V(/^ 

JM 

J Bt{xi,dt (xQ,xi)+\)\Bt{xi,dt{xo,xi)-\) 

> idt{xo,xi) - l)Volt{Bt{xi, dt{xo, xi) + 1) \Bt{xi,dt{xo,xi) - 1)) 

> idtixo,x,)-l)Yolt{Btixo,l)) 

> {dt{xo,xi) - 1)C2, 

and the right hand side of (5.1.21) is 

/ [2(l + £p) + 2]<^< / [2(l + £p) + 2] 

Jm J Btixi,dtixo,xi)+l) 

< [2(1 + edt{xo,xi)) + 4]Volt{Bt{xudt{xo, xi) + 1)) 

< [2{l + edt{xo,xi)) + 4]A 

where A is the area of M with respect to the initial metric. Here we have 
used the fact that the area of solution of the normalized Ricci flow is constant 
in time. Hence 

C2{dt{xo,xi) -1) < [2{l + sdt{xo,xi))+4]A, 
which implies, by choosing £ > small enough, 

dt{xo,xi) < C3 

for some positive constant C3 depending only on the initial metric. There- 
fore, the diameter of {M,gij{t)) is uniformly bounded above by 

(5.1.22) diam (M, gij{t)) < 2C3 

for all t G [to, +00). 

We then argue, as in deriving (5.1.19), by applying Lemma 5.1.6 again 
to obtain 

R{x,t) < C4, on M X [to, +00) 

for some positive constant C4 depending only on the initial metric. 

It remains to prove a positive lower bound estimate of the curvature. 
First, we note that the function s{t) — > as t — +00, and the average 
scalar curvature of the solution equals to r, a positive constant. Thus the 
Harnack inequality in Lemma 5.1.6 and the diameter estimate (5.1.22) imply 
a positive lower bound for the curvature. Therefore we have completed the 
proof of Proposition 5.1.7. □ 

Next we consider long-time convergence of the normalized flow. 
Recall that the trace-free part of the Hessian of the potential (p of the 
curvature is the tensor Mij defined by 

Mij = ViVjtp -^^V 9ij, 
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where by (5.1.3), 

Aip = R-r. 
Lemma 5.1.8 (Hamilton [62j). We have 
d 

(5.1.23) ^|Mijf = A|Mijf -2|VfcMijf -2i?|Mijp, onMx[0,+oo). 

Proof. This follows from a standard computation (e.g., cf. Editors' 
note on p. 217 of [18j). 

First we note the time-derivative of the Levi-Civita connection is 

5 „t \ /„ d „ 9 „ 5 
1 



- [-ViR ■ (^.^ - VjR ■ 5f + V'^R ■ gij 
By using this and (5.1.4), we have 

|m,,^v.v,(^) -(|r6) v., -.).,, 

= ViVjA^ + i(V,i? • Vj(^ + VjR ■ Viif - {VR, V^)gij) 
-^AR-gij + rMij. 
Since on a surface, 

Rijki = -^Rigugjk — 9ik9ji), 

we have 
ViVjA(f 

= ViVfeVjVV - ViiRjiV^ip) 

= AV,,V,(^ - V^Rl^Viif) - Rik.ViV'ip 

- RiiVjV^ip - RjiViVip - V^Rj^if 

= AViVj^ - ^(Viii • Vj^ + VjR ■ Viif - (Vi?, Vip)gij) 

- 2R (ViVjif - ^A^ ■ gij 



Combining these identities, we get 
9 _ 1 



—Mij = AViVj^ - -AR ■ gij + (r - 2R)M, 



A ( ViVj^ - - '')9ij ]+{r- 2R)M,,. 
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Thus the evolution Mij is given by 

(5.1.24) ^ = AMij + (r - 2R)Mi,. 

Now the lemma follows from (5.1.24) and a straightforward computation. □ 

Proposition 5.1.7 tells us that the curvature R of the solution to the 
normalized Ricci flow is uniformly bounded from below by a positive con- 
stant for t large. Thus we can apply the maximum principle to the equation 
(5.1.23) in Lemma 5.1.8 to obtain the following estimate. 

Proposition 5.1.9 (Hamilton [62] and Chow [37J). Let {M,gij{t)) be a 
solution of the normalized Ricci flow on a compact surface with xi^) > 0- 
Then there exist positive constants c and C depending only on the initial 
metric such that 

\Mij\'^ < Ce"^*, on M X [0,+oo). 

Now we consider a modification of the normalized Ricci flow. Consider 
the equation 

d 

(5.1.25) —gij = 2Mij = (r - R)gij + 2ViVj^. 

As we saw in Section 1.3, the solution of this modified flow differs from that 
of the normalized Ricci flow only by a one parameter family of diffeomor- 
phisms generated by the gradient vector field of the potential function ip. 
Since the quantity |Mjjp is invariant under diffeomorphisms, the estimate 
^ Ce~^^ also holds for the solution of the modified flow (5.1.25). This 
exponential decay estimate then implies the solution gij{x,t) of the mod- 
ified flow (5.1.25) converges exponentially to a continuous metric gij{oo) 
as t ^ +00. Furthermore, by the virtue of Hamilton's compactness theo- 
rem (Theorem 4.1.5) we see that the solution gij{x,t) of the modified flow 
actually converges exponentially in topology to gij{oo). Moreover the 
limiting metric g^j (oo) satisfies 

Mij = (r - R)gij + 2ViVj(p = 0, on M. 

That is, the limiting metric is a shrinking gradient Ricci soliton on the 
surface M. 

The next result was first obtained by Hamilton in [62]. The following 
simplified proof by using the Kazdan- Warner identity has been widely known 
to experts in the field (e.g., cf. Proposition 5.21 of [41] ). 

Proposition 5.1.10 (Hamilton [62j ). On a compact surface there are 
no shrinking Ricci solitons other than constant curvature. 

Proof. By definition, a shrinking Ricci soliton on a compact surface M 
is given by 



(5.1.26) 



ViXj + VjXi = {R- r)gij 
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for some vector field X = Xj. By contracting the above equation by Rg , 
we have 

2R{R-r) = 2R divX, 

and hence 

/ {R-rfdV= [ R{R-r)dV= [ RdivXdV. 
Jm Jm Jm 

Since X is a conformal vector field (by the Ricci soliton equation (5.1.26)), 
by integrating by parts and applying the Kazdan- Warner identity [79j , we 
obtain 

/ {R-rfdV = -f {VR,X)dV = 0. 
Jm Jm 

Hence R = r, and the lemma is proved. □ 

Now back to the solution of the modified flow (5.1.25). We have seen the 
curvature converges exponentially to its limiting value in the C°° topology. 
But since there are no nontrivial soliton on M, we must have R converging 
exponentially to the constant value r in the C°° topology. This then implies 
that the unmodified flow (5.1.1) will converge to a metric of positive constant 
curvature in the C°° topology. 

In conclusion, we have proved the following main theorem of this section. 

Theorem 5.1.11 (Hamilton [62j and Chow |37j ). On a compact surface 
with xi^) > 0; fof CLny initial metric, the solution of the normalized Ricci 
flow (5.1.1) exists for all time, and converges in the C°° topology to a metric 
with positive constant curvature. 



5.2. Differentiable Sphere Theorems in 3-D and 4-D 

An important problem in Riemannian geometry is to understand the in- 
fluence of curvatures, in particular the sign of curvatures, on the topology of 
underlying manifolds. Classical results of this type include sphere theorem 
and its refinements stated below (e.g., cf. Theorem 6.1, Theorem 7.16, and 
Theorem 6.6 of [2^). In this section we shall use the long-time behavior of 
the Ricci flow on positively curved manifolds to establish Hamilton's differ- 
entiable sphere theorems in dimensions three and four. Our presentation is 
based on Hamilton |60|, I61j . 

Let us first recall some classical sphere theorems. Given a Remannian 
manifold M, we denote by Km the sectional curvature of M. 

Classical Sphere Theorems (cf. |23j ). Let M be a complete, simply 
connected n-dimensional manifold. 

(i) If \ < Km < 1; then M is homeomorphic to the n-sphere 

(ii) There exists a positive constant 6 E (|, 1) such that if 5 < Km < 1; 
then M is diffeomorphic to the n-sphere 
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Result (ii) is called the difFerentiable sphere theorem. If we relax the 
assumptions on the strict lower bound in (i), then we have the following 
rigidity result. 

Berger's Rigidity Theorem (cf. |23] ). Let M be a complete, 
simply connected n-dimensional manifold with j < Km < 1- Then either 
M is homeomorphic to or M is isometric to a symmetric space. 

We remark that it follows from the classification of symmetric spaces 
(see for example [70]) that the only simply connected symmetric spaces 

n n 

with positive curvature are CP 2 , QP4 , and the Cayley plane. 

In early and mid 80's respectively, Hamilton [ 6OI, 161) used the Ricci flow 
to prove the following differential sphere theorems. 

Theorem 5.2.1 (Hamilton |60j ). A compact three-manifold with posi- 
tive Ricci curvature must be diffeomorphic to the three-sphere S'^ or a quo- 
tient of it by a finite group of fixed point free isometrics in the standard 
metric. 

Theorem 5.2.2 (Hamilton [61] ). A compact four-manifold with pos- 
itive curvature operator is diffeomorphic to the four-sphere §^ or the real 
projective space MP^. 

Note that in above two theorems, we only assume curvatures to be 
strictly positive, but not any strong pinching conditions as in the classical 
sphere theorems. In fact, one of the important special features discovered by 
Hamilton is that if the initial metric has positive curvature, then the metric 
will get rounder and rounder as it evolves under the Ricci flow, at least in 
dimension three and four, so any small initial pinching will get improved. 
Indeed, the pinching estimate is a key step in proving both Theorem 5.2.1 
and 5.2.2. 

The following results are concerned with compact three-manifolds or 
four-manifolds with weakly positive curvatures. 

Theorem 5.2.3 (Hamilton [HI]). 

(i) A compact three-manifold with nonnegative Ricci curvature is dif- 
feomorphic to S^, or a quotient of one of the spaces §^ or x or 

by a group of fixed point free isometrics in the standard metrics. 

(ii) A compact four-manifold with nonnegative curvature operator is 
diffeomorphic to S or CP2 or §^ X or a quotient of one of the 
spaces §4 or CP2 or §3 X M} or x §2 or x by a group 
of fixed point free isometrics in the standard metrics. 

The rest of the section will be devoted to prove Theorems 5.2.1-5.2.3 
and the presentation follows Hamilton |60|, I61j (also cf . |65j ) . 
Recall that the curvature operator M^p evolves by 

(5.2.1) |m„^ = AM«^ + Mlp + M*. 
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where (see Section 1.3 and Section 2.4) M^^ is the operator square 
and M^g is the Lie algebra so(n) square 



We begin with the curvature pinching estimates of the Ricci flow in three 
dimensions. In dimension n = 3, we know that is the adjoint matrix 
of M^p ■ If we diagonalize M^p with eigenvalues \ > n>v so that 

{M^p) = I // 



then and M'^n are also diagonal, with 




and (M* 



af}) 




(5.2.2) 



and the ODE corresponding to PDE (5.2.1) is then given by the system 



Lemma 5.2.4 (Hamilton |60|, I65j ). For any e G [0,^], the 'pinching 
condition 

Rij > and Rij > eRgij 
is preserved by the Ricci flow. 



Proof. If we diagonalize the 3x3 curvature operator matrix M^fs with 
eigenvalues X > fi > v, then nonnegative sectional curvature corresponds 
to > and nonnegative Ricci curvature corresponds to the inequality 
/i + > 0. Also, the scalar curvature R = X + + u. So we need to show 

IJ. + i^>0 and fi + i^>6X, with 6 = 2e/{l - 2e), 

are preserved by the Ricci flow. By Hamilton's advanced maximum principle 
(Theorem 2.3.1), it suffices to show that the closed convex set 

K = {Map I /i + > and + v > 5X} 

is preserved by the ODE system (5.2.2). 
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Now suppose we have diagonalized Ma/B with eigenvalues X > fx > u at 
t = 0, then both and are diagonal, so the matrix M^p remains 
diagonal for t > 0. Moreover, since 

^(^ - i^) = (/i - + - A), 

it is clear that ^ > v for t > also. Similarly, we have A > /i for t > 0. 
Hence the inequalities A > /u > persist. This says that the solutions of the 
ODE system (5.2.2) agree with the original choice for the eigenvalues of the 
curvature operator. 

The condition /u + > is clearly preserved by the ODE, because 

^^{fi + v) = ijl'^ + v"^ + X{ii + z^) > 0. 

It remains to check 

— (u + y) > d—X 
dV^ ^ - dt 

or 

Ij!^ + Xv + ly"^ + Xfj. > 6{X^ + iiu) 
on the boundary where 

lj + u = 6X>0. 

In fact, since 
we have 
Hence 



{X-u)fi^ + {X- > 0, 



= 5{X^ + ^iv). 

So we get the desired pinching estimate. □ 

Proposition 5.2.5 (cf. Hamilton [61j or ^65j ). Suppose that the initial 
metric of the solution to the Ricci flow on x [0, T) has positive Ricci 
curvature. Then for any e > we can find < +oo such that 



<eR + Ce 



for all subsequent t G [0, T). 



Proof. Again we consider the ODE system (5.2.2). Let be diago- 
nalized with eigenvalues A>/i>z^ati = 0. We saw in the proof of Lemma 
5.2.4 the inequalities X > ^ > v persist for t > Q. We only need to show 
that there are positive constants 5 and C such that the closed convex set 

K = { Map \ X-u <C{X + ^1 + u)^'^} 
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is preserved by the ODE. 
We compute 

d 



and 



^(A + // + z/) = (A + + i/)(A + 1/ - At) + 



+ + v) + A(/x - v) 

> {X + fi + + u - n) + 11^. 
Thus, without loss of generahty, we may assume A — > and get 

^ log(A -u) = X + i^-iJ, 

and ^ 
log(A + n + i^)>X + iy-n+ ^ 



dt ~ X + ji + u 

By Lemma 5.2.4, there exists a positive constant C depending only on the 
initial metric such that 

A < A + At < C(/Lt + u)< 2Cfi, 

A + z/ — /x<A + /x + t/< GC/j., 
and hence with e = 1/36C^, 

^ log(A + n + u)>{l + e)(A + t/ - /x). 



Therefore with (1 - ^) = 1/(1 + e), 

log((A - t/)/(A + /X + z/)!-^) < 0. 



dt 

This proves the proposition. □ 
We now are ready to prove Theorem 5.2.1. 

Proof of Theorem 5.2.1. Let M be a compact three-manifold with 
positive Ricci curvature and let the metric evolve by the Ricci flow. By 
Lemma 5.2.4 we know that there exists a positive constant /3 > such that 

Rij > PRgij 

for alH > as long as the solution exists. The scalar curvature evolves by 



2 



>AR+-R^, 

which implies, by the maximum principle, that the scalar curvature remains 
positive and tends to +00 in finite time. 
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We now use a blow up argument as in Section 4.3 to get the following 
gradient estimate. 

Claim. For any e > 0, there exists a positive constant < +oo such 
that for any time r > 0, we have 

3 

max max \ VRm(x, t)\ < e max max \Rm(x, t)| 2 + C^. 

We argue by contradiction. Suppose the above gradient estimate fails 
for some fixed Eq > 0. Pick a sequence Cj — +00, and pick points xj G M 
and times Tj such that 

3 

\VRm{xj, Tj)\ > eq max max \ Rm{x, t)| 2 + C,-, j = 1, 2, . . . . 

t<Tj xeM 

Choose Xj to be the origin, and pull the metric back to a small ball on the 
tangent space Txj M of radius Vj proportional to the reciprocal of the square 
root of the maximum curvature up to time Tj (i.e., maxt<7-^ maxxg /\i \Rjn{x. 
t)\). Clearly the maximum curvatures go to infinity by Shi's derivative esti- 
mate of curvature (Theorem 1.4.1). Dilate the metrics so that the maximum 
curvature 

max max \Rm{x, t)\ 
t<Tj xeM 

becomes 1 and translate time so that Tj becomes the time 0. By Theorem 
4.1.5, we can take a (local) limit. The limit metric satisfies 

|Vi?m(0,0)| > £0 > 0. 

However the pinching estimate in Proposition 5.2.5 tells us the limit metric 
has ^ 

Rij — -^Rgij = 0- 

By using the contracted second Bianchi identity 

^ViR = V^Rij = (^Rij - ^Rgij^ + ^ViR, 

we get 

ViR = and then ViRjk = 0. 
For a three-manifold, this in turn implies 

VRm = 

which is a contradiction. Hence we have proved the gradient estimate 
claimed. 

We can now show that the solution to the Ricci flow becomes round 
as the time t tends to the maximal time T. We have seen that the scalar 
curvature goes to infinity in finite time. Pick a sequence of points Xj G M 
and times Tj where the curvature at large as it has been anywhere 

for < t < Tj and Tj tends to the maximal time. Since |V-Rm| is very small 
compared to \Rm{xj,Tj)\ by the above gradient estimate and \Rij — ^Rgij\ 



HAMILTON-PERELMAN'S PROOF 



177 



is also very small compared to \Rm(xj,Tj)\ by Proposition 5.2.5, the cur- 
vature is nearly constant and positive in a large ball around xj at the time 
Tj. But then the Bonnet- Myers' theorem tells us this is the whole manifold. 
For j large enough, the sectional curvature of the solution at the time Tj 
is sufficiently pinched. Then it follows from the Klingenberg injectivity ra- 
dius estimate (see Section 4.2) that the injectivity radius of the metric at 
time Tj is bounded from below by c/ y^\Rm{xj,Tj)\ for some positive con- 
stant c independent of j. Dilate the metrics so that the maximum curvature 
\Rm{xj,Tj)\ = maXf<T-. max^^M \ Rm(x,t)\ becomes 1 and shift the time Tj 
to the new time 0. Then we can apply Hamilton's compactness theorem 
(Theorem 4.1.5) to take a limit. By the pinching estimate in Proposition 
5.2.5, we know that the limit has positive constant curvature which is either 
the round or a metric quotient of the round S^. Consequently, the com- 
pact three-manifold M is diffeomorphic to the round or a metric quotient 
of the round S^. □ 

Next we consider the pinching estimates of the Ricci flow on a compact 
four-manifold M with positive curvature operator. The arguments are taken 
Hamilton [61j. 

In dimension 4, we saw in Section 1.3 when we decompose orthogonally 
= © A^ into the eigenspaces of Hodge star with eigenvalue ±1, we 
have a block decomposition of as 



where A^, B"^, are the adjoints of 3 x 3 submatrices as before. 



corresponding to the PDE (5.2.1) breaks up into the system of three equa- 
tions 




and then 




Thus the ODE 




(5.2.3) 



j-^B = AB + BC + 2B*, 
dn = c'^ ^tBB + 2C*. 



As shown in Section 1.3, by the Bianchi identity, we know that ii A = trC. 
For the symmetric matrices A and C, we can choose an orthonormal basis 
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xi,X2,xs of A5_ such that 



/ ai \ 



A= 02 
V as J 
and an orthonormal basis zi,Z2, of such that 

/ ci \ 



c 



C2 
V C3 / 



For matrix we can choose orthonormal basis yf, vt lUt ^^"^ 2/i > 2/2 ' 

of such that 

(hi \ 



S = 



62 

V 63 / 



with < 61 < 62 < ^3- We may also arrange the eigenvalues of A and C 
as oi < 02 < as and ci < C2 < C3. In view of the advanced maximum 
principle Theorem 2.3.1, we only need to establish the pinching estimates 
for the ODE (5.2.3). 
Note that 

ai = 'uii{A{x,x) I X e A^ and |x| = 1}, 
03 = s\v£i{A(x,x) I X G A^ and \x\ = 1}, 
ci = 'mi{C{z,z) I z G A^ and \z\ = 1}, 
C3 = s\v£i{C{z,z) I z G A^ and |z| = 1}. 

We can compute their derivatives by Lemma 2.3.3 as follows: 



(5.2.4) 



^ f^ai > af + 6f + 20203, 
^03 < o| + 6| + 20102, 

|ci > cf + 6f + 2C2C3, 

I |c3 < ci + 6i + 2ciC2. 



We shall make the pinching estimates by using the functions 62 + ^3 and 
o — 26 + c, where = 01 + 02 + 03 = = 01 + 02+03 and 6 = 61 + 62 + ^'3- 
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Since 

62 + 63 = B{y+,y^) + B{y+,y^) 

= sup{5(y+,y") G A+ with |y+| = |y+| = 1, 
y^±y^, and y~ , y~ G A?_ with \y~\ = \y~\ = l,y~ ±y~}, 

We compute by Lemma 2.3.3, 

(5-2.5) ^(^2 + 63) < j^B{y+,y,) + j^Biy+,y,) 

= ABiy+,y^) + BC{y+,y^) + 2B*{y+,y^) 

+ ABiy+,y^) + BC{yt, y^) + 2B*{yt,y^) 
= h2A{y+,y+) + 62C(y^ , 2/2") + 26163 

+ 63.4(2/+, y+) + 63C(y^,y3 ) + 26162 
< 0262 + 0363 + 62C2 + 63C3 + 26162 + 26163, 

where wc used the facts that A(y2 ■,y2)'^'^{yt iVt) — ^2+03 and C(y^, y^)+ 

c{yz,yz) < C2 + C3. 

Note also that the function a = trA = c = trC is hnear, and the function 
6 is given by 

6 = B{y+, yl) + B{y+ ,y:^) + B{y+ ,y^) 

= sup [B{Tyt, fy^) + B{Tyt ,fy:,) + B{Ty+ , fy^) \ T, f are 

othogonal transformations of and A^ respectively |. 

Indeed, 

B{Ty+, fy^) + B{Ty+,fy^) + B{Ty+, fy^) 

= B{yt,T-'fiy^))+B{y+,T-'f{y^))+B{yt,T-'f{y^)) 
= bitii + 62^22 + 63*33 

where in, ^22, ^33 are diagonal elements of the orthogonal matrix T~^T with 
tii-,t22-,H3 < 1- Thus by using Lemma 2.3.3 again, we compute 

i.(a_26 + c)>tr ( ^A-2^B + ^c] 
dV \dt d.t dt J 

= tr {{A ~ Bf + {C- Bf + 2{A* - 2B* + C*)) 

evaluated in those coordinates where B is diagonal as above. Recalling the 
definition of Lie algebra product 
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with EaP'y being the permutation tensor, we see that the Lie algebra product 
7^ gives a symmetric bihnear operation on matrices, and then 

ti {2{A* - 2B* + C*)) 

= tr {{A - C)* + {A + 2B + C7)#(A -2B + C)) 

= -]^ir{A-Cf + \{tT{A-C)f 
+ tr {{A + 23 + C)#{A -2B + C)) 

= -^tr {A - Cf + tr {{A + 2B + C)#(^ -2B + C)) 

by the Bianchi identity. It is easy to check that 

tr [A - Bf + tr (C - Bf - ^tr {A - Cf = ^tr {A - 2B + Cf > 0. 

Thus we obtain 
d_ 
di 



^(a - 26 + c) > tr {{A + 2B + C)#(A - 2B + C)) 



Since M^p > and 




we see that A + 2B + C >0 and ^ - + C > 0, by applying M^p to the 
vectors (x,x) and (x, —x). It is then not hard to see 

tr {{A + 2B + C)#(A -2B + C)) > (ai + 2bi + ci)(a - 2b + c). 

Hence we obtain 

(5.2.6) ^(a -2b + c)> (oi + 2bi + ci)(a - 2b + c). 

We now state and prove the following pinching estimates of Hamilton 
for the associated ODE (5.2.3). 

Proposition 5.2.6 (Hamilton [61]). // we choose successively positive 
constants G large enough, H large enough, 5 small enough, J large enough, 
e small enough, K large enough, 6 small enough, and L large enough, with 
each depending on those chosen before, then the closed convex subset X of 
> 0} defined by the inequalities 

(1) {b2 + b3f <GaiCi, 

(2) as < Hai and C3 < Hci, 

(3) (62 + 63)2+'^ < Jaiciia - 26 + c)^ 

(4) (62 + 63)2+^ <i^aici, 

(5) 03 < ai + La\~^ and C3 < ci + -Lc];^^, 

is preserved by ODE (5.2.3). Moreover every compact subset of {M^p > 0} 
lies in some such set X. 
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Proof. Clearly the subset X is closed and convex. We first note that 
we may assume 62 + ^'a > because if 62 + ^3 = 0, then from (5.2.5), 62 + ^3 
will remain zero and then the inequalities (1), (3) and (4) concerning 62 + ^3 
are automatically satisfied. Likewise we may assume 03 > and C3 > from 
(5.2.4). 

Let G be a fixed positive constant. To prove the inequality (1) we only 
need to check 

^ ^ dt ^{b2 + b3y 

whenever (62 + ^3)^ = GaiCi and 62 + ^3 > 0. Indeed, it follows from (5.2.4) 
and (5.2.5) that 

5.2.8 — logai >26i + 2a3 + ^^ ^ + 2— 02 - ai , 

dt ai ai 

(5.2.9) ^ log ci > 2bi + 2c3 + i£i^^ + 2^(C2 - d), 
dt ci ci 

and 

(5.2.10) ^ log(62 + 63) < 26i + 03 + C3 - 7-^1(03 - 02) + (C3 - C2)], 
at 02 + 03 

which immediately give the desired inequality (5.2.7). 
By (5.2.4), we have 

d , 6i 2ai , 

(5.2.11) — log 03 < 03 + 2ai + ^ -{as- 02). 

at 03 03 

Prom the inequality (1) there holds 63 < Gaici. Since tr A = tvC, ci < 
ci + C2 + C3 = oi + a2 + 03 < 803 which shows 

^ < 3Gai. 

03 

Thus by (5.2.8) and (5.2.11), 

^log^<(3G + 2)ai-a3. 
dt ai 

So ii H > {3G + 2) , then the inequalities as < Ha\ and likewise C3 < Hc\ 
are preserved. 

For the inequality (3), we compute from (5.2.8)-(5.2.10) 

d, aici (ai-6i)2 (ci - 61)^ 03 \ , 1 ^ 

T+ , ^2 ^ + + 2— 02 - ai + 2— C2 - ci) 

(62 + 03)"= ai ci ai ci 

+ . [("3 - 02) + (C3 - C2)]. 

O2 + O3 

If 61 < ai/2, then 

(oi - 61)^ ai 1 
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and if bi > ai/2, then 



262 ^ 262 ^ 262 ^ 262 ^ 



dt 62 + O3' 



62 + ^'s ~ VGaiCi - V^Gaias ~ VSGiJ • ai ~ VSGiJ' 
Thus by combining with 803 > C3, we have 

d aici 

provided b < min(^^, ^^q^j )- On the other hand, it follows from (5.2.6) 
and (5.2.10) that 

4 log ti!^^ - (^^3 - ai) + (C3 - Cl). 

at a — 2b + c 
Therefore the inequality (3) 

{b2 + b3f+^ <JaiCi{a-2b + cY 

will be preserved by any positive constant J. 

To verify the inequality (4), we first note that there is a small rj > 
such that 

b<{l-v)a, 

on the set defined by the inequality (3). Indeed, if 6 < ^, this is trivial and 
if 6> §, then 



© <{b, + b,f^'<2'ja\a-bf 



.3> 

which makes 6 < (1 — 77)0 for some 77 > small enough. Consequently, 

rja < a — b < 3(03 — 61) 

which implies either 

1 

as - «! > -^Va, 
6 

or ^ 

ai - ^'i > ■^rja- 
6 

Thus as in the proof of the inequality (3), we have 

d , aiCi 

dt^^'^-ih^-^"''"'^ 

and 

d_ aiCi (ai - 61)^ 

°^ (62 + 63)2 - ai ' 

which in turn implies 

d aiCi / f 1 r 1 

^'°'(6^T6^-r'n6^'^ 

On the other hand, it follows from (5.2.10) that 
d 



V'^> ] - a. 



log(62 + bs) < 2bi + 03 + C3 < 4a 
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since Mq,^ > 0. Then if e > is small enough 

d , aici 

and it follows that the inequality (4) is preserved by any positive K. 
Finally we consider the inequality (5). From (5.2.8) we have 

d , 

— log ai>ai+ 2a3 
at 

and then for 6 G (0, 1), 

- log(ai + La\-') > ^ ^ (ai + 203). 

"I ai + La^ 

On the other hand, the inequality (4) tells us 

bj < Ka\~'^a3 

for some positive constant K large enough with 9 to be fixed small enough. 
And then 

^ log as < a3 + 2ai+Kal^^, 
at 

by combining with (5.2.11). Thus by choosing 9 < and L > 2K, 

- log ^— > (as - ai) - 9 TT^e («i + 2^3) - Ka\'' 

at as ai + La^ 

> (as - ai) - • 3Hai - Ka]-'^ 

ai + Lai 

> (as - ai) - (Se/ZL + i?)aj-^ 
= [L - (30/7L + i^)]aj-^ 

> 

whenever ai + La\^^ = 03. Consequently the set {ai + La\^^ > as} is 
preserved. A similar argument works for the inequality in C . This completes 
the proof of Proposition 5.2.6. □ 

The combination of the advanced maximum principle Theorem 2.3.1 and 
the pinching estimates of the ODE (5.2.3) in Proposition 5.2.6 immediately 
gives the following pinching estimate for the Ricci flow on a compact four- 
manifold. 

Corollary 5.2.7 (Hamilton |61j ). Suppose that the initial metric of the 
solution to the Ricci flow on a compact four-manifold has positive curvature 
operator. Then for any e > we can find positive constant < +00 such 
that 

\Rm\ <eR + Ce 
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o 

for all t > as long as the solution exists, where Rm is the traceless part of 
the curvature operator. 



Proof of Theorem 5.2.2. Let M be a compact four-manifold with 
positive curvature operator and let us evolve the metric by the Ricci flow. 
Again the evolution equation of the scalar curvature tells us that the scalar 
curvature remains positive and becomes unbounded in finite time. Pick a 
sequence of points Xj G M and times Tj where the curvature at Xj is as large 
as it has been anywhere for < t < Tj. Dilate the metrics so that the max- 
imum curvature \Rm{xj,Tj)\ = max.t<Tj max^^eAf |-Rm(x,t)| becomes 1 and 
shift the time so that the time Tj becomes the new time 0. The Klingenberg 
injectivity radius estimate in Section 4.2 tells us that the injectivity radii of 
the rescaled metrics at the origins Xj and at the new time are uniformly 
bounded from below. Then we can apply the Hamilton's compactness theo- 
rem (Theorem 4.1.5) to take a limit. By the pinching estimate in Corollary 
5.2.7, we know that the limit metric has positive constant curvature which is 
either or MP"^. Therefore the compact four-manifold M is diffeomorphic 
to the sphere S'^ or the real projective space MP^. □ 



Remark 5.2.8. The proofs of Theorem 5.2.1 and Theorem 5.2.2 also 
show that the Ricci flow on a compact three-manifold with positive Ricci 
curvature or a compact four-manifold with positive curvature operator is 
subsequentially converging (up to scalings) in the C°° topology to the same 
underlying compact manifold with a metric of positive constant curvature. 
Of course, this subsequential convergence is in the sense of Hamilton's com- 
pactness theorem (Theorem 4.1.5) which is also up to the pullbacks of diffeo- 
morphisms. Actually in [60] and [61], Hamilton obtained the convergence in 
the stronger sense that the (rescaled) metrics converge (in the C°° topology) 
to a constant (positive) curvature metric. 

In the following we use Hamilton's strong maximum principle (Theorem 
2.2.1) to prove Theorem 5.2.3. 

Proof of Theorem 5.2.3. In views of Theorem 5.2.1 and Theorem 
5.2.2, we may assume the Ricci curvature (in dimension 3) and the curvature 
operator (in dimension 4) always have nontrivial kernels somewhere along 
the Ricci flow. 

(i) In the case of dimension 3, we consider the evolution equation (1.3.5) 
of the Ricci curvature 

Jf^ = ^Rab + '^RacbdRcd 
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in an orthonormal frame coordinate. At each point, we diagonalize Rab with 
eigenvectors 61,62,63 and eigenvalues Ai < A2 < A3. Since 

RicidRcd = -R1212-R22 + -R1313-R33 

= ^((A3-A2)2 + Ai(A2 + A3)), 

we know that if R^b > 0, then RacbdRcd ^ 0. By Hamilton's strong maximum 
principle (Theorem 2.2.1), there exists an interval < i < 5 on which the 
rank of Rab is constant and the null space of Rab is invariant under parallel 
translation and invariant in time and also lies in the null space of RacbdRcd- 
If the null space of Rab has rank one, then Ai = and A2 = A3 > 0. 
In this case, by De Rham decomposition theorem, the universal cover M 
of the compact M splits isometrically as M x and the curvature of 
has a positive lower bound. Hence is diffeomorphic to S^. Assume 
M = M X S^/r, for some isometric subgroup F of M x S^. Note that T 
remains to be an isometric subgroup of M x during the Ricci flow by the 
uniqueness (Theorem 1.2.4). Since the Ricci flow on M x S^/F converges to 
the standard metric by Theorem 5.1.11, F must be an isometric subgroup 
of M X in the standard metric. If the null space of Rah has rank greater 
than one, then Rab = and the manifold is flat. This proves Theorem 5.2.3 
part (i). 

(ii) In the case of dimension 4, we classify the manifolds according to 
the (restricted) holonomy algebra Q. Note that the curvature operator has 
nontrivial kernel and Q is the image of the the curvature operator, we see 
that ^ is a proper subalgebra of so(4). We divide the argument into two 
cases. 

Case 1. ^ is reducible. 

In this case the universal cover M splits isometrically as Mi x M2. By 
the above results on two and three dimensional Ricci flow, we see that M 
is diffeomorphic to a quotient of one of the spaces M^, M x S^, x 

X by a group of fixed point free isometrics. As before by running the 
Ricci flow until it converges and using the uniqueness (Theorem 1.2.4), we 
see that this group is actually a subgroup of the isometries in the standard 
metrics. 

Case 2. Q is not reducible (i.e., irreducible). 

If the manifold is not Einstein, then by Berger's classification theorem 
for holonomy groups ^ = so(4) or u{2). Since the curvature operator is 
not strictly positive, Q = u{2), and the universal cover M of M is Kiihler 
and has positive bisectional curvature. In this case M is biholomorphic to 
CP^ by the result of Andreotti-Frankel [49] (also cf. Mori [TOO] and Siu-Yau 

[m]). 

If the manifold is Einstein, then by the block decomposition of the cur- 
vature operator matrix in four-manifolds (see the third section of Chapter 



186 



H.-D. CAO AND X.-P. ZHU 



1), 

Rm{K\,K^_) = 0. 

Let / 0) a-nd 

(/? = (^+ + V3_ G A+ © A^, 
lies in the kernel of the curvature operator, then 

= Rm{ip+, ifj^) + Rm{ip- j V-)- 

It follows that 

i?m(99-(., = 0, and i?m(93_, = 0. 

We may assume ^ (the argument for the other case is similar). We 
consider the restriction of Rm to A^, since A^ is an invariant subspace of 
Rm and the intersection of A^ with the null space of Rm is nontrivial. By 
considering the null space of Rm and its orthogonal complement in A^, we 
obtain a parallel distribution of rank one in A^. This parallel distribution 
gives a parallel translation invariant two-form uj G A^ on the universal cover 
M of M. This two-form is nondegenerate, so it induces a Kahler structure 
of M. Since the Kahler metric is parallel with respect to the original metric 
and the manifold is irreducible, the Kahler metric is proportional to the 
original metric. Hence the manifold M is Kahler-Einstein with nonnegative 
curvature operator. Taking into account the irreducibility of ^, it follows 
that M is biholomorphic to CP^. Therefore the proof of Theorem 5.2.3 is 
completed. □ 

To end this section, we mention some generalizations of Hamilton's dif- 
ferential sphere theorem (Theorem 5.2.1 and Theorem 5.2.2) to higher di- 
mensions. 

It is well-known that the curvature tensor Rm = {Rijki} of a Riemannian 
manifold can be decomposed into three orthogonal components which have 
the same symmetries as Rm: 

Rm = W + V + U. 

Here W = {Wijki} is the Weyl conformal curvature tensor, whereas V = 
{Viiki} and U = {Uijki} denote the traceless Ricci part and the scalar cur- 
vature part respectively. The following pointwisely pinching sphere theorem 
under the additional assumption that the manifold is compact was first ob- 
tained by Huisken [73], Margerin |86j . |87j and Nishikawa |105j by using 
the Ricci flow. The compactness assumption was later removed by Chen 
and the second author in }31j . 

Theorem 5.2.9. Let n > 4. Suppose M is a complete n- dimensional 
manifold with positive and hounded scalar curvature and satisfies the point- 
wisely pinching condition 

\W\^ + \V\^ <5n{l-ef\U\'^, 
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where e > 0,84 = -^,65 = j^, and 

= 7 — --TT^n > 6. 

[n — 2)[n + I) 

Then M is dijjeomorphic to the sphere S" or a quotient of it by a finite 
group of fixed point free isometries in the standard metric. 

Also, using the minimal surface theory, Micallef and Moore |91j proved 
any compact simply connected n-dimensional manifold with positive curva- 
ture operator is homeomorphicQ to the n-sphere S". 

Finally, in |31j . Chen and the second author also used the Ricci flow to 
obtain the following flatness theorem for noncompact three-manifolds. 

Theorem 5.2.10. Let M he a three-dimensional complete noncompact 
Riemannian manifold with hounded and nonnegative sectional curvature. 
Suppose M satisfies the following Ricci pinching condition 

Rij > eRgij, on M, 

for some e > 0. Then M is flat. 



5.3. Nonsingular Solutions on Three-manifolds 

We have seen in the previous section that a good understanding of the 
long time behaviors for solutions to the Ricci flow could lead to remarkable 
topological or geometric consequences for the underlying manifolds. Since 
one of the central themes of the Ricci flow is to study the geometry and 
topology of three-manifolds, we will start to analyze the long time behavior 
of the Ricci flow on a compact three-manifold. Here, we shall first consider a 
special class of solutions, the nonsingular solutions (see the definition below). 
The main purpose of this section is to present Hamilton's important result 
in |67j that any compact three-manifold admitting a nonsingular solution 
is geometrizable in the sense of Thurston [126]. Most of the presentation is 
based on Hamilton [67j. 

Let M be a compact three-manifold. We will consider the (unnormal- 
ized) Ricci flow 

and the normalized Ricci flow 

d_ _2 



Very recently, Bohm and Wilking jSj have proved, by using the Ricci flow, that a 
compact simply connected n-dimensional manifold with positive (or 2-positive) curvature 
operator is diffeomorphic to §". This gives an affirmative answer to a long-standing 
conjecture of Hamilton. 
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where r = r{t) is the function of the average of the scalar curvature. Recah 
that the normahzed flow differs from the unnormalized flow only by rescaling 
in space and time so that the total volume V = Jj^dn remains constant. 
As we mentioned before, in this section we only consider a special class of 
solutions that we now define. 

Definition 5.3.1. A nonsingular solution of the Ricci flow is one 
where the solution of the normalized flow exists for all time < t < oo, and 
the curvature remains bounded \Rm\ < C < +oo for all time with some 
constant C independent of t. 

Clearly any solution to the Ricci flow on a compact three-manifold with 
nonnegative Ricci curvature is nonsingular. Currently there are few condi- 
tions which guarantee a solution will remain nonsingular. Nevertheless, the 
ideas and arguments of Hamilton [67] as described below is extremely im- 
portant. One will see in Chapter 7 that these arguments will be modified to 
analyze the long-time behavior of arbitrary solutions, or even the solutions 
with surgery, to the Ricci flow on three-manifolds. 

We begin with an improvement of Hamilton-Ivey pinching result (The- 
orem 2.4.1). 

Theorem 5.3.2 (Hamilton [67J). Suppose we have a solution to the 
{unnormalized) Ricci flow on a three-manifold which is complete with 
bounded curvature for each t > 0. Assume at t = the eigenvalues A > 
l^^i^ of the curvature operator at each point are hounded below by u > —1. 
Then at all points and all times t >0 we have the pinching estimate 

i?> (-i^)[log(-i/) + log(l + t)-3] 

whenever u < 0. 

Proof. As before, we study the ODE system 

(d\ ^2 

du 2 

Consider again the function 

y = f{x) = x{\ogx- 3) 

for e^ < X < +00, which is increasing and convex with range — < y < +oo. 
Its inverse function x = f~^{y) is increasing and concave on — < 2/ < +oo. 
For each t > 0, we consider the set K{t) of 3 x 3 symmetric matrices defined 
by the inequalities: 

(5.3.1) A + ^ + z.>-^, 
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and 

(5.3.2) 1/(1 + t) + f-\{\ + iJ + u){l+t))> 0, 

which is closed and convex (as we saw in the proof of Theorem 2.4.1). By the 
assumptions at t = and the advanced maximmn principle Theorem 2.3.5, 
we only need to check that the set K{t) is preserved by the ODE system. 
Since R = X + fi + v, we get from the ODE that 

dR 2 , 1 , 

17 ^ 3^^ 3^ 



which implies that 



R > , for all t > 0. 

- 1 + t' 



Thus the first inequality (5.3.1) is preserved. Note that the second inequality 
(5.3.2) is automatically satisfied when (— J^) < 3/(1 + t). Now we compute 
from the ODE system, 



, . dR ,^ , ..d(-iy) 



>(-^) 



> 



(1+0 

>^[log(l + t)-3] 

whenever R = {-iy)[log{-u) + log(l + t) - 3] and (-i/) > 3/(1 + t). Thus 
the second inequality (5.3.2) is also preserved under the system of ODE. 
Therefore we have proved the theorem. □ 

Denote by 

p{t) = max{inj {x,gij{t)) \ x G M} 
where in] (x , gij (t)) is the injectivity radius of the manifold M at x with 
respect to the metric gij{t). 

Definition 5.3.3. We say a solution to the normalized Ricci flow is 
collapsed if there is a sequence of times +oo such that p{tk) ^ as 
k — > +00. 

When a nonsingular solution of the Ricci flow on M is collapsed, it 
follows from the work of Cheeger-Gromov [25[ I26j or Cheeger-Gromov- 
Fukaya |27j that the manifold M has an .F-structure and then its topology 
is completely understood. Thus, in the following, we always assume our 
nonsingular solutions are not collapsed. 

Now suppose that we have a nonsingular solution which does not col- 
lapse. Then for arbitrary sequence of times — > oo, we can find a sequence 
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of points Xj and some > so that the injectivity radius of M at xj in the 
metric at time tj is at least 6. Clearly the Hamilton's compactness theorem 
(Theorem 4.1.5) also holds for the normalized Ricci flow. Then by taking 
the Xj as origins and the tj as initial times, we can extract a convergent 
subsequence. We call such a limit a noncoUapsing limit. Of course the 
limit has also finite volume. However the volume of the limit may be smaller 
than the original one if the diameter goes to infinity. 



The main result of this section is the following theorem of Hamilton [67 



Theorem 5.3.4 (Hamilton [67J). Let gij{t), < t < +oo, be a non- 
coUapsing nonsingular solution of the normalized Ricci flow on a compact 
three-manifold M . Then either 

(i) there exist a sequence of times t^ +oo and a sequence of diffeo- 
morphisms (pk '■ M ^ M so that the pull-hack of the metric gij{tk) 
by ifk converges in the C°° topology to a metric on M with constant 
sectional curvature; or 

(ii) we can find a finite collection of complete noncompact hyperbolic 
three-manifolds Tii, . . . ,TCm with finite volume, and for all t be- 
yond some time T < +cxd we can find compact subsets Ki, . . . , Km 
of Til, . . . ,Ti.m respectively obtained by truncating each cusp of the 
hyperbolic manifolds along constant mean curvature torus of small 
area, and diffeomorphisms <pi{t), 1 < I < m, of Ki into Af so that 
as long as t sufficiently large, the pull-back of the solution metric 
gij(t) by ipi{t) is as close as to the hyperbolic metric as we like on 
the compact sets Ki, . . . ,Km; and moreover if we call the excep- 
tional part of M those points where they are not in the image of 
any (pi, we can take the injectivity radii of the exceptional part at 
everywhere as small as we like and the boundary tori of each Ki 
are incompressible in the sense that each ipi injects ■7Ti{dKi) into 



Remark 5.3.5. The exceptional part has bounded curvature and arbi- 
trarily small injectivity radii everywhere as t large enough. Moreover the 
boundary of the exceptional part consists of a finite disjoint union of tori with 
sufficiently small area and is convex. Then by the work of Cheeger-Gromov 
[25], [26j or Cheeger-Gromov- Fukaya |27j . there exists an .7^-structure on 
the exceptional part. In particular, the exceptional part is a graph manifold, 
which have been topologically classified. Hence any nonsingular solution 
to the normalized Ricci flow is geometrizable in the sense of Thurston 
(see the last section of Chapter 7 for details). 

The rest of this section is devoted to the proof of Theorem 5.3.4. We 
now present the proof given by Hamilton [67J and will divide his arguments 
in [67j into the following three parts. 




7ri(M). 



Part I: Subsequence Convergence 
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According to Lemma 5.1.1, the scalar curvature of the normahzed flow 
evolves by the equation 

d 2 

(5.3.3) —R = AR + 2\Ric\^--rR 

= Ai? + 2| Ric |2 + \r{R - r) 

o 

where Ric is the traceless part of the Ricci tensor. As before, we denote by 
-Rmin(^) = riiina:eM R{x^ t). It then follows from the maximum principle that 

d 2 

(5.3.4) '^Rmin ^ '^Rm'm{Rmm ~ ^)) 

which imphes that if i?min < it must be nondecreasing, and if i?min > it 
cannot go negative again. We can then divide the noncollapsing solutions 
of the normalized Ricci flow into three cases. 

Case (1): Rmm{t) > for some t > 0; 

Case (2): Rmm{t) < for all t e [0, +oo) and lim Rmm{t) = 0; 
Case (3): i?mm(i) < for all t G [0, +oo) and lim i?mm(i) < 0. 

t—^+00 

Let us flrst consider Case (1). In this case the maximal time interval 
[0, T) of the corresponding solution of the unnormalized flow is finite, since 
the unnormalized scalar curvature R satisfies 

d 

—R = AR + 2\Ric\'^ 

> AR + -R^ 
3 

which implies that the curvature of the unnormalized solution blows up in 
finite time. Without loss of generality, we may assume that for the initial 
metric at t = 0, the eigenvalues A > /i > P of the curvature operator are 
bounded below by i> > —1. It follows from Theorem 5.3.2 that the pinching 
estimate 

i?> (-P)[log(-P)+log(l + t)-3] 

holds whenever z> < 0. This shows that when the unnormalized curvature 
big, the negative ones are not nearly as large as the positive ones. Note that 
the unnormalized curvature becomes unbounded in finite time. Thus when 
we rescale the unnormalized flow to the normalized flow, the scaling factor 
must go to infinity. In the nonsingular case the rescaled positive curvature 
stay finite, so the rescaled negative curvature (if any) go to zero. Hence we 
can take a noncollapsing limit for the nonsingular solution of the normalized 
fiow so that it has nonnegative sectional curvature. 

Since the volume of the limit is finite, it follows from a result of Calabi 
and Yau (cf. }116 j) that the limit must be compact and the limiting manifold 
is the original one. Then by the strong maximum principle as in the proof of 
Theorem 5.2.3 (i), either the limit is fiat, or it is a compact metric quotient 



192 



H.-D. CAO AND X.-P. ZHU 



of the product of a positively curved surface with M, or it has strictly 
positive curvature. By the work of Schoen-Yau [114] . a flat three-manifold 
cannot have a metric of positive scalar curvature, but our manifold does in 
Case (1). This rules out the possibility of a flat limit. Clearly the limit is also 
a nonsingular solution to the normalized Ricci flow. Note that the curvature 
of the surface has a positive lower bound and is compact since it comes 
from the lifting of the compact limiting manifold. From Theorem 5.1.11, 
we see the metric of the two-dimensional factor Y? converges to the round 
two-sphere in the normalized Ricci flow. Note also that the normalized 
factors in two-dimension and three-dimension are different. This implies that 
the compact quotient of the product x M cannot be nonsingular, which 
is also ruled out for the limit. Thus the limit must have strictly positive 
sectional curvature. Since the convergence takes place everywhere for the 
compact limit, it follows that as t large enough the original nonsingular 
solution has strictly positive sectional curvature. This in turn shows that 
the corresponding unnormalized flow has strictly positive sectional curvature 
after some finite time. Then in views of the proof of Theorem 5.2.1, in 
particular the pinching estimate in Proposition 5.2.5, the limit has constant 
Ricci curvature and then constant sectional curvature for three-manifolds. 
This finishes the proof in Case (1). 

We next consider Case (2). In this case we only need to show that we 
can take a noncollapsing limit which has nonnegative sectional curvature. 
Indeed, if this is true, then as in the previous case, the limit is compact and 
either it is flat, or it splits as a product (or a quotient of a product) of a 
positively curved S"^ with a circle S"^ , or it has strictly positive curvature. 
But the assumption i?min(i) ^ for all times t > in this case implies the 
limit must be flat. 

Let us consider the corresponding unnormalized flow gij{t) associated to 
the noncollapsing nonsingular solution. The pinching estimate in Theorem 
5.3.2 tells us that we may assume the unnormalized flow gij{t) exists for 
all times < t < -|-oo, for otherwise, the scaling factor approaches inflnity 
as in the previous case which implies the limit has nonnegative sectional 
curvature. The volume V{t) of the unnormalized solution gij{t) now changes. 
We divide the discussion into three subcases. 

Subcase (2.1): there is a sequence of times — > -|-oo such that V{tk) 
+oo; 

Subcase (2.2): there is a sequence of times ik — > -|-oo such that y(tfc) 

0; 

Subcase (2.3): there exist two positive constants Ci, C2 such that Ci < 
V{t) < C2 for all < t < +00. 
For Subcase (2.1), because 



HAMILTON-PERELMAN'S PROOF 



193 



we have 

loff — = — r(t)dt — > +00, as k ^ +00, 

V{0) Jo 

which imphes that there exists another sequence of times, still denoted by 
ik, such that +00 and r{ik) < 0. Let be the corresponding times for 
the normalized flow. Thus there holds for the normalized flow 

i^itk) Oj as k ^ 00, 
since > r{tk) > -Rmin(ifc) — as A; — +00. Then 

{R - Rm.in)diJL{tk) = {r{tk) - Rmui{tk))V ^0, as ^ oo. 

As we take a noncollapsing limit along the time sequence t^, we get 

/ Rdif° = 

for the limit of the normalized solutions at the new time t = 0. But i? > 
for the limit because lim i?min(i) = for the nonsingular solution. So 

t— >+oo 

i? = at t = for the limit. Since the limit flow exists for — oo < t < +oo 
and the scalar curvature of the limit flow evolves by 
d 2 

—R = AR + 2\Ric\'^--r°°R, tG(-oo,+oo) 
ot 3 

where r°° is the limit of the function r{t) by translating the times tk as the 

new time t = 0. It follows from the strong maximum principle that 

R = 0, on X (-oo,+oo). 

This in turn implies, in view of the above evolution equation, that 

Ric = 0, on M°° x (-oo,+cx)). 

Hence this limit must be flat. Since the limit M°° is complete and has 
finite volume, the flat manifold M°° must be compact. Thus the underlying 
manifold M°° must agree with the original M (as a topological manifold). 
This says that the limit was taken on M. 

For Subcase (2.2), we may assume as before that for the initial metric 
at t = of the unnormalized flow gij{t), the eigenvalues X > jl > v' oi the 
curvature operator satisfy u > —1. It then follows from Theorem 5.3.2 that 

R > {-i>)[log{-i>) + log(l + 1) - 3], for aU t>0 

whenever P < 0. 

Let tk be the sequence of times in the normalized flow which corresponds 
to the sequence of times tk- Take a noncollapsing limit for the normalized 
flow along the times tk- Since V{ik) — 0, the normalized curvatures at the 
times tk are reduced by multiplying the factor {V{tk))^- We claim the non- 
collapsing limit has nonnegative sectional curvature. Indeed if the maximum 
value of (— z>) at the time tk does not go to infinity, the normalized eigenvalue 
—u at the corresponding time tk must get rescaled to tend to zero; while if 
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the maximum value of (— t') at the time does go to infinity, the maximum 
value of R at will go to infinity even faster from the pinching estimate, 
and when we normalize to keep the normalized scalar curvature R bounded 
at the time so the normalized {—i') at the time will go to zero. Thus 
in either case the noncollapsing limit has nonnegative sectional curvature at 
the initial time t = and then has nonnegative sectional curvature for all 
times t >0. 

For Subcase (2.3), normalizing the flow only changes quantities in a 
bounded way. As before we have the pinching estimate 

R>{-u)[log{-iy) + log{l + t)-C] 

for the normalized Ricci flow, where C is a positive constant depending only 
on the constants Ci, C2 in the assumption of Subcase (2.3). If 



1 + t 



for any flxed positive constant A, then (—1^) as t ^ +00 and we can 
take a noncollapsing limit which has nonnegative sectional curvature. On 
the other hand if we can pick a sequence of times tk ^ 00 and points Xk 
where {—iy){xk-,tk) = max(— z/)(3;, tfc) satisfies 

{-v){xk,tk){l + tk) ^ +CO, as A; ^ +00, 
then from the pinching estimate, we have 
R{xk,tk) 



-v){Xk,tk) 



+00, as k ^ +00. 



But R{xk,tk) are uniformly bounded since normalizing the flow only changes 
quantities in bounded way. This shows sup(— z/)(-, t^) as k ^ +00. 
Thus we can take a noncollapsing limit along tk which has nonnegative 
sectional curvature. Hence we have completed the proof of Case (2). 

We now come to the most interesting Case (3) where Rmin increases 
monotonically to a limit strictly less than zero. By scaling we can assume 

Rmin{t) —6 as t ^ +00. 

Lemma 5.3.6 (Hamilton |67j ). In Case (3) where Rmin — > —6 as t ^ 
+00, all noncollapsing limit are hyperbolic with constant sectional curvature 



-1. 



Proof. By (5.3.4) and the fact Rmm{t) < —6, we have 

^Rminit) > 4{r{t) - Rminit)) 

at 



and 



/>oo 

/ (r(t) - Rm\n{t))dt < +00. 
Jo 
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Since r{t) — -Rmin(i) > and Rmin{t) —6 as t — > +oo, it follows that the 
function r{t) has the limit 

r = —6, 

for any convergent subsequence. And since 

[ (R- i?min(t))d/X = (r(t) - i?min(t)) " V, 

Jm 

it then follows that 

R= —6 for the limit. 
The limit still has the following evolution equation for the limiting scalar 
curvature 

d ° 2 

= AR + 2|RicP + -R(R - r). 
ot 3 

Since R = r = —6 in space and time for the limit, it follows directly that 

o 

|Ric| = for the limit. Thus the limit metric has \ = ji = v = —2, so it has 
constant sectional curvature —1 as desired. □ 

If in the discussion above there exists a compact noncollapsing limit, then 
we know that the underlying manifold M is compact and we fall into the 
conclusion of Theorem 5.3.4(i) for the constant negative sectional curvature 
limit. Thus it remains to show when every noncollapsing limit is a complete 
noncompact hyperbolic manifold with finite volume, we have conclusion (ii) 
in Theorem 5.3.4. 

Now we first want to find a finite collection of persistent complete non- 
compact hyperbolic manifolds as stated in Theorem 5.3.4 (ii). 

Part II: Persistence of Hyperbolic Pieces 

We begin with the definition of the topology of C°° convergence on 
compact sets for maps F : AI ^ N of one Riemannian manifold to another. 
For any compact set K CC M and any two maps F, G : M — > iV, we define 

dK{F,G) = sup d{F{x),G{x)) 
xeK 

where d{y,z) is the geodesic distance from y to z on N. This gives the 
^loc topology for maps between M and A^. To define Cj'^^ topology for any 
positive integer k > 1, we consider the fe-jet space j'^M of a manifold M 
which is the collection of all 

(x, J , J , . . . , J ) 

where a: is a point on M and J* is a tangent vector for 1 < z < A; defined by 
the z*'* covariant derivative J* = V'^7(0) for a path 7 passing through the 

di 

point X with 7(0) = x. A smooth map F : M ^ N induces a map 

J'^F : J'^M J^N 

defined by 

j'^F{x, J\...,J^) = V a (F(7))(0), . . . , Vi (F(7))(0)) 

at at 
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where 7 is a path passing through the point x with J* = V'g 7(0), 1 <i <k. 

dt 

Define the k-jet distance between F and G on a compact set K CC M 

by 

dc^{K){P^G) = d^jk^iJ F,J G) 
where BJ^K consists of all fc-jets {x, J^, . . . , J^) with x ^ K and 

|J^P + |J^|^ + --- + |J''|^ < 1. 

Then the convergence in the metric d^kf^j^^ for all positive integers k and all 
compact sets K defines the topology of G°° convergence on compact sets for 
the space of maps. 

We will need the following Mostow type rigidity result (cf. Corollary 
8.3 of [67J). 

Lemma 5.3.7. For any complete noncompact hyperbolic three-manifold 
7i with finite volume with metric h, we can find a compact set tCofTi such 
that for every integer k and every e > 0, there exist an integer q and a 6 > 
with the following property: if F is a diffeomorphism of /C into another 
complete noncompact hyperbolic three-manifold TC with no fewer cusps (than 
TC), finite volume with metric h such that 

\\F*h-h\\c.iic)<S 

then there exists an isometry lofTCtoH such that 

Proof. This version of Mostow rigidity is given by Hamilton (cf. section 
8 of [67]). The following argument is in part based on the Editors' notes in 
p.323-324 of [T8] . 

First we claim that TC is isometric to 7i for an appropriate choice of 
compact set IC, positive integer q and positive number 6. Let I : Ti ^ Mhe a 
function defined at each point by the length of the shortest non-contractible 
loop starting and ending at this point. Denote the Margulis constant by 
Then by Margulis lemma (see for example j57j or |78| ). for any < Eq < ^A*! 
the set Z~^([0,eo]) C H consists of finitely many components and each of 
these components is isometric to a cusp or to a tube. Topologically, a tube 
is just a solid torus. Let £q be even smaller than one half of the minimum 
of the lengths of the all closed geodesies on the tubes. Then /~^([0,eo]) 
consists of finite number of cusps. Set ICq = 1~^{[£q, 00)). The boundary 
of ICq consists of flat tori with constant mean curvatures. Note that each 
embedded torus in a complete hyperbolic three-manifold with finite volume 
either bounds a solid torus or is isotopic to a standard torus in a cusp. 
The diffeomorphism F implies the boundary F(dlCo) are embedded tori. If 
one of components bounds a solid torus, then as 6 sufficiently small and q 

sufficiently large, Ti. would have fewer cusps than 7i, which contradicts with 

00 

our assumption. Consequently, H is diffeomorphic to F(/Co). Here ICq is the 



HAMILTON-PERELMAN'S PROOF 



197 



o 

interior of the set /Co • Since Ti is diffeomorphic to /Co , W is diffeomorphic to 
H. Hence by Mostow's rigidity theorem (see |101j and TL is isometric 

to n. 

So we can assume li. = TL. For /C = /Co, we argue by contradiction. 
Suppose there is some A: > and e > so that there exist sequences of 
integers qj — > oo, 5j — > O"'' and diffeomorphisms Fj mapping /C into Ti with 

\\F*h-h\\ci,(^K:) < 

and 

dc^(lC){Fj,I) > e 

for all isometrics / of W to itself. We can extract a subsequence of Fj 
convergent to a map F^o with F^h = /i on /C. 

We need to check that Fqo is still a diffeomorphism on /C. Since Fqo is 
a local diffeomorphism and is the limit of diffeomorphisms, we can find an 

o o 

inverse of F^o on Foo(/C). So F^o is a diffeomorphism on /C. We claim the 
image of the boundary can not touch the image of the interior. Indeed, if 

o o 

Foo{xi) = Foo{x2) with xi G dfC and X2 G /C, then we can find 0:3 G /C 

o 

near xi and x^ £ IC near X2 with ^00(3:3) = -^00(2^4), since Fqo is a local 
diffeomorphism. This contradicts with the fact that F^o is a diffeomorphism 

o 

on /C. This proves our claim. Hence, the only possible overlap is at the 
boundary. But the image Foo{dlC) is strictly concave, this prevents the 
boundary from touching itself. We conclude that the mapping F^o is a 
diffeomorphism on fC, hence an isometry. 

To extend F^c to a global isometry, we argue as follows. For each trun- 
cated cusp end of /C, the area of constant mean curvature flat torus is strictly 
decreasing. Since F^o takes each such torus to another of the same area, we 
see that F^o takes the foliation of an end by constant mean curvature flat 
tori to another such foliation. So F^o takes cusps to cusps and preserves 
their foliations. Note that the isometric type of a cusp is just the isometric 
type of the torus, more precisely, let (A'', dr'^ + e~^^gv) be a cusp (where 
is the flat metric on the torus V), < a < 6 are two constants, any isometry 
of N nl~^[a, b] to itself is just an isometry of V. Hence the isometry F^a can 
be extended to the whole cusps. This gives a global isometry / contradicting 
our assumption when j large enough. 

The proof of the Lemma 5.3.7 is completed. □ 

In order to obtain the persistent hyperbolic pieces stated in Theorem 
5.3.4 (ii), we will need to use a special parametrization given by harmonic 
maps. 

Lemma 5.3.8 (Hamilton |67j ). Let {X, g) he a compact Riemannian 
manifold with strictly negative Ricci curvature and with strictly concave 
boundary. Then there are positive integer Iq and small number eo > such 
that for each positive integer I > Iq and positive number e < Eq we can find 
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positive integer q and positive number 6 > such that for every metric g on 
X with \\g — g\\ci{X) ^ S we can find a unique diffeomorphism F of X to 
itself so that 

(a) F : (X, g) {X, g) is harmonic, 

(b) F takes the boundary dX to itself and satisfies the free boundary 
condition that the normal derivative 'V^F of F at the boundary 
is normal to the boundary, 

(c) dQi(^x){P^Id) < ^) where Id is the identity map. 

Proof. The following argument is adapted from Hamilton's paper |67j 
and the Editors' note on p. 325 of [18j. Let 9X) be the space of maps 
of X to itself which take dX to itself. Then ^[X,dX) is a Banach man- 
ifold and the tangent space to ^{X,dX) at the identity is the space of 
vector fields V = V^-^ tangent to the boundary. Consider the map send- 
ing F S ^(X,dX) to the pair {AF, {V nF) //} consisting of the harmonic 
map Laplacian and the tangential component (in the target) of the normal 
derivative of F at the boundary. By using the inverse function theorem, we 
only need to check that the derivative of this map is an isomorphism at the 
identity with g = g. 

Let 

=i,...,n be a local coordinates of (JT, g) and {y"}Q=i,...,n be a local 
coordinates of {X,g). The harmonic map Laplacian of F : {X,g) — > {X,g) 
is given in local coordinates by 

where A(F°) is the Laplacian of the function F°' on X and F^^ is the 
connection of g. Let F be a one-parameter family with i^|s=o = Id and 
^|s=o = V, a smooth vector field on X tangent to the boundary (with 
respect to g). At an arbitrary given point x £ X, we choose the coordinates 
{x^}i=i,...,n so that Tl,{x) = 0. We compute at the point x with g = g, 



d 
ds 



=0 



(AFr = A(0 + <7^^ (Ar^^.) V\ 



Since 



we have, at s = and the point x, 

{AVr = A{V^)+g^^^T%V\ 



Thus we obtain 



(5.3.5) ^l..o(AF)" = (^vr + (^rg - ^r;^) 



HAMILTON-PERELMAN'S PROOF 



199 



Since 

(yMF){F-\x)) = N\F-\x))^{F-\x))^{x) on dX, 
we have 

(5.3.6) ^\,^o{{VnF)//} = ^|^^o(v^i7 _ (VatF, N)N) 

= ^Js=o{^nF) - {^^|,=oVjvF,iV^7V 
- {VnF,VvN)NU=o - {VnF,N)VvN\s=o 

= [N,V]//-IIiV) 
= (^nV)// - 2II{V) 

where // is the second fundamental form of the boundary (as an automor- 
phism of T{dX)). Thus by (5.3.5) and (5.3.6), the kernel of the map sending 
F e ^{X, dX) to the pair {AF, (Vat-P")//} is the space of solutions of elliptic 
boundary value problem 

'AF + Ric(y) = on X 

(5.3.7) < VI = 0, at dX, 

^(VivF)//-2//(F) = 0, at dX, 

where V± is the normal component of V . 

Now using these equations and integrating by parts gives 

j j iVy|2 = j j Kic{V,V) + 2 J IIiV,V). 

XX dX 

Since Rc < and II < we conclude that the kernel is trivial. Clearly this 
elliptic boundary value is self-adjoint because of the free boundary condition. 
Thus the cokernel is trivial also. This proves the lemma. □ 

Now we can prove the persistence of hyperbolic pieces. Let gij{t), < 
t < +00, be a noncollapsing nonsingular solution of the normalized Ricci flow 
on a compact three-manifold M. Assume that any noncollapsing limit of the 
nonsingular solution is a complete noncompact hyperbolic three-manifold 
with finite volume. Consider all the possible hyperbolic limits of the given 
nonsingular solution, and among them choose one such complete noncom- 
pact hyperbolic three-manifold TC with the least possible number of cusps. 
In particular, we can find a sequence of times tk — > +oo and a sequence 
of points Pk on M such that the marked three-manifolds {M,gij{tk),Pk) 
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converge in the topology to 7i with hyperbohc metric hij and marked 
point P eU. 

For any small enough a > we can truncate each cusp of Ti along a 
constant mean curvature torus of area a which is uniquely determined; the 
remainder we denote by Ha- Clearly as a — >^ the Ha exhaust H. Pick a 
sufficiently small number a > to truncate cusps so that Lemma 5.3.7 is 
applicable for the compact set /C = Tia.. Choose an integer Iq large enough 
and an eq sufficiently small to guarantee from Lemma 5.3.8 the uniqueness 
of the identity map Id among maps close to Id as a harmonic map F from 
TYq to itself with taking dTia to itself, with the normal derivative of F at 
the boundary of the domain normal to the boundary of the target, and with 
d(jiQi^y^^^{F,Id) < Eq. Then choose positive integer go and small number 

(5o > from Lemma 5.3.7 such that if F is a diffeomorphism of Ha into 
another complete noncompact hyperbolic three-manifold H with no fewer 
cusps (than H), finite volume with metric hij satisfying 

\\F*hij — hij\\c<io{Ha) — 
then there exists an isometry I oiHtoH such that 
(5.3.8) dcio(^u.^{F,I)<E^. 

And we further require go and 5q from Lemma 5.3.8 to guarantee the exis- 
tence of harmonic diffeomorphism from {Ha,gij) to {Ha, hij) for any metric 
gij on Ha with \ \gij - hijWcm (^Ua) ^ '^0- 

By definition, there exist a sequence of exhausting compact sets of 
H (each Uk D Ha) and a sequence of diffeomorphisms F^ from into M 
such that Fk{P) = and \\F^gij{tk) — hij\\(jm{jj^^ as fc ^ +00 for 
all positive integers m. Note that dHa is strictly concave and we can fo- 
liate a neighborhood of dHa with constant mean curvature hypersurfaces 
where the area a has a nonzero gradient. As the approximating maps 
Ffc : {Uk,hij) {M,gij{tk)) are close enough to isometries on this col- 
lar of dHa, the metrics gij(tk) on M will also admit a unique constant mean 
curvature hypersurface with the same area a near Fk{dHa){C M) by the 
inverse function theorem. Thus we can change the map F/j by an amount 
which goes to zero as A; — 00 so that now Ff^{dHa) has constant mean cur- 
vature with the area a. Furthermore, by applying Lemma 5.3.8 we can again 
change F^ by an amount which goes to zero as — > 00 so as to make F^ 
a harmonic diffeomorphism and take dHa to the constant mean curvature 
hypersurface Fk{dHa) and also satisfy the free boundary condition that the 
normal derivative of F^ at the boundary of the domain is normal to the 
boundary of the target. Hence for arbitrarily given positive integer q > qo 
and positive number S < So, there exists a positive integer ko such that for 
the modified harmonic diffeomorphism F^, when k > kg, 



H9ij{tk) - hij\\ci{na) < ^- 
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For each fixed k > ko, by the imphcit function theorem we can first 
find a constant mean curvature hyper surf ace near Fk{dHa) in M with the 
metric gij{t) for t close to tk and with the same area for each component 
since dHa is strictly concave and a neighborhood of dHa is foliated by con- 
stant mean curvature hypersurfaces where the area a has a nonzero gradient 
and Fk : {Ha,hij) {M,gij{tk)) is close enough to an isometry and gij{t) 
varies smoothly. Then by applying Lemma 5.3.8 we can smoothly continue 
the harmonic diffeomorphism Fj. forward in time a little to a family of har- 
monic diffeomorphisms Fk{t) from Ha into M with the metric gij{t), with 
Fk{tk) = where each Fk{t) takes dTCa into the constant mean curvature 
hypersurface we just found in (M,gij{t)) and satisfies the free boundary 
condition, and also satisfies 

\\Pkit)gij{t) - hij\\ci(Ha) < ^■ 
We claim that for all sufficiently large k, we can smoothly extend the har- 
monic diffeomorphism F^ to the family harmonic diffeomorphisms F^ (t) with 
\\F^{t)gij{t) — I |c79(7^„) < 5 on a maximal time interval < t < lo^ (or 
tk ^ t < u)k when uJk = +oo); and if cuk < +oo, then 

(5-3.9) \\F^{ujk)gijiuJk) ~ hijWciiHa) = ^■ 

Clearly the above argument shows that the set of t where we can extend 
the harmonic diffeomorphisms as desired is open. To verify claim (5.3.9), we 
thus only need to show that if we have a family of harmonic diffeomorphisms 
Fk{t) such as we desire for tk < t < lj{< +oo), we can take the limit of Fk{t) 
as t ^ uj to get a harmonic diffeomorphism Fk{uj) satisfying 

1 1 Fk i^)9ij (^) - hij WciiHa)^ 

and if 

then we can extend Fk{oj) forward in time a little (i.e., wc can find a constant 
mean curvature hypersurface near Fk(Lo)(dHa) in M with the metric gij(t) 
for each t close to u> and with the same area a for each component). Note 
that 

(5.3.10) \\m)9ijit) - hijWcHHa) < 

ioT tk < t < u and the metrics gij{t) ioi tk < t < u are uniformly equivalent. 
We can find a subsequence tn uj for which Fkifn) converge to Fk{io) in 
C'^~^{TLa) and the limit map has 

\\Fk{'^)9ij{^) - hij\\ci-^na) < 

We need to check that Fk{u}) is still a diffeomorphism. We at least know 
Fk{oj) is a local diffeomorphism, and Fk{uj) is the limit of diffeomorphisms, so 
the only possibility of overlap is at the boundary. Hence we use the fact that 
Fk{uj){d7ia) is still strictly concave since q is large and S is small to prevent 
the boundary from touching itself. Thus Fk(u!) is a diffeomorphism. A limit 
of harmonic maps is harmonic, so Fk{oj) is a harmonic diffeomorphism from 
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TCa into M with the metric gij{u;). Moreover Fk{io) takes dTCa to the constant 
mean curvature hypersurface d{Fk{uj){TCa)) of the area o in {M^gijiuj)) and 
continue to satisfy the free boundary condition. As a consequence of the 
standard regularity result of elliptic partial differential equations (see for 
example [50j), the map Fk{ijj) G C°°{Ti.a) and then from (5.3.10) we have 

\\Fk{^)9ij{^) - hij\\ci{Ha) < 

If \\F^{u;)gij{uj) — ^jjHcjCWa) ~ '^^ then finish the proof of the claim. So 
we may assume that \\F^{u)gij{u;) — hijWQg^f^^-^ < 5. We want to show that 
Fk{Lo) can be extended forward in time a little. 

We argue by contradiction. Suppose not, then we consider the new 
sequence of the manifolds M with metric gij{uj) and the origins -Ffc(a;)(P). 
Since Fk{uj) are close to isometrics, the injectivity radii of the metrics gij{uj) 
at Fk{uj){P) do not go to zero, and we can extract a subsequence which 
converges to a hyperbolic limit TC with the metric hij and the origin P and 
with finite volume. The new limit 7i has at least as many cusps as the old 
limit TC, since we choose 7i with cusps as few as possible. By the definition 
of convergence, we can find a sequence of compact sets exhausting 7i 
and containing P, and a sequence of diffeomorphisms F^ of neighborhoods 
of into M with Fi.(P) = Ffc(a;)(P) such that for each compact set B in 
TC and each integer m 

as A; — > +00. For large enough k the set Fk{Bk) will contain all points out 
to any fixed distance we need from the point Fk{u}){P), and then 

Fk{Bk) D Fk{io){na) 

since the points of TCa have a bounded distance from P and Fk{oj) are rea- 
sonably close to preserving the metrics. Hence we can form the composition 

Gk = F-^ oFk{oj):Ha^n. 

Arbitrarily fix 5' G [5, 5q). Since the Fk are as close to preserving the metric 
as we like, we have 

for all sufficiently large k. By Lemma 5.3.7, we deduce that there exists an 
isometry I of W to and then [M , gij{(jj) , Fk{ijj){P)) (on compact subsets) 
is very close to {7i,hij,P) as long as 6 small enough and k large enough. 
Since Fk{uj){dTi.a) is strictly concave and the foliation of a neighborhood 
of Fk{uj){dTi.a) by constant mean curvature hypersurfaces has the 
a function with nonzero gradient, by the implicit function theorem, there 
exists a unique constant mean curvature hypersurface with the same area a 
near Fk{uj){d7ia) in M with the metric gij{t) for t close to uj. Hence, when 
k sufficiently large, Fk{uj) can be extended forward in time a little. This is 
a contradiction and we have proved claim (5.3.9). 
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We further claim that there must be some k such that ujk = +00 (i.e., 
we can smoothly continue the family of harmonic diffeomorphisms (t) for 
all tk < t < +00, in other words, there must be at least one hyperbolic piece 
persisting). We argue by contradiction. Suppose for each k large enough, 
we can continue the family Fk{t) for tk < t < ujk < +00 with 

\\Fk{'^k)9ij{i^k) - hij\\ci{Ha) = ^■ 
Then as before, we consider the new sequence of the manifolds M with 
metrics gij{oJk) and origins Fj.(a;jfc)(P). For sufficiently large A;, we can obtain 
diffeomorphisms of neighborhoods of into M with F^iP) = Fk{uJk){P) 
which are as close to preserving the metric as we like, where Bk is a sequence 
of compact sets, exhausting some hyperbolic three-manifold H, of finite 
volume and with no fewer cusps (than H), and containing P; moreover, the 
set Fk{B}^) will contain all the points out to any fixed distance we need from 
the point Fk{u)i^){P)\ and hence 

Fk{Bk) 5 Fk{uk){na) 

since 7ia is at bounded distance from P and Fk{uJk) is reasonably close to 
preserving the metrics. Then we can form the composition 

Gk = F-' o FkioJk) : Ua-^H. 

Since the Fk are as close to preserving the metric as we like, for any 5 > 5 
we have 

\\Glhij - hij\\ci{Ha) < ^ 
for large enough k. Then a subsequence of Gk converges at least in C'^~^{Ha) 
topology to a map Goo of Tia into TC. By the same reason as in the argu- 
ment of previous two paragraphs, the limit map Goo is a smooth harmonic 
diffeomorphism from Tia into TL with the metric hij, and takes dTia to a 
constant mean curvature hypersurface Goo{dHa) of {Hjhij) with the area 
a, and also satisfies the free boundary condition. Moreover we still have 

(5.3.11) \\Glohij - hij\\c<i(Ha) = ^■ 

Now by Lemma 5.3.7 we deduce that there exists an isometry I of Ti to H 
with 

By using / to identify Tia and Tia, we see that the map o Goo is a 
harmonic diffeomorphism of TLa to itself which satisfies the free boundary 
condition and 

Prom the uniqueness in Lemma 5.3.8 we conclude that I^^ o Goo = Id 
which contradicts with (5.3.11). This shows at least one hyperbolic piece 
persists. Moreover the pull-back of the solution metric gij(t) by Fk{t), for 
ife < i < +00, is as close to the hyperbolic metric hij as we like. 
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We can continue to form other persistent hyperbolic pieces in the same 
way as long as there are any points Pk outside of the chosen pieces where 
the injectivity radius at times tfc ^ oo are all at least some fixed positive 
number p > 0. The only modification in the proof is to take the new limit 
TC to have the least possible number of cusps out of all remaining possible 
limits. 

Note that the volume of the normalized Ricci fiow is constant in time. 
Therefore by combining with Margulis lemma (see for example [57j |78j ). 
we have proved that there exists a finite collection of complete noncompact 
hyperbolic three-manifolds Tii, . . . ,7im with finite volume, a small number 
a > and a time T < +oo such that for all t beyond T we can find 
diffeomorphisms (pi{t) of ij~ii)a into M, 1 < / < m, so that the pull-back of 
the solution metric gij{t) by ipi{t) is as close to the hyperbolic metrics as we 
like and the exceptional part of M where the points are not in the image of 
any ipi has the injectivity radii everywhere as small as we like. 

Part III: Incompressibility 

We remain to show that the boundary tori of any persistent hyperbolic 
piece are incompressible, in the sense that the fundamental group of the 
torus injects into that of the whole manifold. The argument of this part 
is a parabolic version of Schoen and Yau's minimal surface argument in 

[nainiiiiis]. 

Let -B be a small positive number and assume the above positive number 
a is much smaller than B. Denote by Ma a persistent hyperbolic piece of 
the manifold M truncated by boundary tori of area a with constant mean 

o 

curvature and denote by = M\ Ma the part of M exterior to Ma- 
Thus there is a persistent hyperbolic piece Mb C Ma of the manifold M 
truncated by boundary tori of area B with constant mean curvature. We 

o 

also denote by M'^ = M\ Mb- By Van Kampen's Theorem, if T:i{dMB) 
injects into 7ri(M^) then it injects into 7ri(M) also. Thus we only need to 
show 7ri(5Ms) injects into 7ri(M^). 

We will argue by contradiction. Let T be a torus in dMs- Suppose 
7ri(r) does not inject into 7ri(M^), then by Dehn's Lemma the kernel is 
a cyclic subgroup of t^i{T) generated by a primitive element. The work of 
Meeks-Yau [89] or Meeks- Simon- Yau [90] shows that among all disks in M^ 
whose boundary curve lies in T and generates the kernel, there is a smooth 
embedded disk normal to the boundary which has the least possible area. 
Let A = A{t) be the area of this disk. This is defined for all t sufficiently 
large. We will show that A{t) decreases at a rate bounded away from zero 
which will be a contradiction. 

Let us compute the rate at which A{t) changes under the Ricci ffow. We 
need to show A{t) decrease at least at a certain rate, and since A{t) is the 
minimum area to bound any disk in the given homotopy class, it suffices to 
find some such disk whose area decreases at least that fast. We choose this 
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disk as follows. Pick the minimal disk at time to, and extend it smoothly 
a little past the boundary torus since the minimal disk is normal to the 
boundary. For times t a little bigger than to, the boundary torus may need 
to move a little to stay constant mean curvature with area B as the metrics 
change, but we leave the surface alone and take the bounding disk to be the 
one cut off from it by the new torus. The change of the area A{t) of such 
disk comes from the change in the metric and the change in the boundary. 

For the change in the metric, we choose an orthonormal frame X, Y, Z 
at a point x in the disk so that X and Y are tangent to the disk while Z is 
normal and compute the rate of change of the area element da on the disk 
as 



since the metric evolves by the normalized Ricci flow. Here (•)"^ denotes 
the tangential projections on the disk. Notice the torus T may move in 
time to preserve constant mean curvature and constant area B. Suppose 
the boundary of the disk evolves with a normal velocity N. The change of 
the area at boundary along a piece of length ds is given by Nds. Thus the 
total change of the area A{t) is given by 



By the Gauss equation, the Gauss curvature K of the disk is given by 

K = R{X, Y, X, Y) + det II 

where II is the second fundamental form of the disk in Mg. This gives at 
t = to, 




= -r - Ric (X, X) - Ric (F, y) da., 




Note that 



Ric (X, X) + Ric (y, Y) = R{X, Y, X, Y) + R{X, Z, X, Z) 

+ R{Y, X, Y, X) + R{Y, Z, Y, Z) 

= ^R + R{X,Y,X,Y). 




Since the bounding disk is a minimal surface, we have 



det// < 0. 



The Gauss-Bonnet Theorem tells us that for a disk 




Kda + kds = 27r 
Jd 
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where k is the geodesic curvature of the boundary. Thus we obtain 

§ ^ / / - 5^) + /, + /, - 

Recall that we are assuming Rmin{t) increases monotonically to —6 as t 
+00. By the evolution equation of the scalar curvature, 

and then 

{r{t) - Rr^^{t))dt < +00. 



f 

Jo 



'0 

This implies that r(t) — — 6 as t — > +oo by using the derivatives estimate 
for the curvatures. Thus for every e > we have 

2 1 

-r--R< -(1-e) 

for t sufficiently large. And then the first term on RHS of (5.3.12) is bounded 
above by 

^r-^Rjda< -{1 - e)A. 

The geodesic curvature k of the boundary of the minimal disk is the ac- 
celeration of a curve moving with unit speed along the intersection of the 
disk with the torus; since the disk and torus are normal, this is the same 
as the second fundamental form of the torus in the direction of the curve of 
intersection. Now if the metric were actually hyperbolic, the second funda- 
mental form of the torus would be exactly 1 in all directions. Note that the 
persistent hyperbolic pieces are as close to the standard hyperbolic as we 
like. This makes that the second term of RHS of (5.3.12) is bounded above 
by 

/ kds < (1 +eo)L 
Jd 

for some sufficiently small positive number eq > 0, where L is the length 
of the boundary curve. Also since the metric on the persistent hyperbolic 
pieces are close to the standard hyperbolic as we like, its change under the 
normalized Ricci flow is as small as we like; So the motion of the constant 
mean curvature torus of fixed area B will have a normal velocity N as small 
as we like. This again makes the third term of RHS of (5.3.12) bounded 
above by 

/ Nds < EqL. 
Jd 

Combining these estimates, we obtain 
dA 

(5.3.13) < (1 + 2£o)L - (1 - eo)^ - 27r 

on the persistent hyperbolic piece, where eo is some sufficiently small positive 
number. 
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We next need to bound the length L in terms of the area A. Since a 
is much smaller than for large t the metric is as close as we like to the 
standard hyperbolic one; not just on the persistent hyperbolic piece Mb but 
as far beyond as we like. Thus for a long distance into the metric will 
look nearly like a standard hyperbolic cusplike collar. 

Let us first recall a special coordinate system on the standard hyperbolic 
cusp projecting beyond torus Ti in dTii as follows. The universal cover of 
the flat torus Ti can be mapped conformally to the x-y plane so that the 
deck transformation of Ti become translations in x and y, and so that the 
Euclidean area of the quotient is 1; then these coordinates are unique up to 
a translation. The hyperbolic cusp projecting beyond the torus T\ in dHi 
can be parametrized by {(x, y,z) ^M? \ z > 0} with the hyperbolic metric 

(5.3.14) ds^ = d-' + dy^ + dz\ 



z" 



Note that we can make the solution metric, in an arbitrarily large neighbor- 
hood of the torus T (of OMb), as close to hyperbolic as we wish (in the sense 
that there exists a diffeomorphism from a large neighborhood of the torus 
Tb (of dHB) on the standard hyperbolic cusp to the above neighborhood 
of the torus T (of OMb) such that the pull-back of the solution metric by 
the diffeomorphism is as close to the hyperbolic metric as we wish). Then 
by using this diffeomorphism (up to a slight modification) we can param- 
etrize the cusplike tube of Mg projecting beyond the torus T in dMs by 
{{x,y,z) I z > C} where the height C, is chosen so that the torus in the 
hyperbolic cusp at height Q has the area B. 

Now consider our minimal disk, and let L{z) be the length of the curve of 
the intersection of the disk with the torus at height z in the above coordinate 
system, and also let A{z) be the area of the part of the disk between C, and 
z. We now want to derive a monotonicity formula on the area A{z) for the 
minimal surface. 

For almost every z the intersection of the disk with the torus at height 
z is a smooth embedded curve or a finite union of them by the standard 
transversality theorem. If there is more than one curve, at least one of them 
is not homotopic to a point in T and represents the primitive generator in 
the kernel of t^i{T) such that a part of the original disk beyond height z 
continues to a disk that bounds it. We extend this disk back to the initial 
height C by dropping the curve straight down. Let L{z) be the length of the 
curve we picked at height z; of course L{z) < L(z) with equality if it is the 
only piece. Let L{w) denote the length of the same curve in the x-y plane 
dropped down to height w ioi ( < w < z. In the hyperbolic space we would 
have 

L(w) = -Liz) 

w 

exactly. In our case there is a small error proportional to L(z) and we 
can also take it proportional to the distance z — w hy which it drops since 
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L{w)\u,=z = a-nd the solution metric is close to the hyperbolic in the 
^loc topology. Thus, for arbitrarily given 5 > and C,* > C,, &s the solution 
metric is sufEciently close to hyperbolic, we have 

\L{w) - ^L{z)\ < 5{z - w)L{z) 

for all z and w \n C, < w < z < C,* . Now given e and C,* pick 5 = "ie/C,*. 
Then 



(5.3.15) 



L{w) < -L{z) 



w 



1 + 



2£{z-w) 



w 



When we drop the curve vertically for the construction of the new disk we 
get an area A{z) between ( and z given by 



i(z) = (l + o(l)) 



Liw) 



dw. 



w 



Here and in the following o(l) denotes various small error quantities as the 
solution metric close to hyperbolic. On the other hand if wc do not drop 
vertically we pick up even more area, so the area A(z) of the original disk 
between ( and z has 



(5.3.16) 



A{z) > (1 - o(l)) I ^^dw. 



Since the original disk minimized among all disks bounded a curve in the 
primitive generator of the kernel of 7ri(T), and the new disk beyond the 
height z is part of the original disk, we have 



A{z) < A{z 
and then by combining with (5.3.15), 
L{w 

'C 



i: 



w 



-dw < {I + o{l))zL{z) 



C 



1 - 2e 2ez 
^ + ^ 



dw 



<{l + o{l))L{z] 



c 



l+£ 



c 



Here we used the fact that L{z) < L{z). Since the solution metric is suffi- 
ciently close to hyperbolic, we have 



d 
dz 



L{w) 



dw 



w 



L{z) 



>(l-o(l)) 



c 



> 



z{z-0 

1 l + 2£ 



1 -£ 

' L{w 
w 



c 

dw, 



Liw] 



w 



dw 
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or equivalently 

This is the desired monotonicity formula for the area A{z). 
It follows directly from (5.3.16) and (5.3.17) that 

^i^A(z) > (1 - oim'^Lio, 

or equivalently 

L(C)<(l + o(l)) (^^y-^A{z) 

for all z G [(^, ^*]. Since the solution metric, in an arbitrarily large neighbor- 
hood of the torus T (of OMb), as close to hyperbolic as we wish, we may 



assume that (* is so large that vs^ > C ^^'^ V^-C ^1°^® ^i ^"^^ ^^^^ 
£ > is so small that (^^^)^^ is close to 1. Thus for arbitrarily small Sq > 0, 
we have 

(5.3.18) L(C)< (1 + (5o)a(v^). 

Now recall that (5.3.13) states 

^ < (1 + 2eo)L - (1 - eo)A - 27r. 
We now claim that if 

(1 + 2eQ)L - (1 - eo)A > 

then L = L{() is uniformly bounded from above. 
Indeed by the assumption we have 

< ^^^^(0 

since A{(^*) < A. By combining with (5.3.16) we have some zq G {VC*:C*) 
satisfying 



-dw 



<{l + o{l))A{C) 

Thus for suitably large, by noting that the solution metric on a large 
neighborhood of T (of OMb) is sufficiently close to hyperbolic, we have 

(5.3.19) L(zo)< (l + 4£o)^i^(C) 
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for some zq G iVC*X*)- It is clear that we may assume the intersection 
curve between the minimal disk with the torus at this height zo is smooth 
and embedded. If the intersection curve at the height zq has more than 
one piece, as before one of them will represent the primitive generator in the 
kernel of 7ri(r), and we can ignore the others. Let us move (the piece of) the 
intersection curve on the torus at height zq through as small as possible area 
in the same homotopy class of vri(T) to a curve which is a geodesic circle 
in the flat torus coming from our special coordinates, and then drop this 
geodesic circle vertically in the special coordinates to obtain another new 
disk. We will compare the area of this new disk with the original minimal 
disk as follows. 

Denote by G the length of the geodesic circle in the standard hyperbolic 
cusp at height 1. Then the length of the geodesic circle at height zq will 
be G/ Zq. Observe that given an embedded curve of length I circling the 
cylinder 5^ x M of circumference w once, it is possible to deform the curve 
through an area not bigger than Iw into a meridian circle. Note that (the 
piece of) the intersection curve represents the primitive generator in the 
kernel of tti (T) . Note also that the solution metric is sufficiently close to the 
hyperbolic metric. Then the area of the deformation from (the piece of) the 
intersection curve on the torus at height zq to the geodesic circle at height 
Zq is bounded by 



The area to drop the geodesic circle from height zq to height C, is bounded 



Hence comparing the area of the original minimal disk to that of this new 
disk gives 



By (5.3.18), (5.3.19) and the fact that zq G (\/C*,C*), this in turn gives 



i^(C) < (1 + ^0)^(^0) 




by 




A{zq) < (l + o(l))G 



L{zq) 





<{l + 5o)G (l + 4£o) 




Since Q* is suitably large, we obtain 



L(C) < 2G/C 



This gives the desired assertion since G is fixed from the geometry of the 
limit hyperbolic manifold Ti. and is very large as long as the area B of 
OMb small enough. 
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Thus the combination of (5.3.13), (5.3.18) and the assertion implies that 
either 

or 

< (1 + 2eo)L - (1 - eo)A - 27r 

2G 

< (l + 2£o)y -27r 
<-7r, 

since the solution metric on a very large neighborhood of the torus T (of 
OMb) is sufficiently close to hyperbolic and ( is very large as the area B 
of BMb small enough. This is impossible because ^ > and the persistent 
hypcrboHc pieces go on forever. The contradiction shows that tti{T) in fact 
injects into 7ri(M^). This proves that 7ri(5Ms) injects into 7ri(M). 

Therefore we have completed the proof of Theorem 5.3.4. □ 
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Chapter 6. Ancient K-solutions 

Let us consider a solution of the Ricci flow on a compact manifold. If the 
solution blows up in finite time (i.e., the maximal solution exists only on a 
finite time interval) , then as we saw in Chapter 4 a sequence of rescalings of 
the solution around the singularities converge to a solution which exists at 
least on the time interval (— oo,T) for some finite number T. Furthermore, 
by Perelman's no local collapsing theorem I (Theorem 3.3.2), we see that 
the limit is K-noncollapsed on all scales for some positive constant k. In 
addition, if the dimension n = 3 then the Hamilton-Ivey pinching estimate 
implies that the limiting solution must have nonnegative curvature operator. 

We call a solution to the Ricci flow an ancient K-solution if it is com- 
plete (either compact or noncompact) and defined on an ancient time inter- 
val (— oo,T) with T > 0, has nonnegative curvature operator and bounded 
curvature, and is K-noncollapsed on all scales for some positive constant k. 

In this chapter we study ancient K-solutions of the Ricci fiow. We will 
obtain crucial curvature estimates of such solutions and determine their 
structures in lower dimensional cases. In particular. Sections 6.2-6.4 give a 
detailed exposition of Perelman's work in section 11 of jlOTj and section 1 
of |108j . We also remak that the earlier work on ancient solutions can be 
found in Hamilton |65j . 

6.1. Preliminaries 

We first present a useful geometric property (cf. Proposition 2.2 of [35j) 
for complete noncompact Riemannian manifolds with nonnegative sectional 
curvature. 

Let {M,gij) be an n-dimensional complete Riemannian manifold and let 
e be a positive constant. We call an open subset C M an e-neck of 
radius r if {N, r^'^gij) is e-close, in the C^^ ^ topology, to a standard neck 
S"^^ X I, where is the round (n — l)-sphere with scalar curvature 1 

and I is an interval of length 2e~^. The following result is, to some extent, 
in similar spirit of Yau's volume lower bound estimate |132j . 

Proposition 6.1.1. There exists a positive constant eq = £o{n) such 
that every complete noncompact n-dimensional Riemannian manifold (M, gij) 
of nonnegative sectional curvature has a positive constant tq such that any 
e-neck of radius r on {M,gij) with £ < Eq must have r > r^. 

Proof. The following argument is taken from |35j . We argue by con- 
tradiction. Suppose there exist a sequence of positive constants e° — > and 
a sequence of n-dimensional complete noncompact Riemannian manifolds 
{M°',gf-) such that for each fixed a, there exists a sequence of e"-necks 
of radius at most 1/fe in M'^ with centers Pk divergent to infinity. 

Fix a point P on the manifold M" and connect each Pk to P by a 
minimizing geodesic 7^. By passing to a subsequence we may assume the 
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angle 6ki between geodesic 7^ and 7; at P is very small and tends to zero 
as k,l ^ +00, and the length of jk+i is much bigger than the length of 7^. 
Let us connect Pk to Pi by a minimizing geodesic r]ki. For each fixed I > k, 
let Pk be a point on the geodesic 7; such that the geodesic segment from P 
to Pfc has the same length as 7/; and consider the triangle APP^P^ in M"^ 
with vertices P, Pk and Pk- By comparing with the corresponding triangle 
in the Euclidean plane M? whose sides have the same corresponding lengths, 
Toponogov's comparison theorem implies 

d{Pk,Pk) < 2 sin Q^i) • d{Pk,P). 

Since 6ki is very small, the distance from Pk to the geodesic 7; can be 
realized by a geodesic Cfez which connects Pk to a point Pj^ on the interior of 
the geodesic ji and has length at most 2 sm{^9ki)-d{Pk, P). Clearly the angle 
between (^kl and 7/ at the intersection point Pj^ is ^. Consider a to be fixed 
and sufficiently large. We claim that for large enough k, each minimizing 
geodesic 7; with I > k, connecting P to Pi, goes through the neck Nk- 

Suppose not; then the angle between 7^ and Cki at Pk is close to cither 
zero or vr since Pk is in the center of an e°-neck and a is sufficiently large. 
If the angle between 7^ and Ckl at Pk is close to zero, we consider the 
triangle APPkPj^ in with vertices P, Pk, and P^. Note that the length 
between Pk and P^ is much smaller than the lengths from P^ or P^ to P. 
By comparing the angles of this triangle with those of the corresponding 
triangle in the Euclidean plane with the same corresponding lengths and 
using Toponogov's comparison theorem, we find that it is impossible. Thus 
the angle between 7^ and C^/ at Pk is close to vr. We now consider the triangle 
APfcP^P; in M" with the three sides Cfez, and the geodesic segment from 
P^ to Pi on 7/. We have seen that the angle of AP^Pj^P; at P^ is close to 
zero and the angle at P^ is ^. By comparing with corresponding triangle 
APkPj^Pi in the Euclidean plane M? whose sides have the same corresponding 
lengths, Toponogov's comparison theorem implies 

zPiPkP;^ + ^PiP'kPk < ^PiPkP'k + ^PiP'kPk < ^TT. 

This is impossible since the length between Pk and P^ is much smaller than 
the length from P; to either Pk or P^. So we have proved each 7; with I > k 
passes through the neck Nk- 

Hence by taking a limit, we get a geodesic ray 7 emanating from P 
which passes through all the necks Nk, k = 1,2, . . . , except a finite number 
of them. Throwing these finite number of necks away, we may assume 7 
passes through all necks Nk, k = 1,2, ... . Denote the center sphere of Nk 
by Sk, and their intersection points with 7 hy pk G 5^ Pi 7, k = 1,2,.... 

Take a sequence of points 7(777.) with 777 = 1,2,.... For each fixed neck 
Nk, arbitrarily choose a point qk G Nk near the center sphere Sk and draw 
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a geodesic segment 7 from to 7(m). Now we claim that for any neck 
Ni with l> k, 7^^"* will pass through Ni for all sufficiently large m. 

We argue by contradiction. Let us place all the necks Ni horizontally 
so that the geodesic 7 passes through each iVj from the left to the right. 
We observe that the geodesic segment 7*^"* must pass through the right 
half of Nk] otherwise 7^"^ cannot be minimal. Then for large enough m, 
the distance from pi to the geodesic segment 7*^™ must be achieved by the 
distance from pi to some interior point pk of 7^^™. Let us draw a minimal 
geodesic r] from pi to the interior point pk with the angle at the intersection 
point Pk 1] n 7*^™ to be ^. Suppose the claim is false. Then the angle 
between 77 and 7 at pi is close to or tt since is small. 

If the angle between r] and 7 at pi is close to 0, we consider the tri- 
angle Apipk''y{m) and construct a comparison triangle Apipk'^{m) in the 
plane with the same corresponding length. Then by Toponogov's compari- 
son theorem, we see the sum of the inner angles of the comparison triangle 
ApiPkj{m) is less than Sir/ 4, which is impossible. 

If the angle between r] and 7 at pi is close to vr, by drawing a minimal 
geodesic $, from to pi, we see that ^ must pass through the right half of 
iVfe and the left half of iV/; otherwise ^ cannot be minimal. Thus the three 
inner angles of the triangle Apip^'qk are almost 0, 7r/2, and respectively. 
This is also impossible by the Toponogov comparison theorem. 

Hence we have proved that the geodesic segment 7^^™ passes through Ni 
for m large enough. 

Consider the triangle Apkqkj{m) with two long sides pk^{m){c 7) and 
(lkl{^){= 7^™). For any s > 0, choose points p^ on Pkj{m) and qk on 
qkl{m) with d{pk,Pk) = d{qk, qk) = s. By Toponogov's comparison theorem, 
we have 

\d{pk,qk)J 

_ d{pk,l{'rn)Y + d{qk,^{m)f - 2d{pk,l{m))d{qk,j{m)) cos Z(pfc7(TO)gfc) 
d{pk,"l{m)Y + d{qk,-l{m)y - 2dipk,jim))d{qk,-f{m)) cos Z{pkl{m)qk) 

^ d(pfc,7(TO))^ + d{qk,-l{m)Y - 2d{pk,j{m))diqk,j{m.)) cos Z(pfc7(™)gfc) 
~ d{pk,^{m))^ + d{qk,-l{m)y - 2dipk,jim))d{qk,j{m)) cos Z{pk^{m)qk) 

^ {d(pk,l{m)) - d{qk,l{m))Y + 2d{pk,l{m))d{qk,l{m)){l - cos Z{pkl{m)qk)) 
{d{Pk,'y{m)) - d{qk,^{m))y + 2d{pk,^{m))d{qk,^{m)){l - cos Z{pk^(m)qk)) 

^ d{Pk,l{m))d{qk,^{m)) 
~ d{pkn{m))d{qk,^{m)) 
1 

as m ^ 00, where Z{pk^{m)qk) and Z-{pk'y{m)qk) are the corresponding 
angles of the comparison triangles. 

Letting m ^ 00, we see that 7*^™ has a convergent subsequence whose 
limit 7^^ is a geodesic ray passing through all Ni with I > k. Let us denote 
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by Pj = l{tj)-,j = 1, 2, . . .. From the above computation, we deduce that 

d{pk,qk) < d(7(tfc + s),7^(s)) 

for ah s > 0. 

Let ip{x) = hm(^+oo(i — '^(^)7(^))) be the Busemann function con- 
structed from the ray 7. Note that the level set ip~^ {{p{pj)) n Nj is close to 
the center sphere Sj for any j = 1,2,.... Now let be any fixed point 
in n Nk- By the definition of Busemann function ip associ- 

ated to the ray 7, we see that ip{'j^{si)) — (p{'y''{s2)) = si — S2 for any 
•si, S2 > 0. Consequently, for each / > A;, by choosing s = ti — t^, we see 
I'^iU - tk) G f'^ifiPl)) n Ni. Since j{tk + U - tk) = pi, it follows that 

d{pk,qk) < d{pi,-^^{s)). 

with s = — tfc > 0. This implies that the diameter of {^{pk)) ^ Nf^ is 
not greater than the diameter of ^~^{^{pi)) H A'^; for any / > k, which is a 
contradiction for / much larger than k. 

Therefore we have proved the proposition. □ 

In [65], Hamilton discovered an important repulsion principle (cf. The- 
orem 21.4 of [65j) about the influence of a bump of strictly positive curva- 
ture in a complete noncompact manifold of nonnegative sectional curvature. 
Namely minimal geodesic paths that go past the bump have to avoid it. As 
a consequence he obtained a finite bump theorem (cf. Theorem 21.5 of [65]) 
that gives a bound on the number of bumps of curvature. 

Let M be a complete noncompact Riemannian manifold with nonnega- 
tive sectional curvature K > 0. A geodesic ball B(p, r) of radius r centered 
at a point p E M is called a curvature /3-bump if sectional curvature 
K > at all points in the ball. The ball B{p, r) is called A-remote from 
an origin O if d{p, O) > Ar. 

Finite Bump Theorem (Hamilton [65]). For every /3 > there 
exists A < 00 such that in any complete manifold of nonnegative sectional 
curvature there are at most a finite number of disjoint halls which are A- 
remote curvature (3 -bumps. 

This finite bump theorem played an important role in Hamilton's study 
of the behavior of singularity models at infinity and in the dimension re- 
duction argument he developed for the Ricci flow (cf. Section 22 of [65], 
see also [30j for application to the Kahler-Ricci flow and uniformization 
problem in complex dimension two). A special consequence of the finite 
bump theorem is that if we have a complete noncompact solution to the 
Ricci fiow on an ancient time interval —oo<t<T with T > satisfying 
certain local injectivity radius bound, with curvature bounded at each time 
and with asymptotic scalar curvature ratio A = limsup-Rs^ = 00, then we 
can find a sequence of points pj going to 00 (as in the following Lemma 
6.1.3) such that a cover of the limit of dilations around these points at time 
t = splits as a product with a fiat factor. The following result, somewhat 
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known in Alexandrov space theory (e.g., Perelman wrote in |107] (page 29, 
line 3) "this follows from a standard argument based on the Aleksandrov- 
Toponogov concavity" and the essentially same statement also appeared in 
[80] . |35j and [43] ) . is in similar spirit as Hamilton's finite bumps theorem 
and its consequence. The advantage is that we will get in the limit of dila- 
tions a product of the line with a lower dimensional manifold, instead of a 
quotient of such a product. 

Proposition 6.1.2. Suppose {M,gij) is a complete n- dimensional Rie- 
mannian manifold with nonnegative sectional curvature. Let P € M be fixed, 
and Pk £ M a sequence of points and Xk a sequence of positive numbers with 
d{P,Pk) +00 and Xkd{P,Pk) — > +00. Suppose also that the marked man- 
ifolds {M , X'^Qij , Pk) converge in the topology to a Riemannian manifold 
M . Then the limit M splits isometrically as the metric product of the form 
M X A^, where N is a Riemannian manifold with nonnegative sectional cur- 
vature. 



Proof. We now follow an argument given in [35]. Let us denote by 
\OQ\ = d{0,Q) the distance between two points 0,Q £ M. Without loss 
of generality, we may assume that for each k, 



3.1.1) 



l + 2|PPfc| < \PPk+i\ 



Draw a minimal geodesic 7^ from P to Pk and a minimal geodesic ak from 
Pk to Pk+i, both parametrized by arclength. We may further assume 



(6.1.2) 



0fc = |/(7fc(0),7fc+i(0))| < ^. 



By assumption, the sequence (M, X^gij, P^S) converges (in the Cf^^ topol- 
ogy) to a Riemannian manifold (M,gij,P) with nonnegative sectional cur- 
vature. By a further choice of subsequences, we may also assume 7^ and 
converge to geodesic rays 7 and a starting at P respectively. We will prove 
that 7 U a forms a line in M, and then by the Toponogov splitting theorem 
[92] the limit M must be splitted as M x A. 

We argue by contradiction. Suppose 7 U a is not a line; then for each k, 
there exist two points Ak £ 7fc and Bk G ak such that as k ^ +00, 



(6.1.3) 



<■ Xkd{Pk,Ak) ^ A>0, 
Xkd{Pk,Bk)^B>0, 
Xkd{Ak,Bk)^C>0, 
hut A + B>C. 
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Pk 




P 



Now draw a minimal geodesic 5k from to B^. Consider comparison 
triangles APkPPk+i and APkAkBk in with 

\PkP\ = \PkP\,\PkPk+l\ = \PkPk+l\-,\PPk+l\ = \PPk+l\, 

and \PkAk\ = \PkAk\,\PkBk\ = \PkBk\,\AkBk\ = \AkBk\. 
By Toponogov's comparison theorem j9], we have 

(6.1.4) ^AkPkBk > IPPkPk+i. 

On the other hand, by (6.1.2) and using Toponogov's comparison theorem 
again, we have 

(6.1.5) IPkPPk+i < ^PkPPk+i < p 
and since \PkPk+i\ > \PPk\ by (6.1.1), we further have 

(6.1.6) IPkh+iP < IPkPPk+i < T- 

k 

Thus the above inequalities (6.1.4)-(6.1.6) imply that 

- - - 2 
lAkPkBk > ^ - ^• 

Hence 

(6.1.7) > \AkPk\^ + - 2\AkPk\ ■ \PkBk\ cos (^-\ 

Multiplying the above inequality by and letting k — > +oo, we get 

C>A + B 

which contradicts (6.1.3). 

Therefore we have proved the proposition. □ 

Let M be an n-dimensional complete noncompact Riemannian manifold. 
Pick an origin O G M. Let s be the geodesic distance to the origin O of M, 
and R the scalar curvature. Recall that in Chapter 4 we have defined the 
asymptotic scalar curvature ratio 

A = limsup Rs^ . 

s— >+oo 
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We now state a useful lemma of Hamilton (cf. Lemma 22.2 of ^65j ) 
about picking local (almost) maximum curvature points at infinity. 

Lemma 6.1.3 (Hamilton [65| ). Given a complete noncompact Rie- 
mannian manifold with bounded curvature and with asymptotic scalar cur- 
vature ratio 

A = limsupi?s^ = +00, 

s— >+oo 

we can find a sequence of points xj divergent to infinity, a sequence of radii 
rj and a sequence of positive numbers 6j — > such that 

(i) R{x) < (1 + 5j)R{xj) for all x in the ball B(xj,rj) of radius rj 
around xj, 

(ii) r'jR{xj) +00, 

(iii) Xj = d{xj,0)/rj +00, 

(iv) the balls B{xj,rj) are disjoint, 

where d{xj,0) is the distance of xj from the origin O. 



Proof. The proof is essentially from Hamilton |65j . Pick a sequence of 
positive numbers ej 0, then choose Aj +00 so that Aje'j — > +00. Let 
aj be the largest number such that 

sup{R{x)d{x,Of I d{x,0) < aj} < Aj. 

Then there exists some yj E M such that 

Riyj)d{yj, of = Aj and d{yj,0) = aj. 

Now pick Xj E M so that d{xj, O) > cTj and 

R{xj) > Y^— sup{R{x) I d{x,0) > aj}. 

Finally pick rj = ejaj. We check the properties (i)-(iv) as follows, 
(i) If X E B{xj,rj) n {d{-, O) > aj}, we have 

R{x) < {l + ej)R{xj) 

by the choice of the point xj; while if x E B{xj,rj) n {d{-, O) < aj}, we have 

R{x) < Aj/d{x,Of 



(l + e,-) 



- (i_e^.)2^(^i)' 

since d{x,0) > d{xj,0) — d{x,Xj) > aj — rj = (1 — ej)o'j. Thus we have 
obtained 

Rix) < (1 + Sj)R{xj), V X E B{xj,rj), 
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where 6n 



1 — > as j ^ +00. 



(ii) By the choices of rj , Xj and yj , we have 



rjR{xj 



ejajR{xj] 



^ ^2^2 



1 + e 



1 



+CXD, as j 



+ CXD. 



(hi) Since d{xj,0) > aj = rj/ej, it fohows that Xj = d{xj,0)/rj 
+00 as j — > +00. 

(iv) For any x S B{xj,rj), the distance from the origin 
d{x,0) > d{xj,0) — d{x,Xj) 



> Oj 

= (1 



ejjcTj — > +CXD, as j — > +oo. 



Thus any fixed compact set does not meet the bahs B{xj,rj) for large enough 
j. If we pass to a subsequence, the balls will all avoid each other. □ 

The above point picking lemma of Hamilton, as written down in Lemma 
22.2 of |65j . requires the curvature of the manifold to be bounded. When the 
manifold has unbounded curvature, we will appeal to the following simple 
lemma. 

Lemma 6.1.4. Given a complete noncompact Riemannian manifold 
with unbounded curvature, we can find a sequence of points xj divergent 
to infinity such that for each positive integer j, we have \Rm{xj)\ > j, and 

\Rm{x)\ < 4\Rm{xj)\ 



for X G B{xj, 



y/\Rm{xj)\ 



)■ 



Proof. Each xj can be constructed as a limit of a finite sequence {yi}, 
defined as follows. Let yo be any fixed point with \Rm{yo)\ > j. Inductively, 
if yi cannot be taken as Xj, then there is a yj+i such that 

' \Rm{yi+i)\ > i\Rm{yi)\, 

j 



d{yi,yi 



^/\Rm{yi 



Thus we have 



\Rm{yi)\ > 4'\Rm{yo)\ > 4^, 



d{yi,yo) 



1 
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Since the manifold is smooth, the sequence {yi} must be finite. The last 
element fits. □ 

6.2. Asymptotic Shrinking Solitons 

The main purpose of this section is to prove a result of Perelman (cf. 
Proposition 11.2 of [107J ) on the asymptotic shapes of ancient K-solutions 
as time t —oo. 

We begin with the study of the asymptotic behavior of an ancient k- 
solution gij{x, t), on M x (— oo, T) with T > 0, to the Ricci flow as t — > — oo. 

Pick an arbitrary point {p, to) € M x (— oo, 0] and recall from Chapter 
3 that 

T = to — t, for t < to, 



l{q, t) = ^ inf [I^V^ {R{7{s),to - s) 

+ lT'(s)li,(to-s) 



ds 



7 : [0, r] M with 
7(0) =P, i{t) = q 



and 



V{t)= / (ATrrr^ eM-l{Q,r))dVt,-r{q). 
JM 

We first observe that Corollary 3.2.6 also holds for the general complete 
manifold M. Indeed, since the scalar curvature is nonnegative, the function 
L{-,t) = 4r/(-, r) achieves its minimum on M for each fixed r > 0. Thus the 
same argument in the proof of Corollary 3.2.6 shows there exists q = q{T) 
such that 

(6.2.1) %(r),r)<^ 
for each r > 0. 

Recall from (3.2.11)-(3.2.13), the Li-Yau-Perelman distance / satisfies 
the following 

(6.2.3) |vf = -i? + l--i-i^, 

(6.2.4) M<-R + ^^-^K, 

and the equality in (6.2.4) holds everywhere if and only if we are on a 
gradient shrinking soliton. Here K = s^'''^Q{X)ds, Q{X) is the trace 
Li-Yau-Hamilton quadratic given by 

Q{X) = -Rr - - - 2{VR, X) + 2Ric (X, X) 

T 

and X is the tangential (velocity) vector field of an /^-shortest curve 7 : 
[0, r] — > M connecting p io q. 
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By applying the trace Li-Yau-Hamilton inequality (Corollary 2.5.5) to 
the ancient K-solution, we have 

Q{X) = -Rr - - - 2{VR, X) + 2Ric (X, X) 

T 

R 

> 

r 

and hence 

K= r s^l'^Q{X)ds 
Jo 




> -L{q,T). 

Thus by (6.2.3) we get 

(6.2.5) |V/p + i?<-. 

r 

We are now state and prove the following 

Theorem 6.2.1 (Perelman jl07]). Let gij{-,t), —oo < t <T with some 
T > 0, be a nonflat ancient K-solution for some k > 0. Then there exist 
a sequence of points qt and a sequence of times t^ — > — oo such that the 
scalings of gij{-,t) around qk with factor \tk\~^ and with the times tk shifting 
to the new time zero converge to a nonflat gradient shrinking soliton in 
topology. 

Proof. The proof basically follows the argument of Perelman (11.2 of 
|107j ). Clearly, we may assume that the nonflat ancient K-solution is not a 
gradient shrinking soliton. For the arbitrarily fixed (p, to), let q{T){T = tQ—t) 
be chosen as in (6.2.1) with l{q{T),T) < ^. We only need to show that the 
scalings of gij{-,t) around g(r) with factor converge along a subsequence 
of r — > +00 to a nonflat gradient shrinking soliton in the topology. 

We first claim that for any A > 1, one can find B = B{A) < +oo such 
that for every f > 1 there holds 

(6.2.6) l{q,T)<B and TR{q,to - t) < B, 
whenever < r < Af and d'^^_r{q,q{^)) < Af. 

Indeed, by using (6.2.5) at r = ^, we have 



(6.2.7) 
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R 



< 



(i) 



r 



n 3A 



for q G T {q{^), V At). Recall that the Li-Yau-Hamilton inequality im- 



plies that the scalar curvature of the ancient solution is pointwise nonde- 
creasing in time. Thus we know from (6.2.8) that 

(6.2.9) TR{q, to-T)<6Ay^+ 

whenever < t < Af and d'^^^_riq,q{^)) < Af. 



By (6.2.2) and (6.2.3) wc have 



dl 1,^„2 I R 



This together with (6.2.9) implies that 



5[ ^ l_ 3^ 

dr ~ 2t t 



I.e., 



a , ^„ 3A [7i 3A 



n 3A 
2 ^ 



whenever < r < At and d'^^_z {q^ 1 (§)) ^ Hence by integrating this 
differential inequality, we obtain 

f3A 



and then by (6.2.7), 

(6.2.10) l{^q^r)<l(qJ^+QA 



< 7 A 



n 3A 
2+Vl" 



n 3A 
2 

2 



whenever < r < At and d'^^_f{q,q{^)) < At. So we have proved claim 
(6.2.6). 
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Recall that giji^r) = gij{-,to — r) satisfies {gij)T = '^Rij- Let us take the 
scaling of the ancient K-solution around ^(J) with factor i.e., 

9ij\s) = -rgij [-jto - s- 

where s G [0, +00). Claim (6.2.6) says that for all s £ [1,2A] and all q such 
that dist? .^-^^(g, < A, we have R{q, s) = ^R{q,to — s^) < B. Now tak- 
ing into account the K-noncollapsing assumption and Theorem 4.2.2, we can 
use Hamilton's compactness theorem (Theorem 4.1.5) to obtain a sequence 
Tfe +00 such that the marked evolving manifolds {M,g^j\s),q{^)), 

with glj\s) = j^gij{-,to — s^) and s G [l,+oo), converge to a manifold 
{M,g,ij{s),q) with s G [l,+oo), where gij{s) is also a solution to the Ricci 
flow on M. 

Denote by 4 the corresponding Li-Yau-Perelman distance of glj\s). It 

is easy to see that lk{q, s) = l{q, ^s), for s G [1, +00). Prom (6.2.5), we also 

have 

(6.2.11) |V[fc|?(,)+i?(*=) <6[fc, 

9ij 

where M'^^ is the scalar curvature of the metric gj^\ Claim (6.2.6) says 

that Ik are uniformly bounded on compact subsets of M x [l,-|-oo) (with 
the corresponding origins q{-^))- Thus the above gradient estimate (6.2.11) 
implies that the functions Ik tend (up to a subsequence) to a function I which 
is a locally Lipschitz function on M. 

We know from (6.2.2)-(6.2.4) that the Li-Yau-Perelman distance Ik sat- 
isfies the following inequalities: 

(6.2.12) {ik)s - Alk + iVlkf - R^"'^ + J > 0' 

(6.2.13) 2Alk - iVlkf + RP"^ + < 0. 

s 

We next show that the limit I also satisfies the above two inequalities in the 
sense of distributions. Indeed the above two inequalities can be rewritten as 

(6.2.14) - ^ + ^^'^) ((4vr5)"^ exp(-4)) < 0, 

(6.2.15) - (4A - i?W)e-^ + ^^e"^ < 0, 

s 

in the sense of distributions. Note that the estimate (6.2.11) implies that 
Ik ^ I the Cj^'" norm for any < a < 1. Thus the inequalities (6.2.14) 
and (6.2.15) imply that the limit I satisfies 

(6.2.16) - A + (|(47rs)-t exp(-I)) < 0, 
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(6.2.17) - (4A - R)e-2 + e"^ < 0, 

in the sense of distributions. 

Denote by V^^^ (s) Perelman's reduced volume of the scaled metric 

g^j\s). Since lkiQ-,s) = l{q, -ys), we see that V^''\s) = V{^s) where V is 
Perelman's reduced volume of the ancient /c-solution. The monotonicity of 
Perelman's reduced volume (Theorem 3.2.8) then implies that 

(6.2.18) lim f('='(s) = V, for s G [1,2], 

for some nonnegative constant V. 

(We remark that by the Jacobian comparison theorem (Theorem 3.2.7), 

(3.2.18) and (3.2.19), the integrand of V'^'^^s) is bounded by 

(47rs)-t exp(-[fe(X,s))j(^)(s) < (47r)-t exp(-|X|2) 

on TpM, where J^''\s) is the >C-Jacobian of the /^-exponential map of the 
metric gij \s) at TpM. Thus we can apply the dominant convergence the- 
orem to get the convergence in (6.2.18). But we are not sure whether the 
limiting V is exactly Perelman's reduced volume of the limiting manifold 
(M,^jj(s)), because the points ^(-y) may diverge to infinity. Nevertheless, 
we can ensure that V is not less than Perelman's reduced volume of the 
limit.) 

Note by (6.2.5) that 

(6.2.19) F(*^)(2)-y(*^)(l) 

= - ^ ^ "^"0 

Thus we deduce that in the sense of distributions, 

(6.2.20) (^-^-A + Rj ((47rs)-i exp(-O) = 0, 
and 

/ . A -I I — n _i 
(4A - R)e 2 = e 2 

or equivalently, 

(6.2.21) 2Ar- |vr|^ + i2+^^ = 0, 

s 

on M X [1,2]. Thus by applying standard parabolic equation theory to 
(6.2.20) we find that I is actually smooth. Here we used (6.2.2)-(6.2.4) to 
show that the equality in (6.2.16) implies the equality in (6.2.17). 

Set 

V = [s{2Al - + R) + l-n\- {4Trs)-^e-K 
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Then by applying Lemma 2.6.1, we have 

(6.2.22) (^-^^-A + Rjv = -2s\Rij + ViVjl- ^^i^f • (4^s)-te-'. 

We see from (6.2.21) that the LHS of the equation (6.2.22) is identically 
zero. Thus the limit metric gij satisfies 

(6.2.23) Rij + V,Vj/"- = 0, 

so we have shown the limit is a gradient shrinking soliton. 

To show that the limiting gradient shrinking soliton is nonflat, we first 
show that the constant function V{s) is strictly less than 1. Consider Perel- 
man's reduced volume V{t) of the ancient K-solution. By using Perelman's 
Jacobian comparison theorem (Theorem 3.2.7), (3.2.18) and (3.2.19) as be- 
fore, we have 



V{t) = J (47rr)-te-'(^'") J(r)dX 

< / (4^)-teH^I'dX 
Jt„m 



= 1. 

Recall that we have assumed the nonflat ancient K-solution is not a 
gradient shrinking soliton. Thus for r > 0, we must have V{t) < 1. Since 
the limiting function V{s) is the limit of V{^s) with — > +oo, we deduce 
that the constant V{s) is strictly less than 1, for s G [1,2]. 

We now argue by contradiction. Suppose the limiting gradient shrinking 
soliton gij{s) is flat. Then by (6.2.23), 

— 1 — Tl 

ViVnl = — Qin and Al = — . 
Putting these into the identity (6.2.21), we get 

ivr|2 = I 

s 

Since the function I is strictly convex, it follows that V Asl is a distance 
function (from some point) on the complete flat manifold M. From the 
smoothness of the function /, we conclude that the flat manifold M must be 
M". In this case we would have its reduced distance to be Tand its reduced 
volume to be 1. Since V is not less than the reduced volume of the limit, 
this is a contradiction. Therefore the limiting gradient shrinking soliton gij 
is not flat. □ 

To conclude this section, we use the above theorem to derive the classifi- 
cation of all two-dimensional ancient K-solutions which was obtained earlier 
by Hamilton in Section 26 of [65j . 
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Theorem 6.2.2 (Hamilton [65j ). The only nonflat ancient ^-solutions 
to Ricci flow on two-dimensional manifolds are the round sphere and the 
round real projective plane MP^. 

Proof. Let gij{x,t) be a nonflat ancient K-solution defined on M x 
(— oo,T) (for some T > 0), where M is a two-dimensional manifold. Note 
that the ancient K-solution satisfies the Li-Yau-Hamilton inequality (Corol- 
lary 2.5.5). In particular by Corollary 2.5.8, the scalar curvature of the an- 
cient K-solution is pointwise nondecreasing in time. Moreover by the strong 
maximum principle, the ancient K-solution has strictly positive curvature 
everywhere. 

By the above Theorem 6.2.1, we know that the scalings of the ancient 
At-solution along a sequence of points qk in M and a sequence of times 
tfc — oo converge to a nonflat gradient shrinking soliton {M,gij{x,t)) 
with — oo < t < 0. 

We first show that the limiting gradient shrinking soliton {M,gij{x,t)) 
has uniformly bounded curvature. Clearly, the limiting soliton has nonneg- 
ative curvature and is K-noncollapsed on all scales, and its scalar curvature 
is still pointwise nondecreasing in time. Thus we only need to show that the 
limiting soliton has bounded curvature at t = 0. We argue by contradiction. 
Suppose the curvature of the limiting soliton is unbounded at t = 0. Of 
course in this case the limiting soliton M is noncompact. Then by applying 
Lemma 6.1.4, we can choose a sequence of points Xj,j = 1, 2, ... , divergent 
to infinity such that the scalar curvature R of the limit satisfies 

R{xj,0)>j and R{x,0) < 4R{xj,0) 

for all J = 1, 2, ... , and x G BQ{xj,j/ \J R{xj,0)). And then by the nonde- 
creasing (in time) of the scalar curvature, we have 

R{x,t) < 4:R{xj,0), 

for all j = 1, 2, . . ., X G BQ{xj, j / \J R{xj, 0)) and t < 0. By combining with 

Hamilton's compactness theorem (Theorem 4.1.5) and the K-noncollapsing, 
we know that a subsequence of the rescaling solutions 

{M,R{xj,0)gij{x,t/R{xj,0)),Xj), j = 1,2,..., 

converges in the topology to a nonflat smooth solution of the Ricci flow. 
Then Proposition 6.1.2 implies that the new (two-dimensional) limit must 
be flat. This arrives at a contradiction. So we have proved that the limiting 
gradient shrinking soliton has uniformly bounded curvature. 

We next adapt an argument of Perelman (cf. the proof of Lemma 1.2 
in [108]) to show that the limiting soliton is compact. Suppose the limiting 
soliton is (complete and) noncompact. By the strong maximum principle we 
know that the limiting soliton also has strictly positive curvature everywhere. 
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After a shift of the time, we may assume that the hmiting sohton satisfies 
the following equation 

(6.2.24) ViVj/ + Rij + ^^gij = 0, on - oo < i < 0, 

everywhere for some function /. Differentiating the equation (6.2.24) and 
switching the order of differentiations, as in the derivation of (1.1.14), we 

get 

(6.2.25) ViR = 2RijVjf. 

Fix some t < 0, say t = —1, and consider a long shortest geodesic 7(s), 
< s < s. Let xo = 7(0) and X{s) = 7(5). Let V^(0) be any unit vector 
orthogonal to 7(0) and translate V{0) along 7(5) to get a parallel vector 
field V{s), < s < s on 7. Set 

'sV{s), forO<s<l, 
V{s) = lv{s), forl<s<s-l, 
(s — s)V{s), for s — 1 < s < s. 

It follows from the second variation formula of arclength that 

f\\V{s)\^-R{X,V,X,V))ds>0. 
Jo 

Thus we clearly have 

/•s 

R{X,V,X,V)ds < const.. 



^0 



'0 

and then 



(6.2.26) / Ric(X,X)ds < const.. 

Jo 

By integrating the equation (6.2.24) we get 

x(/(7(s))) - x(/(7(o))) + 1^ mc{x, x)ds -ls = o 



and then by (6.2.26), we deduce 



d s 
^(/o7(s)) > - - const.. 



and / o 7(5) > — — const. • s — const. 



for s > large enough. Thus at large distances from the fixed point xq 
the function / has no critical points and is proper. It then follows from the 
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Morse theory that any two high level sets of / are diffeomorphic via the 
gradient curves of /. Since by (6.2.25), 



> 



for any integral curve r/(s) of V/, we conclude that the scalar curvature 
R{x, —1) has a positive lower bound on M, which contradicts the Bonnet- 
Myers Theorem. So we have proved that the limiting gradient shrinking 
soliton is compact. 

By Proposition 5.1.10, the compact limiting gradient shrinking soliton 
has constant curvature. This says that the scalings of the ancient At-solution 
(M, gij{x,t)) along a sequence of points qk £ M and a sequence of times 
tfc — > — oo converge in the C°° topology to the round or the round MP^. 
In particular, by looking at the time derivative of the volume and the Gauss- 
Bonnet theorem, we know that the ancient «;-solution (M, gij{x, t)) exists on 
a maximal time interval (— oo,r) with T < +oo. 

Consider the scaled entropy of Hamilton 



E{t)= I R\og[R{T -t)]dVt. 

J M 



We compute 
(6.2.27) 

^E{t)= [ log[R{T-t)]ARdVt+ [ 
dt Jm Ja 



M 



M 



\VR\^ 

R 
\VRl_ 

R 



+ R^ -rR 



+ {R- 



M 

dVt 
dVt 



AR + R-" 



R 



(T-t) 



dVt 



where r = RdVt/Volt{M) and we have used VoU(M) = (/^^ RdVt) ■ (T - 
t) (by the Gauss-Bonnet theorem). 

We now need an inequality of Chow in [38]. For sake of completeness, 
we present his proof as follows. For a smooth function / on the surface M, 
one can readily check 



J M JK 

\VR + RVf\^ 



ViVJ--{Af)gi, 



I M 



R 



M 



R 



[ i2|V/p 
Jm 

2 / RiAf) + / R\Vf\^ 
Jm Jm 
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and then 



M R 

2 



+ / (A/)(A/-2i?) 

JM 



M 



1 



V,V,/--(A/)^/,,- 



+ 



By choosing A/ = R — r, we get 



M ^ 

'I 

JM 



M 



{R-rY 



1 



ViVj/--(A/)<7., 



+ 



If the equahty holds, then we have 



M 



\VR + RVf\^^ 
R 



M 



|Vi? + i?V/|^ 
R 



> 0. 



V,V,/--(A/)5., =0 
i.e., V/ is conformal. By the Kazdan- Warner identity [T9j, it follows that 



VR-Vf = 0, 



M 



SO 



/ 

JM 



RAf 



[ (R 

JM 



Hence we have proved the following inequality due to Chow 



(6.2.28) 



M 



R 



> 



I (R-r) 
JM 



and the equality holds if and only if i? = r. 

The combination (6.2.27) and (6.2.28) shows that the scaled entropy 
E{t) is strictly decreasing along the Ricci flow unless we are on the round 
sphere §^ or its quotient MF^. Moreover the convergence result in Theorem 
5.1.11 shows that the scaled entropy E has its minimum value at the con- 
stant curvature metric (round §^ or round MP^). We had shown that the 
scalings of the nonflat ancient K-solution along a sequence of times — > — oo 
converge to the constant curvature metric. Then E{t) has its minimal value 
at i = — oo, so it was constant all along, hence the ancient K-solution must 
have constant curvature for each t £ {—oo,T). This proves the theorem. □ 
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6.3. Curvature Estimates via Volume Growth 

For solutions to the Ricci flow, Perelman's no local collapsing theorems 
tell us that the local curvature upper bounds imply the local volume lower 
bounds. Conversely, one would expect to get local curvature upper bounds 
from local volume lower bounds. If this is the case, one will be able to 
establish an elliptic type estimate for the curvatures of solutions to the Ricci 
flow. This will provide the key estimate for the canonical neighborhood 
structure and thick-thin decomposition of the Ricci flow on three-manifolds. 
In this section we derive such curvature estimates for nonnegatively curved 
solutions. In the next chapter we will derive similar estimates for all smooth 
solutions, as well as surgically modified solutions, of the Ricci flow on three- 
manifolds. 

Let M be an n-dimensional complete noncompact Riemannian man- 
ifold with nonnegative Ricci curvature. Pick an origin O E M. The 
well-known Bishop-Gromov volume comparison theorem tells us the ratio 
Vol{B{0,r))/r'^ is monotone nonincreasing in r G [0, +00). Thus there 
exists a limit 

Vol (i?(0,r)) 
UM = lim . 

Clearly the number vm is invariant under dilation and is independent of the 
choice of the origin, um is called the asymptotic volume ratio of the 
Riemannian manifold M. 

The following result obtained by Perelman (cf. Proposition 11.4 of |107j ) 
shows that any ancient K-solution must have zero asymptotic volume ratio. 
This result for the Ricci flow on Kahler manifolds was implicitly and inde- 
pendently given by Chen and the second author in the proof of Theorem 
5.1 of |33j . Moreover in the Kahler shown by Chen, Tang and the 

second author (implicitly in the proof of Theorem 4.1 of |30j for complex 
two dimension) and by Ni (in [102j for all dimensions), the condition of 
nonnegative curvature operator can be replaced by the weaker condition of 
nonnegative bisectional curvature. 

Lemma 6.3.1 (Perelman [107j ). Let M he an n-dimensional com- 
plete noncompact Riemannian manifold. Suppose gij{x,t), x £ M and 
t £ (— oo,T) with T > 0, is a nonflat ancient solution of the Ricci flow 
with nonnegative curvature operator and bounded curvature. Then the as- 
ymptotic volume ratio of the solution metric satisfies 

Yo\tiBtiO,r)) 
UM(t) = hm = 



hoc 



for each t E (— cxo,T). 

Proof. The proof is by induction on the dimension. When the dimen- 
sion is two, the lemma is valid by Theorem 6.2.2. For dimension > 3, we 
argue by contradiction. 
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Suppose the lemma is valid for dimensions < n — 1 and suppose VMito) > 
for some n-dimensional nonflat ancient solution with nonnegative curva- 
ture operator and bounded curvature at some time to ^ 0. Fixing a point 
xq G M, we consider the asymptotic scalar curvature ratio 

A= limsup R{x,to)d^^{x,xo). 

We divide the proof into three cases. 
Case 1: A = +oo. 

By Lemma 6.1.3, there exist sequences of points Xk G M divergent to 
infinity, of radii +oo, and of positive constants 6k ^ such that 

(i) R{x, to) < (1 + Sk)R{xk, to) for all x in the ball Bt^ (x^, r^) of radius 
rfe around x^, 

(ii) r'^R{xk,to) — +oo as k ^ +oo, 

(iii) dt^,{xk,xo)/rk +oo. 

By scaling the solution around the points Xk with factor R(xk,to), and 
shifting the time to to the new time zero, we get a sequence of rcscalcd 
solutions 

s 



9k{s) = R{x„to)9[-,to+ ^^^^^^^^ 

to the Ricci flow. Since the ancient solution has nonnegative curvature 
operator and bounded curvature, there holds the Li-Yau-Hamilton inequality 
(Corollary 2.5.5). Thus the rescaled solutions satisfy 

Rk{x,s) < (1 + 4) 



for all s < and x G ^gj.(o) i^k, rk\/ R{xk, to)). Since i^M{to) > 0, it follows 
from the standard volume comparison and Theorem 4.2.2 that the injec- 
tivity radii of the rescaled solutions g/^ at the points Xk and the new time 
zero is uniformly bounded below by a positive number. Then by Hamil- 
ton's compactness theorem (Theorem 4.1.5), after passing to a subsequence, 
(M, gk{s),Xk) will converge to a solution (M, g{s), O) to the Ricci flow with 

R{y, s) < 1, for aU s < and y G M, 

and 

^(0,0) = 1. 

Since the metric is shrinking, by (ii) and (iii), we get 

i?(xfc,to)4{-A,+ =-^){xo,Xk) > R{xk,to)d\.^tAxo, Xk) 

which tends to +oo, as k ^ +oo, for all s < 0. Thus by Proposition 6.1.2, 
for each s < 0, {M,g{s)) splits off a line. We now consider the lifting 
of the solution {M,g{s)),s < 0, to its universal cover and denote it by 
{M,g{s)), s < 0. Clearly we still have 

u^{0) > and 1/^(0) > 0. 
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By applying Hamilton's strong maximum principle and the de Rham de- 
composition theorem, the universal cover M splits isometrically as X x R 
for some {n — l)-dimensional nonflat (complete) ancient solution X with 
nonnegative curvature operator and bounded curvature. These imply that 
i^x(O) > 0, which contradicts the induction hypothesis. 

Case 2: 0< A < +oo. 

Take a sequence of points Xk divergent to infinity such that 
R{xk,to)dtg{xk,xo) ^ A, as +oo. 
Consider the rescaled solutions (M, gk{s)) (around the fixed point xq), where 



Then there is a constant C > such that 

f Rkix,0)<C/dlix,xo,0), 
Rk{xk,0) = 1, 
dfc(xfc,xo,0) \fA > 0, 



(6.3.1) 



where (iA;(-, xq, 0) is the distance function from the point xq in the metric 
9fe(0). 

Since vuit^ > 0, it is a basic result in Alexandrov space theory (see for 
example Theorem 7.6 of [21j) that a subsequence of (M, gk{s),xo) converges 
in the Gromov-Hausdorff sense to an n-dimensional metric cone (M, g{0),xo) 
with vertex xq. 

By (6.3.1), the standard volume comparison and Theorem 4.2.2, we know 
that the injectivity radius of {M,gk{0)) at Xk is uniformly bounded from be- 
low by a positive number pQ. After taking a subsequence, we may assume 
Xk converges to a point Xoo in M \ {xq}. Then by Hamilton's compactness 
theorem (Theorem 4.1.5), we can take a subsequence such that the met- 
rics gk{s) on the metric balls Bo{xk, ^po){C M with respect to the metric 
^^(O)) converge in the Cf^^ topology to a solution of the Ricci flow on a ball 
Bo{xoo, ^Po)- Clearly the Cf^^ limit has nonnegative curvature operator and 
it is a piece of the metric cone at the time s = 0. By (6.3.1), we have 

(6.3.2) i?(xoo,0) = l. 

Let X be any point in the limiting ball Bo{xoo, ^Po) and ei be any radial 
direction at x. Clearly Ric{ei,ei) = 0. Recall that the evolution equation 
of the Ricci tensor in frame coordinates is 

d ^ - ~ ~ ~ 

-TZrRab = ^Rab + '^Racbd.Rcd- 
Ot 

Since the curvature operator is nonnegative, by applying Hamilton's strong 
maximum principle (Theorem 2.2.1) to the above equation, we deduce that 
the null space of Ric is invariant under parallel translation. In particular. 
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all radial directions split off locally and isometrically. While by (6.3.2), the 
piece of the metric cone is nonflat. This gives a contradiction. 

Case 3: A = 0. 

The gap theorem as was initiated by Mok-Siu-Yau [96] and established 
by Greene- Wu [511, 152] . Eschenberg-Shrader-Strake [47] , and Drees [46] 
shows that a complete noncompact n-dimensional (except n = 4 or 8) Rie- 
mannian manifold with nonnegative sectional curvature and the asymptotic 
scalar curvature ratio A = must be flat. So the present case is ruled out 
except in dimension n = 4 or 8. Since in our situation the asymptotic vol- 
ume ratio is positive and the manifold is the solution of the Ricci flow, we 
can give an alternative proof for all dimensions as follows. 

We claim the sectional curvature of (M, gij{x, to)) is positive everywhere. 
Indeed, by Theorem 2.2.2, the image of the curvature operator is just the 
restricted holonomy algebra Q of the manifold. If the sectional curvature 
vanishes for some two-plane, then the holonomy algebra Q cannot be so(n). 
We observe the manifold is not Einstein since it is noncompact, nonflat and 
has nonnegative curvature operator. If Q is irreducible, then by Berger's 
Theorem [7], Q = Thus the manifold is Kahler with bounded and 

nonnegative bisectional curvature and with curvature decay faster than qua- 
dratic. Then by the gap theorem obtained by Chen and the second author 
in [32] . this Kahler manifold must be flat. This contradicts the assumption. 
Hence the holonomy algebra G is reducible and the universal cover of M 
splits isometrically as Afi x M2 nontrivially. Clearly the universal cover of 
M has positive asymptotic volume ratio. So Mi and M2 still have posi- 
tive asymptotic volume ratio and at least one of them is nonflat. By the 
induction hypothesis, this is also impossible. Thus our claim is proved. 

Now we know that the sectional curvature of {M, gij{x,to)) is positive 
everywhere. Choose a sequence of points Xk divergent to infinity such that 

' R{xk,to)d'^^{xk,xo) = sup{R{x,to)d'^g{x, xo) \ dta{x,xo) > dtoixk,xo)}, 

< dtoixk^xo) > k, 

, R{xk,to)d'^^{xk,xo) = Ek^O. 
Consider the rescaled metric 



Gromov-Hausdorff sense to a metric cone (M,^(0),xo). And by the virtue 
of Hamilton's compactness theorem (Theorem 4.1.5), up to a subsequence, 
the convergence is in the topology in M \ {xq}. We next claim the 
metric cone (M,^(0),xo) is isometric to M". 



gk{0) = R{xk,to)g{-,to) 



as before. Then 
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Indeed, let us write the metric cone M as a warped product M+ x^X""^ 
for some (n — l)-dimensional manifold By (6.3.3), the metric cone 

must be flat and X^~^ is isometric to a quotient of the round sphere S"~^ by 
fixed point free isometrics in the standard metric. To show M is isometric 
to R", wc only need to verify that X"'"^ is simply connected. 

Let if be the Busemann function of {M, gij{-,to)) with respect to the 
point xq. Since (M , gij {■ , to)) has nonnegative sectional curvature, it is easy 
to see that for any small e > 0, there is a ro > such that 

(1 -e)dto{x,xo) < ip{x) < dto{x,xo) 

for all ,T € M \ Bt^ (xq, tq). The strict positivity of the sectional curvature of 
the manifold (M, gij{-, to)) implies that the square of the Busemann function 
is strictly convex (and exhausting). Thus every level set (p^^{a), with a > 
inf{(^(x) I X G M}, of the Busemann function ip is diffeomorphic to the 
(n — l)-sphere In particular, ip~^[[a, |o]) is simply connected for 

a > mi{ip(x) I X G M} since n > 3. 

Consider an annulus portion [1, 2] x X"~^ of the metric cone M = R_|_ x^ 
X""-^. It is the limit of {Mk,gk{0)), where 



It is clear that 



1 



y/R{Xk,to) 



< dto{x,XQ) < 



y/R{xk,to) 



1 



2(1-6) 

\/R{xk^' \/R{xk,to) 



c <p- 



A/i?(xjfc,to)' \/R{xk,tQ) 



for k large enough. Thus any closed loop in {|} x can be shrunk to 

a point by a homotopy in [1,2] x X'^~^. This shows that X^~^ is simply 
connected. Hence we have proven that the metric cone {M,g(0),xo) is 
isometric to M". Consequently, 



lim 

fe— »+oo 



y'R{xk,to) 



an(l-C7") 



for any r > and < a < 1, where an is the volume of the unit ball 
in the Euclidean space M". Finally, by combining with the monotonicity 
of the Bishop-Gromov volume comparison, we conclude that the manifold 
{M, gij{-,tQ)) is flat and isometric to M*^. This contradicts the assumption. 
Therefore, we have proved the lemma. □ 
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Finally we would like to include an alternative simpler argument, in- 
spired by Ni |102j . for the above Case 2 and Case 3 to avoid the use of the 
gap theorem, holonomy groups, and asymptotic cone structure. 

Alternative Proof for Case 2 and Case 3. 

Let us consider the situation of < j4 < +00 in the above proof. Observe 
that I'Mit) is nonincreasing in time t by using Lemma 3.4.1(ii) and the fact 
that the metric is shrinking in t. Suppose i^A/(io) > 0, then the solution 
gij{-,t) is AC-noncollapsed for t < Iq for some uniform k > 0. By combining 
with Theorem 6.2.1, there exist a sequence of points qk and a sequence of 
times tfc — > —00 such that the scalings of gij{-, t) around qu with factor \tk\~^ 
and with the times tk shifting to the new time zero converge to a nonflat 
gradient shrinking soliton M in the Cf^^ topology. This gradient soliton 
also has maximal volume growth (i.e. i^M{t) > 0) and satisfies the Li- 
Yau-Hamilton estimate (Corollary 2.5.5). If the curvature of the shrinking 
soliton M at the time —1 is bounded, then we see from the proof of Theorem 
6.2.2 that by using the equations (6.2.24)-(6.2.26), the scalar curvature has 
a positive lower bound everywhere on M at the time —1. In particular, 
this implies the asymptotic scalar curvature ratio A = 00 for the soliton at 
the time —1, which reduces to Case 1 and arrives at a contradiction by the 
dimension reduction argument. On the other hand, if the scalar curvature is 
unbounded, then by Lemma 6.1.4, the Li-Yau-Hamilton estimate (Corollary 
2.5.5) and Lemma 6.1.2, we can do the same dimension reduction as in Case 
1 to arrive at a contradiction also. □ 

The following lemma is a local and space-time version of Lemma 6.1.4 
on picking local (almost) maximum curvature points. We formulate it from 
Perelman's arguments in section 10 of |107j . 

Lemma 6.3.2. For any positive constants B,C with B > 4 and C > 
1000, there exists 1 < A < mm{jB, j^C} which tends to infinity as B 
and C tend to infinity and satisfies the following property. Suppose we have 
a (not necessarily complete) solution gijit) to the Ricci flow, defined on 
M X [— io,0], so that at each time t G [— io,0] the metric ball Bt{xQ,l) is 
compactly contained in M . Suppose there exists a point (x' , t') £ Mx (—to, 0] 
such that 

dt'{x',xo)<^ and \Rm{x' ,t')\ > C + B{t' + to)~^ ■ 
Then we can find a point {x,t) £ M x (—to,0] such that 

dt{x,xo)<- with Q = \Rm{x,t)\ > C + B{t + to)~^, 
3 

and 

\Rm{x,t)\ < 4Q 
for all {-to <) t- AQ-^ <t<t and dt{x,x) < j^A^Q'^. 
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Proof. We first claim that there exists a point {x,t) with —to < t <Q 
and df{x,xo) < | such that 

Q = \Rm{x,t)\ >C + B{t + to)"\ 

and 

(6.3.4) \Rm{x,t)\<4Q 

— 1 — 1 

wherever t - AQ^^ <t<t, dt{x,xo) < df{x,xo) + {AQ~'^)'2. 

We will construct such (x, as a limit of a finite sequence of points. 

Take an arbitrary (xi,ti) such that 

dti(xi,xo) < ^, -to < *i < and \Rm{xi,ti)\ > C + B{ti + to)~^ . 

Such a point clearly exists by our assumption. Assume we have already 
constructed {xk,tk). If we cannot take the point {xk,t^^) to be the desired 
point then there exists a point {xk+i,tk+i) such that 

tk - A\Rm{xk,tk)\~'^ < tk+i < tk, 

and 

dtk+i{xk+i,xo) < dt^{xk,xo) + {A\Rm{xk,tk)\~^)K 

but 

\Rm{xk+i,tk+i)\ > A\Rm{xk,tk)\. 

It then follows that 

dtk+i(.Xk+i,xo) < dti{xi,xo) + A^ |i?m(xi,ti)r^^ 

<\ + A^ (j22-('~'^\Rm{xuti)\-^'^ 

< l+2(AC-i)l 
1 
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k 



tk+i - i-to) = - U) + {h - {-to)) 

k 

>-J2 A\Rm{xi,U)\-^ + {h - i-to)) 



1=1 

k 



> -A^4-(*-i)|i?m(xi,ti)ri + (ii - i-to)) 



2A 

>- — iti+to) + iti + to) 
>l{ti+to), 



and 



\Rm{xk+i,tk+i)\ > 4''\Rm{xi,ti)\ 

> A^C +00 as +00. 

Since the solution is smooth, the sequence {{xk,tk)} is finite and its last 
element fits. Thus wc have proved assertion (6.3.4). 

From the above construction we also see that the chosen point {x,t) 
satisfies ^ 

dt{x,xo) < - 

and 

Q = \Rm{x,t)\ >C + B{t + to)~^. 

Clearly, up to some adjustment of the constant A, we only need to show 

that 

(6.3.4) ' \Rm{x,t)\<4Q 

wherever t— 205^^2(2^1 < t < t and dt{x,x) < jqA^Q~^ . 
For any point {x,t) with df(x,x) < ^AzQ"!, we have 
di{x, xq) < dt{x, xq) + dt{x, x) 
< di{x,xo) + (AQ-^)^ 

and then by (6.3.4) 

\Rm{x,t)\ < 4Q. 

Thus by continuity, there is a minimal t' £ [t — 2oIki^^^^^'^ such that 

(6.3.5) sup!^\Rm{x,t)\\t' <t<i, dt{x,x) < ^A^Q~^^ < 5Q. 

For any point (x, t) with t' <t <t and dt{x, x) < jq{AQ~^)2 ^ we divide 
the discussion into two cases. 



Case (1): dt{x,xo) < ^{AQ-^)h. 
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From assertion (6.3.4) we see that 

(6.3.5)' sup{\ Rm{x,t)\ \ t!<t<i, dt{x,XQ) < {AQ-^)^ < AQ. 

Since o?t(x,xo) < ^(^Q~^)^, we have 

dt{x,XQ) < dt{x,x) + dt{x,XQ) 

which imphes the estimate \Rm{x,t)\ < AQ from (6.3.5)'. 



Prom the curvature bounds in (6.3.5) and (6.3.5)', we can apply Lemma 



Case (2): dt{x,xo) > ^{AQ-']2. 



3.4.1 (ii) with = 2 to get 



and then 



j^{.dt{x,xo)) > -40(n-l)gi 

dt{x,XQ) < df{x,Xo)+AOn{Q^) (^^^Q"^) 

< df{x,xo) + \{AQ-^)^ 

where £ € (t, t] satisfies the property that ds{x,xo) > -^{AQ~^)2 whenever 
s G [t,i\. So we have either 

dt{x,xo) < dt{x,x) + dt{x,XQ) 

< ^{AQ-^t- + ^{AQ-'f- + l{AQ-^f^ 



< (AQ 



or 



dt{x, xq) < dt{x, x) + dt{x, xo) 

< J^i^Q~'f' + dt{x,xo) + \{AQ-^)"^ 

< dt{x,xo) + (AQ-^)i 

It then follows from (6.3.4) that \Rm{x,t)\ < AQ. 
Hence we have proved 

\Rm{x,t)\ < AQ 

for any point {x,t) with t' < t < t and dt{x,x) < jq{AQ~^)2 . By combining 
with the choice of t' in (6.3.5), we must have P = t — 2^A2Q~^ . This 
proves assertion (6.3.4)'. 

Therefore we have completed the proof of the lemma. □ 
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We now use the volume lower bound assumption to establish the crucial 
curvature upper bound estimate of Perelman [107j for the Ricci flow. For 
the Ricci flow on Kahler manifolds, a global version of this estimate (i.e., 
curvature decaying linear in time and quadratic in space) was independently 
obtained in |30j and |33j . Note that the volume estimate conclusion in the 
following Theorem 6.3.3 (ii) was not stated in Corollary 11.6 (b) of Perelman 
[107j . The estimate will be used later in the proof of Theorem 7.2.2 and 
Theorem 7.5.2. 

Theorem 6.3.3 (Perelman [107] ). For every w > there exist B = 
B{w) < +00, C = C{w) < +00, To = tq{w) > 0, and = S.{w) > 
(depending also on the dimension) with the following properties. Suppose we 
have a (not necessarily complete) solution gij{t) to the Ricci flow, defined on 
M X [— to^ojO], so that at each time t G [— to?"o;0] the metric ball i?j(xo,ro) 
is compactly contained in M. 

(i) // at each time t £ [—tQrQ,0], 

Rm{.,t) > -rg^ on Bt{xo,ro) 

and Yolt{Bt{xo,ro)) > wr^, 
then we have the estimate 

\Rm{x,t)\ <CrQ^ + B{t + torl)-^ 

whenever — to^'o < ^ < and dt{x,xo) < jrQ. 

(ii) If for some < f < tQ, 

Rm{x,t) > -rg^ for t £ [-fro,0],x G Bt{xo,ro), 

and Volo(-Bo(xo,ro)) > wrQ, 
then we have the estimates 

Yol t{Bt{xo,ro)) > ^rj for all max{-rrg, -rorg} < t < 0, 
and 

\Rm{x,t)\ < Cro^ + 5(t-max{-fro,-Toro})"^ 
whenever max{— frQ, — Torg} < t < and dt{x,X(j) < jr^. 

Proof. By scaling we may assume ro = 1. 

(i) By the standard (relative) volume comparison, we know that there 
exists some w' > 0, with w' < w, depending only on w, such that for each 
point {x,t) with —to < i < and dt{x,xo) < |, and for each r < ^, there 
holds 

(6.3.6) Vol t{Bt{x,r)) yw'r"". 

We argue by contradiction. Suppose there are sequences B,C ^ +oo, 
of solutions gij{t) and points {x',t') such that 

dt'{x',xo) -to<t'<0 and \Rm{x' ,t')\ > C + B{t' + to)~'^ . 
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Then by Lemma 6.3.2, we can find a sequence of points (x, t) sucli tliat 

dt{x,xo) < ^, 

Q = \Rm{x,t)\ >C + B{i+tor\ 

and 

\Rm{x,t)\ < 4Q 

wherever (—to <) t — AQ~^ < t < t, dt{x,x) < j^A^Q~2^ where A 
tends to infinity with B,C. Thus we may take a blow-up limit along the 
points (x, t) with factors Q and get a non-flat ancient solution (Mqo, (7^°^'*(t)) 
with nonnegative curvature operator and with the asymptotic volume ratio 
^Mooi't) > w' > for each t G (— oo, 0] (by (6.3.6)). This contradicts Lemma 
6.3.L 

(ii) Let B{w), C{w) be good for the first part of the theorem. By the 
volume assumption at t = and the standard (relative) volume comparison, 
we still have the estimate 

(6.3.6) ' Volo(5o(x,r)) > u;V" 

for each x £ M with dQ{x, xq) < ^ and r < ^. We will show that ^ = 5~'^w' , 
B = B{h~^w') and C = C{5~"-w') are good for the second part of the 
theorem. 

By continuity and the volume assumption at t = 0, there is a maximal 
subinterval [— r, 0] of the time interval [— r, 0] such that 

Yo\t{Bt{xo, l))>w> 5-"u;' for all t G [-r, 0]. 

This says that the assumptions of (i) hold with 5~^w' in place of w and with 
r in place of to. Thus the conclusion of the part (i) gives us the estimate 

(6.3.7) \Rm{x,t)\<C + B{t + T)-'^ 

whenever t G (— t, 0] and dt{x,Xo) < |. 

We need to show that one can choose a positive tq depending only on w 
and the dimension such that the maximal r > min{'f,ro}. 

For t G (— r, 0] and | < dt{x, xq) < \,we use (6.3.7) and Lemma 3.4.1(ii) 
to get 

^dt{x,xo) > -10(n- 1)(V^+ {VB/Vt + ^)) 
which further gives 

do{x, xo) > d-r{x, xo) - 10(n - l){rVC + 2Vb^). 

This means 



(6.3.8) 



B(_^)(xo, ^) D Bo (^xo, \ - 10(n - l)(rVC + 2Vs7)^ . 
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Note that the scalar curvature R > —C{n) for some constant C{n) 
depending only on the dimension since Rm > — 1. We have 

d. 



dt 

J Bo{xo,\-lO(n-l){T^,+2VB^)) 



Volt [bq (^0, ^ - 10(n - l)(rVC + 2/b7) 

{-R)dVt 

<C{n)\o\t (bo (^xo,^-10(n-l)(rV^ + 2V57)^^ 

and then 

(6.3.9) Volt {^Bq 10(n- l)(TVC + 2^/s7)j^ 

< e^(")^Vol(_^) {bo {xo, \ - 10(n - l)(rVC + 2Vs7)^ ^ . 

Thus by (6.3.6)', (6.3.8) and (6.3.9), 

Vol (_^)(5(_^))(xo,l) 

>Vol(_,)(5(_,)) (^zo,^) 

> Vol(_^) [bo {^xo, ^ - 10(n - l){rVc + 2VB^)^^ 

> e-^(")^Volo (^Bo (^xo,^~ 10(n - 1)(tVC + 2v^)^^ 

> e-^(")^u;' (^^ - 10(n - 1){tVC + 2^/B^)^ . 
So it suffices to choose tq = to{w) small enough so that 

e-^'(")"« Q - 10(n- l)(roVC + 2/B^)y > (^^J' . 
Therefore we have proved the theorem. □ 

6.4. Ancient K-solutions on Three-manifolds 

In this section we will determine the structures of ancient K-solutions on 
three-manifolds. 

First of all, we consider a special class of ancient solutions — gradient 
shrinking Ricci solitons. Recall that a solution gij{t) to the Ricci flow is 
said to be a gradient shrinking Ricci soliton if there exists a smooth 
function / such that 

(6.4.1) ViVjf + Rij + ^^gij = for - oo < t < 0. 

A gradient shrinking Ricci soliton moves by the one parameter group of 
diffeomorphisms generated by V/ and shrinks by a factor at the same time. 
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The following result of Perelman |108j gives a complete classification for 
all three-dimensional complete K-noncollapsed gradient shrinking solitons 
with bounded and nonnegative sectional curvature. 

Lemma 6.4.1 (Classification of three-dimensional shrinking solitons). 
Let {M,gij(t)) be a nonflat gradient shrinking soliton on a three-manifold. 
Suppose {M,gij{t)) has bounded and nonnegative sectional curvature and is 
K-noncollapsed on all scales for some n> Q. Then {M,gij{t)) is one of the 
following: 

(i) the round three-sphere S^, or a metric quotient o/S^; 

(ii) the round infinite cylinder x M, or one of its Z2 quotients. 

Proof. We first consider the case that the sectional curvature of the non- 
flat gradient shrinking soliton is not strictly positive. Let us pull back the 
soliton to its universal cover. Then the pull-back metric is again a nonflat an- 
cient K-solution. By Hamilton's strong maximum principle (Theorem 2.2.1), 
we know that the pull-back solution splits as the metric product of a two- 
dimensional nonflat ancient K-solution and M. Since the two-dimensional 
nonflat ancient K-solution is simply connected, it follows from Theorem 6.2.2 
that it must be the round sphere S^. Thus, the gradient shrinking soliton 
must be §^ x M/F, a metric quotient of the round cylinder. 

For each a G T and (x, s) G x R, we write a{x, s) = (o"i(x, s),a2{x, s)) 
£ xR. Since a sends lines to lines, and sends cross spheres to cross spheres, 
we have a2{x,s) = a2{y,s), for all x,y G S^. This says that £72 reduces to 
a function of s alone on M. Moreover, for any (x, s), {x' , s') G x M, since 
a preserves the distances between cross spheres x {s} and x {s'}, we 
have |o"2(x, s) — 0-2(2;', s')\ = \s — s'\. So the projection F2 of F to the second 
factor M is an isometry subgroup of M. If the metric quotient §^ x M/F 
were compact, it would not be K-noncollapsed on sufficiently large scales as 
t — > — cx). Thus the metric quotient x M/F is noncompact. It follows that 
F2 = {1} or Z2. In particular, there is a F-invariant cross sphere §^ in the 
round cylinder x M. Denote it by §^ x {0}. Then F acts on the round 
two-sphere x {0} isometrically without fixed points. This implies F is 
either {1} or Z2. Hence we conclude that the gradient shrinking soliton is 
either the round cylinder S X R, or X R, or the twisted product S xR 
where Z2 flips both and R. 

We next consider the case that the gradient shrinking soliton is compact 
and has strictly positive sectional curvature everywhere. By the proof of 
Theorem 5.2.1 (see also Remark 5.2.8) we see that the compact gradient 
shrinking soliton is getting round and tends to a space form (with posi- 
tive constant curvature) as the time approaches the maximal time t = 0. 
Since the shape of a gradient shrinking Ricci soliton does not change up to 
reparametrizations and homothetical scalings, the gradient shrinking soliton 
has to be the round three-sphere or a metric quotient of S^. 
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Finally we want to exclude the case that the gradient shrinking soliton 
is noncompact and has strictly positive sectional curvature everywhere. The 
following argument follows the proof of Lemma 1.2 of Perelman [108j . 

Suppose there is a (complete three-dimensional) noncompact K-non- 
collapsed gradient shrinking soliton gij{t), —oo < t < 0, with bounded and 
positive sectional curvature at each t G (— cxo,0) and satisfying the equation 

(6.4.1) . Then as in (6.2.25), we have 

(6.4.2) V,i? = 2RijVjf. 

Fix some t < 0, say t = —1, and consider a long shortest geodesic 7(s), 
< s < s. Let xq = 7(0) and X{s) = 7(5). Let U{0) be any unit vector 
orthogonal to 7(0) and translate U{0) along 7(5) to get a parallel vector 
field C/(s), < s < s, on 7. Set 

( sU{s), for < s < 1, 

U{s), for l<s<s-l 

{s — s)U{s), for s — 1 < s < s. 

It follows from the second variation formula of arclength that 



U{s) 



(|[/(s)p - R{X, U, X, U))ds > 0. 

Since the curvature of the metric gij{—l) is bounded, we clearly have 

/ RiX,U,X,U)ds < const. 
Jo 

and then 

(6.4.3) [ Ric (X,X)ds < const.. 

Jo 

Moreover, since the curvature of the metric gij{—l) is positive, it follows 
from the Cauchy-Schwarz inequality that for any unit vector field Y along 
7 and orthogonal to X{= 7(5)), we have 

/ |Ric(X,y)p(is < / mciX,X)mc{Y,Y)ds 
Jo Jo 

< const. • / Ric {X, X)ds 
Jo 



< const. 



and then 



(6.4.4) / |Ric(X,y)|(is < const. • (Vi + 1). 

Jo 

From (6.4.1) we know 



VxVx/ + Ric (X,X)-i 
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and by integrating this equation we get 



X(/(7(s-))) -X(/(7(0))) + r Ric {X,X)ds - ^-s 



s = 0. 



Thus by (6.4.3) we deduce 



(6.4.5) 




Similarly by integrating (6.4.1) and using (6.4.4) we can deduce 



(6.4.6) 



|(y,V/(7(s-)))| <const. -(Vi+l). 



These two inequalities tell us that at large distances from the fixed point xq 
the function / has no critical point, and its gradient makes a small angle 
with the gradient of the distance function from xq. 

Now from (6.4.2) we see that at large distances from xq, R is strictly 
increasing along the gradient curves of /, in particular 



Let us choose a sequence of points (x^, —1) where R{xk, —1) R- By the 
noncollapsing assumption we can take a limit along this sequence of points 
of the gradient soliton and get an ancient K-solution defined on — oo < t < 0. 
By Proposition 6.1.2, we deduce that the limiting ancient K-solution splits 
off a line. Since the soliton has positive sectional curvature, we know from 
Gromoll-Meyer |54j that it is orientable. Then it follows from Theorem 6.2.2 
that the limiting solution is the shrinking round infinite cylinder with scalar 
curvature R at time t = —1. Since the limiting solution exists on (— oo,0), 
we conclude that ^ < 1. Hence 



when the distance from x to the fixed xq is large enough on the gradient 
shrinking soliton. 

Let us consider the level surface {/ = a} of /. The second fundamental 
form of the level surface is given by 



where {61,62} is an orthonormal basis of the level surface. By (6.4.1), we 



R= limsup R{x,-1)>0. 

rf(_i)(x,xo)-*+oo 



R{x,-l) < 1 




ViV,//|V/| 



i,i = 1,2 



have 



Ve,VeJ = - - Ric(6j,6j 



1 _ R 

2 ~ 2" 



> 



i = 1,2 
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since for a three-manifold the positivity of sectional curvature is equivalent 
to R> 2Ric . It then follows from the first variation formula that 

(6.4.7) ^Area{/ = „} = ^^^^^div(^) 



> 



> 



{/=«} iv/l 
1 



{/=«} 



a} |V/| 



(l-R) 



(l-R) 



> 



for a large enough. We conclude that Area {f = a} strictly increases as a 
increases. Prom (6.4.5) we see that for s large enough 



ds 



< const., 



and then 



/- 



< const. • (s + 1). 



Thus we get from (6.4.7) 



Area \ f = a} > - — Area \ f = a] 
da ^ ^ 2Va ^ ^ 



for a large enough. This implies that 

log Area {/ = a} > (1 — R)\/a — const. 

for a large enough. But it is clear from (6.4.7) that Arca{/ = a} is uniformly 
bounded from above by the area of the round sphere of scalar curvature R 
for all large a. Thus we deduce that R=l. So 



(6.4.8) 



Area {/ = a} < Stt 



for a large enough. 

Denote by X the unit normal vector to the level surface {/ = a}. By 
using the Gauss equation and (6.4.1), the intrinsic curvature of the level 
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surface {/ = a} can be computed as 
(6.4.9) 

intrinsic curvature 
= -R1212 + det{hij) 

-\^-2Ric(X,X)) + ^^*(^^^^(^)) 



2^ ^ ' ' |V/|2 
<\{R- 2Ric {X, X)) + ^^(tr (Hess if)))' 
1_ „ 1 



-{R- 2Ric {X, X)) + ^^(1 -{R- Ric (X, X)))' 



_ 1 
~ 2 
1 

<2 



1 - Ric (X, X)-{l-R + Ric (X, X)) + ii-- ^ + I^i^ ^))' 



2|V/|^ 



for sufficiently large a, since (1 — R + Ric{X, X)) > and |V/| is large when 
a is large. Thus the combination of (6.4.8) and (6.4.9) gives a contradiction 
to the Gauss-Bonnet formula. 

Therefore we have proved the lemma. □ 

As a direct consequence, there is a universal positive constant kq such 
that any nonflat three-dimensional gradient shrinking soliton, which is also 
an ancient K-solution, to the Ricci flow must be Ko-noncollapsed on all scales 
unless it is a metric quotient of round three-sphere. The following result, 
claimed by Perelman in the section 1.5 of |108j . shows that this property 
actually holds for all nonflat three-dimensional ancient K-solutions. 

Proposition 6.4.2 (Universal noncollapsing). There exists a positive 
constant kq with the following property. Suppose we have a nonflat three- 
dimensional ancient K-solution for some n > 0. Then either the solution is 
KQ-noncollapsed on all scales, or it is a metric quotient of the round three- 
sphere. 

Proof. Let gij{x,t),x £ M and t £ (— oo,0], be a nonflat ancient k- 
solution for some k > 0. For an arbitrary point ip,to) S M x (— cx),0], we 
define as in Chapter 3 that 

T = to — t, for t < to, 

l{q, r) = inf | T MR{jis),to - s) + \i{s)\l^^,^^,^)ds\ 



7 : [0,r] ^ M with 7(0) =p,7(t) 

andy(r)= / {A7:t)~^ exp{-l{q,T))dVt,^r{q). 
Jm 
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Recall from (6.2.1) that for each r > we can find q = qij) such that 
1{q,t) < |. In view of Lemma 6.4.1, we may assume that the ancient re- 
solution is not a gradient shrinking Ricci soliton. Thus by (the proof of) 
Theorem 6.2.1, the scalings of gij{to — r) at q{T) with factor converge 
along a subsequence of r — >^ +00 to a nonflat gradient shrinking soliton with 
nonnegative curvature operator which is K-noncoUapsed on all scales. We 
now show that the limit has bounded curvature. 

Denote the limiting nonflat gradient shrinking soliton by {M ,gij(x,t)) 
with — 00 < t < 0. Note that there holds the Li-Yau-Hamilton inequality 
(Theorem 2.5.4) on any ancient K-solution and in particular, the scalar cur- 
vature of the ancient K-solution is pointwise nondecreasing in time. This 
implies that the scalar curvature of the limiting soliton {M,gij{x,t)) is still 
pointwise nondecreasing in time. Thus wc only need to show that the lim- 
iting soliton has bounded curvature at t = 0. 

We argue by contradiction. By lifting to its orientable cover, we may 
assume that M is orientable. Suppose the curvature of the limiting soliton 
is unbounded at t = 0. Of course in this case the limiting soliton M is 
noncompact. Then by applying Lemma 6.1.4, we can choose a sequence of 
points Xj,j = 1, 2, ... , divergent to infinity such that the scalar curvature 
R of the limit satisfies 

R{xj,0) > j and ^(a;,0) < 4R{xj,0) 

for all X G Bq {xj ,j/\J R{xj , 0) ) and j = 1,2, Since the scalar curvature 

is nondecreasing in time, we have 

(6.4.10) R{x,t) <4R{xj,0), 

for all X G Bq {xj , j / R{xj,Q)), all t < and j = 1,2, By com- 
bining with Hamilton's compactness theorem (Theorem 4.1.5) and the n- 
noncollapsing, we know that a subsequence of the rescaled solutions 

{M,R{xj,Q,)gij{x,t/R{xj,G)),Xj), j = 1,2,..., 

converges in the topology to a nonflat smooth solution of the Ricci 
flow. Then Proposition 6.1.2 implies that the new limit at the new time 
{t = 0} must split off a line. By pulling back the new limit to its universal 
cover and applying Hamilton's strong maximum principle, we deduce that 
the pull-back of the new limit on the universal cover splits off a line for all 
time t < Q. Thus by combining with Theorem 6.2.2 and the argument in 
the proof of Lemma 6.4.1, we further deduce that the new limit is either 
the round cylinder x M or the round RP^ x R. Since M is orientable, the 
new limit must be x M. Since (M,5jj(x,0)) has nonnegative curvature 
operator and the points {xj} going to infinity and R{xj, 0) +00, this gives 
a contradiction to Proposition 6.1.1. So we have proved that the limiting 
gradient shrinking soliton has bounded curvature at each time. 
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Hence by Lemma 6.4.1, the limiting gradient shrinking sohton is either 
the round three-sphere or its metric quotients, or the infinite cyhnder 
X R or one of its Z2 quotients. If the asymptotic gradient shrinking sohton 
is the round three-sphere or its metric quotients, it fohows from Lemma 
5.2.4 and Proposition 5.2.5 that the ancient K-solution must be round. Thus 
in the following we may assume the asymptotic gradient shrinking soliton is 
the infinite cylinder x M or a Z2 quotient of x M. 

We now come back to consider the original ancient K-solution (M,gij{x, 
t)). By rescaling, we can assume that R{x,t) < 1 for all {x,t) satisfying 
dtQ{x,p) < 2 and t £ [to — 1, to]. We will argue as in the proof of Theorem 
3.3.2 (Perelman's no local collapsing theorem I) to obtain a positive lower 
bound for Volto(5fo(p, 1)). 

Denote by ^ = Vol jq (fi^g (p, 1))3. For any v G TpM we can find an jC- 
geodesic 7(r), starting at p, with lim^_^o+ V^H''') = "^^ It follows from the 
>C-geodesic equation (3.2.1) that 

-j-iV^i) - \^/tVR + 2Ric (V^7, •) = 0. 
or z 

By integrating as before we see that for r < ^ with the property 7(<t) G 
BtQ{p, 1) as long as a < r, there holds 

\V^i{T)-v\ <C^{\v\ + l) 

where C is some positive constant depending only on the dimension. With- 
out loss of generality, we may assume < j and ^ < j^q. Then for 

V G TpM with \v\ < and for r < ^ with the property 7(ct) G Bf^ip, 1) 

as long as (7 < r, we have 



dtoip,l{r)) < I \i{cT)\da 
Jo 



1 1 r da 
Jo 7^ 



= 1. 

This shows 

(6.4.11) £exp||t;| <^r^}(e)cSt„(p,l). 

We decompose Perelman's reduced volume V{^) as 

(6.4.12) ViO= I , 

JM\CeKp[\v\<^r'^}iO 
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By using (6.4.11) and the metric evolution equation of the Ricci flow, the 
first term on the RHS of (6.4.12) can be estimated by 

/ ^ i47rO--^expi-l{q,0)dVt,-^iq) 

J/;exp{|t.|<ir2}«) 



< 

= (47r)-ie3«^ 

3 



while by using Theorem 3.2.7 (Perelman's Jacobian comparison theorem), 
the second term on the RHS of (6.4.12) can be estimated by 

(6.4.13) / . , 1, {A'KO-UM-l{<l,0)dVt,-d<l) 

JM\Ceyiv[\v\<\r^YO 

< f 1 iiTTT)-'! eM-liT))J{r)\r=odv 

•^{\v\>^r^} 

= (47r)~t / exp(— |'up)dv 

J{\v\>kr^} 

since lim^^o+ r"t J(r) = 1 and lim^^o+ K^^) = I^^P by (3.2.18) and (3.2.19) 
respectively. Thus we obtain 

(6.4.14) V{0<2^1 

On the other hand, we recall that there exist a sequence — > +oo and 
a sequence of points q{Tk) G M with l{q{Tk),Tk) < § so that the scalings 
of the ancient K-solution at q{Tk) with factor r^^ converge to either round 
§^ X M or one of its Z2 quotients. For sufficiently large k, we construct a 
path 7 : [0, 2Tk] —>■ M, connecting p to any given point q G M, as follows: 
the first half path 7|[o,Tfc] connects p to q{Tk) such that 



n),Tk) = r v^(i?+ |7(r)|')dT < 2, 

2^/Tk Jo 



and the second half path 7|[^^ 2Tfc] is a shortest geodesic connecting g(rfe) 
to q with respect to the metric gij{tQ — r^). Note that the rescaled metric 
Tk^dijik - t) over the domain ^^^.^^^(Tfc), y^) x [to - 2rfc,io - Tfc] is 
sufficiently close to the round §^ x M or its Z2 quotients. Then there is a 
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universal positive constant (3 such that 

< ^2+^-^1 V^{R+\j{T)\')dT 

for all q G Bto-TkiQ{Tk), y/n)- Thus 

Vi2Tk)= [ {M2Tk))-'^expi-l{q,2Tk))dVt,.2rM 
Jm 

>e~^ I {A7:{2Tk)ridVt,^2rM 
>/3 

for some universal positive constant [3. Here we have used the curvature 
estimate (6.2.6). By combining with the monotonicity of Perelman's reduced 
volume (Theorem 3.2.8) and (6.4.14), we deduce that 

~P<V{2Tk)<V{0<2ii. 

This proves 

Vol<,(B<,(p,l))>Ko>0 

for some universal positive constant kq. So we have proved that the ancient 
K-solution is also an ancient Kg'Solution. □ 

The important Li-Yau-Hamilton inequality gives rise to a parabolic Har- 
nack estimate (Corollary 2.5.7) for solutions of the Ricci flow with bounded 
and nonnegative curvature operator. As explained in the previous section, 
the no local collapsing theorem of Perelman implies a volume lower bound 
from a curvature upper bound, while the estimate in the previous section 
implies a curvature upper bound from a volume lower bound. The combi- 
nation of these two estimates as well as the Li-Yau-Hamilton inequality will 
give an important elliptic type property for three-dimensional ancient k- 
solutions. This elliptic type property was first implicitly given by Perelman 
in ^107j and it will play a crucial role in the analysis of singularities. 

Theorem 6.4.3 (Elliptic type estimate). There exist a positive constant 
T] and a positive increasing function to : [0, +oo) — > (0, +oo) with the fol- 
lowing properties. Suppose we have a three-dimensional ancient K-solution 
{M,gij{t)), — oo < t < 0, for some k > 0. Then 

(i) for every x,y £ M and t £ (— cxd,0], there holds 
R{x,t) < R{y,t) ■ oo{R{y,t)dUx,y)y, 
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(ii) for all X ^ M and t G (—00, 0], there hold 

dR 



\VR\{x,t) <r]R'^{x,t) and 



dt 



{x,t) < riR^{x,t). 



Proof. 

(i) Consider a three-dimensional nonflat ancient K-solution gij{x,t) on 
M X (—00, 0]. In view of Proposition 6.4.2, we may assume that the ancient 
solution is universal Ko-noncollapscd. Obviously we only need to establish 
the estimate at i = 0. Let y be an arbitrarily fixed point in M. By rescaling, 
we can assume R{y,0) = 1. 

Let us first consider the case that sup{i?(x, 0)d!^{x, y) \ x ^ M} > 1. De- 
fine z to be the closest point to y (at time t = 0) satisfying R{z, 0)dQ{z, y) = 
1. We want to bound R{x,0)/R{z,0) from above for x G Bo{z,2R{z,0)~2). 

Connect y and z by a shortest geodesic and choose a point z lying on the 
geodesic satisfying do{z,z) = \R{z,0)~2 . Denote by B the ball centered at 
z and with radius jR{z, 0)~2 (with respect to the metric at t = 0). Clearly 

the ball B lies in Bo{y, R{z,0)~^) and lies outside So(y, ^R{z,0)~^). Thus 
for X G i?, we have 

R{x,0)dl{x,y) <1 and doix,y) > ^R{z,0)-^ 

and hence 

R(x,0) < ^ for ah xeB. 

c^R{z,o)-^r 

Then by the Li-Yau-Hamilton inequality and the Ko-noncollapsing, we have 

1 ^3 



and then 



YoloiB)>Ko(-Riz,0)-2 

\olo{Bo{z,8R{z,0)-'2)) > ||(8i2(z,0)-if . 

So by Theorem 6.3.3(ii), there exist positive constants B{ko),C{ko), and 
ro(Ko) such that 

(6.4.15) i?(x, 0) < (C(ko) + ^^)R{z, 0) 

for all X G Bo{z,2R{z,0)-^). 

We now consider the remaining case. If i?(x, 0)(ig(x, y) < 1 everywhere, 
we choose a point z satisfying sup{i2(.T,0) | x G M} < 2R{z,0). Obviously 
we also have the estimate (6.4.15) in this case. 

We next want to bound R{z,0) for the chosen z G M. By (6.4.15) and 
the Li-Yau-Hamilton inequality, we have 

R{x,t)<{C{Ko) + ^P\)R{z,0) 



252 H.-D. CAO AND X.-P. ZHU 

for all X G Bq{z,2R{z,0)~2'^ and all t < 0. It then follows from the local 
derivative estimates of Shi that 

— {z,t)<C{Ko)R{z,Of, for all - R~\z,0) <t <0 

which implies 

(6.4.16) R{z,-cR-^{z,0)) > cR{z,0) 

for some small positive constant c depending only on kq. On the other hand, 
by using the Harnack estimate in Corollary 2.5.7, we have 

(6.4.17) 1 = i?(y,0) > cRiz,-cR-^iz,0)) 

for some small positive constant c depending only on kq, since do{y,z) < 
R{z,0)~2 and the metric gij{t) is equivalent on 

Bo{z,2R{z,0)~^) X [-cR-'^{z,0),0] 
with c > small enough. Thus we get from (6.4.16) and (6.4.17) that 

(6.4.18) Riz,0)<A 

for some positive constant A depending only on kq. 

Since So(z, 2/?(z, 0)^5) d Bo{y, R{z,0)-^) and R{z,Oy^ > (A)-^, the 
combination of (6.4.15) and (6.4.18) gives 

(6.4.19) i?(^,o)<(C(Ko) + ^^)I 

whenever x € BQ{y,{A)~2y Then by the KQ-noncollapsing there exists a 
positive constant vq depending only on kq such that 

Volo(So(y,ro)) > Korg. 

For any fixed Rq > tq, we then have 

\olo{Bo{y,Ro)) > ^^orl = Koi^f ■ R:i 

By applying Theorem 6.3.3 (ii) again and noting that the constant kq is 
universal, there exists a positive constant io{Ro) depending only on Rq such 
that 

R{x, 0) < uj{RI) for ah x G Boiy, ^Rq)- 

This gives the desired estimate. 

(ii) This follows immediately from conclusion (i), the Li-Yau-Hamilton 
inequality and the local derivative estimate of Shi. □ 

As a consequence, we have the following compactness result due to Perel- 
man [107j . 



HAMILTON-PERELMAN'S PROOF 



253 



Corollary 6.4.4 (Compactness of ancient Ko-solutions). The set of non- 
flat three-dimensional ancient KQ-solutions is compact modulo scaling in the 
sense that for any sequence of such solutions and marking points (x^, 0) with 
R{xk,0) = 1, we can extract a converging subsequence whose limit is 
also an ancient kq -solution. 

Proof. Consider any sequence of three-dimensional ancient K,o-solutions 
and marking points {xk,0) with R{xk,0) = 1. By Theorem 6.4.3(i), the 
Li-Yau-Hamilton inequality and Hamilton's compactness theorem (Theo- 
rem 4.1.5), we can extract a Cf^^ converging subsequence such that the 
limit {M,gij(x,t)), with — oo < i < 0, is an ancient solution to the Ricci 
flow with nonnegative curvature operator and Ko-noncollapsed on all scales. 
Since any ancient Ko-solution satisfies the Li-Yau-Hamilton inequality, it im- 
plies that the scalar curvature R(x,t) of the limit (M,gij(x,t)) is pointwise 
nondecreasing in time. Thus it remains to show that the limit solution has 
bounded curvature at t = 0. 

Obviously we may assume the limiting manifold M is noncompact. By 
pulling back the limiting solution to its orientable cover, we can assume 
that the limiting manifold M is orientable. We now argue by contradiction. 
Suppose the scalar curvature R of the limit at t = is unbounded. 

By applying Lemma 6.1.4, we can choose a sequence of points xj G 
M,j = 1, 2, ... , divergent to infinity such that the scalar curvature R of the 
limit satisfies 

R{xj,0)>j and R{x,0) < AR{xj,0) 

for all j = 1, 2, . . . , and x G Bo {xj ,j/\J R{xj , 0) ) . Then from the fact that 

the limiting scalar curvature R{x, t) is pointwise nondecreasing in time, we 

have 

(6.4.20) R{x,t) <4R{xj,0) 

for all j = 1,2, . . ., X e Bq {xj , 0) ) and f < 0. By combining with 

Hamilton's compactness theorem (Theorem 4.1.5) and the KQ-noncoUapsing, 
we know that a subsequence of the rescalcd solutions 

{M,R{xj,Q)-g^J{x,t/R{xj,Q)),Xj), j = 1,2,..., 

converges in the Cf^^ topology to a nonflat smooth solution of the Ricci flow. 
Then Proposition 6.1.2 implies that the new limit at the new time {t = 0} 
must split off a line. By pulling back the new limit to its universal cover 
and applying Hamilton's strong maximum principle, we deduce that the 
pull-back of the new limit on the universal cover splits off a line for all time 
t < 0. Thus by combining with Theorem 6.2.2 and the argument in the proof 
of Lemma 6.4.1, we further deduce that the new limit is either the round 
cylinder §^ x M or the round MP^ x R. Since M is orientable, the new limit 
must be x M. Moreover, since {M ,gij{x,G)) has nonnegative curvature 
operator and the points {xj} are going to infinity and R{xj,Qi) — ^ -|-oo, this 
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gives a contradiction to Proposition 6.1.1. So we have proved that the limit 
{M,gij{x,t)) has uniformly bounded curvature. □ 

Arbitrarily fix e > 0. Let gij{x,t) be a nonflat ancient K-solution on 
a three-manifold M for some «; > 0. We say that a point xq £ M is 
the center of an evolving e-neck at t = 0, if the solution gij{x,t) in 
the set {{x,t) \ - e^'^Q^^ < t < 0,df{x,xo) < e~^Q~^}, where Q = 
R{xo,0), is, after scaling with factor Q, e-close (in the C'^ 1 topology) to 
the corresponding set of the evolving round cylinder having scalar curvature 
one at t = 0. 

As another consequence of the elliptic type estimate, we have the follow- 
ing global structure result obtained by Perelman in |107j for noncompact 
ancient K-solutions. 

Corollary 6.4.5 (Perelman [107\ ) . For any e > there exists C = 
C{e) > 0, such that if gij{t) is a nonflat ancient n-solution on a noncompact 
three- manifold M for some k > 0, and denotes the set of points in M 
which are not centers of evolving e-necks at t = 0, then at t = 0, either the 
whole manifold M is the round cylinder x M or its Z2 metric quotients, 
or Mi; satisfies the following 

(i) Me is compact, 

(ii) diamMe < CQ'^ and C'^Q < R{x,0) < CQ, whenever x G Me, 
where Q = R{xo, 0) for some xq £ dM^. 

Proof. We first consider the easy case that the curvature operator 
of the ancient K-solution has a nontrivial null vector somewhere at some 
time. Let us pull back the solution to its universal cover. By applying 
Hamilton's strong maximum principle and Theorem 6.2.2, we see that the 
universal cover is the evolving round cylinder x M. Thus in this case, 
by the argument in the proof of Lemma 6.4.1, we conclude that the ancient 
K-solution is either isometric to the round cylinder x M or one of its Z2 
metric quotients (i.e., MP^ x M, or the twisted product S^xM where Z2 fiips 
both or M). 

We then assume that the curvature operator of the nonflat ancient re- 
solution is positive everywhere. Firstly we want to show M^ is compact. We 
argue by contradiction. Suppose there exists a sequence of points z^, k = 
1,2, . . ., going to infinity (with respect to the metric gij{0)) such that each 
Zk is not the center of any evolving e-neck. For an arbitrarily fixed point 
zq G M, it follows from Theorem 6.4.3(i) that 

< R{zo, 0) < R{zk,0) ■ uj{R{zk,0)dl{zk, zo)) 

which implies that 

lim R{zk,0)dl{zk,zo) = +00. 

k—*oo 

Since the sectional curvature of the ancient K-solution is positive everywhere, 
the underlying manifold is diffeomorphic to M^, and in particular, orientable. 
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Then as before, by Proposition 6.1.2, Theorem 6.2.2 and CoroUary 6.4.4, we 
conclude that is the center of an evolving e-neck for k sufficiently large. 
This is a contradiction, so we have proved that Mg is compact. 

Again, we notice that M is diffeomorphic to since the curvature 
operator is positive. According to the resolution of the Schoenflies con- 
jecture in three-dimensions, every approximately round two-sphere cross- 
section through the center of an evolving e-neck divides M into two parts 
such that one of them is diffeomorphic to the three-ball B'^. Let be the 
Busemann function on M, it is a standard fact that <^ is convex and proper. 
Since is compact, is contained in a compact set K = (/?~^((— cx), ^4]) 
for some large A. We note that each point x G M \ is the center of 
an e-neck. It is clear that there is an e-neck N lying entirely outside K. 
Consider a point x on one of the boundary components of the e-neck N . 
Since a; € M \ Mg, there is an e-neck adjacent to the initial e-neck, pro- 
ducing a longer neck. We then take a point on the boundary of the second 
e-neck and continue. This procedure can either terminate when we get into 
Mg or go on infinitely to produce a scmi-infinitc (topological) cylinder. The 
same procedure can be repeated for the other boundary component of the 
initial e-neck. This procedure will give a maximal extended neck N. If N 
never touches Mg, the manifold will be diffeomorphic to the standard infi- 
nite cylinder, which is a contradiction. If both ends of N touch Mg, then 
there is a geodesic connecting two points of Mg and passing through A^. 
This is impossible since the function is convex. So we conclude that one 
end of A^ will touch Mg and the other end will tend to infinity to produce 
a semi-infinite (topological) cylinder. Thus we can find an approximately 
round two-sphere cross-section which encloses the whole set Mg and touches 
some point xq G dM^. We next want to show that i?(xo,0)2 • diam{M^) is 
bounded from above by some positive constant C = C(e) depending only 
on e. 

Suppose not; then there exists a sequence of nonflat noncompact three- 
dimensional ancient K-solutions with positive curvature operator such that 
for the above chosen points xq € dM^ there would hold 

(6.4.21) R{xo,0)^ ■ diam(Mg) +oo. 

By Proposition 6.4.2, we know that the ancient solutions are Ko-noncollapsed 
on all scales for some universal positive constant kq. Let us dilate the ancient 
solutions around the points xq with the factors R{xo, 0). By Corollary 6.4.4, 
we can extract a convergent subsequence. From the choice of the points xq 
and (6.4.21), the limit has at least two ends. Then by Toponogov's splitting 
theorem the limit is isometric to X x M for some nonflat two-dimensional 
ancient KQ-solution X. Since M is orientable, we conclude from Theorem 
6.2.2 that limit must be the evolving round cylinder x M. This contradicts 
the fact that each chosen point xq is not the center of any evolving e-neck. 
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Therefore we have proved 

diam(iV4) < CQ~^ 

for some positive constant C = C{e) depending only on e, where Q = 
R{xo,0). 

Finally by combining this diameter estimate with Theorem 6.4.3(i), we 
immediately deduce 

C~^Q < R{x, 0) < CQ, whenever x G M^, 

for some positive constant C depending only on e. □ 

We now can describe the canonical structm'es for three-dimensional non- 
flat (compact or noncompact) ancient K-solutions. The following theorem 
was given by Perelman in the section 1.5 of |108| . Recently in [35J, this 
canonical neighborhood result has been extended to four-dimensional an- 
cient K-solutions with isotropic curvature pinching. 

Theorem 6.4.6 (Canonical neighborhood theorem). For any e > 

one can find positive constants Ci = Ci(e) and C2 = C2{£) with the fol- 
lowing property. Suppose we have a three-dimensional nonflat (compact or 
noncompact) ancient K-solution (M , gij (x , t)) . Then either the ancient so- 
lution is the round MP^ x M, or every point (x, t) has an open neighborhood 
B, with Bt{x,r) C B C Bt{x,2r) for some <r < CiR{x,t)~^ , which falls 
into one of the following three categories: 

(a) B is an evolving e-neck (in the sense that it is the slice at the time 
t of the parabolic region {{x',t') \ x' £ B,t' & [t — e~'^R{x,t)~^ ,t]} 
which is, after scaling with factor R{x, t) and shifting the time t to 
zero, e-close [in the C^^ topology) to the subset (S^ xl) x [— e^^, 0] 
of the evolving standard round cylinder with scalar curvature 1 and 
length 2e~^ to I at the time zero), or 

(b) B is an evolving e-cap (in the sense that it is the time slice at 
the time t of an evolving metric on or MP^ \ B'^ such that the 
region outside some suitable compact subset o/B^ or MP'^\B3 is an 
evolving e-neck), or 

(c) B is a compact manifold {without boundary) with positive sectional 
curvature (thus it is diffeomorphic to the round three-sphere or 
a metric quotient ofB^); 

furthermore, the scalar curvature of the ancient K-solution on B at time t 
is between C2^R{x,t) and C2R{x,t), and the volume of B in case (a) and 
case (b) satisfies 

{C2R{x,t))-'^ < Volf(S) < er\ 

Proof. As before, we first consider the easy case that the curvature 
operator has a nontrivial null vector somewhere at some time. By pulling 
back the solution to its universal cover and applying Hamilton's strong max- 
imum principle and Theorem 6.2.2, we deduce that the universal cover is the 
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evolving round cylinder x M. Then exactly as before, by the argument 
in the proof of Lemma 6.4.1, we conclude that the ancient K-solution is iso- 
metric to the round S X M, X M, or the twisted product S'^xM where 
Z2 flips both and M. Clearly each point of the round cylinder S'^ x M or 
the twisted product S'^xR has a neighborhood falling into the category (a) 
or (b) (over MP^ \B3). 

We now assume that the curvature operator of the nonflat ancient k- 
solution is positive everywhere. Then the manifold is orientable by the 
Cheeger-Gromoll theorem |24] for the noncompact case or the Synge theo- 
rem |23j for the compact case. 

Without loss of generality, we may assume e is suitably small, say < 
e < yqq. If the nonflat ancient K-solution is noncompact, the conclusions 
follow immediately from the combination of Corollary 6.4.5 and Theorem 
6.4.3(i). Thus we may assume the nonflat ancient K-solution is compact. 
By Proposition 6.4.2, either the compact ancient K-solution is isometric to 
a metric quotient of the round or it is KQ-noncollapsed on all scales for 
the universal positive constant hq. Clearly each point of a metric quotient 
of the round has a neighborhood falling into category (c). Thus we may 
further assume the ancient K-solution is also KQ-noncollapsing. 

We argue by contradiction. Suppose that for some e G (Ojino)' there 
exist a sequence of compact orientable ancient Ko-solutions {M^^gk) with 
positive curvature operator, a sequence of points (xfc,0) with xj. € and 
sequences of positive constants Cik — > 00 and C2k = '^(^C^^,), with the 
function lv given in Theorem 6.4.3, such that for every radius r, < r < 
CikR{xk, 0)~2 , any open neighborhood B, with BQ{xk,r) C B C Bo^Xk, 2r), 
does not fall into one of the three categories (a), (b) and (c), where in the 
case (a) and case (b), we require the neighborhood B to satisfy the volume 
estimate 

(C2fci2(xfe,0))-t < Volo(5) < er^ 

By Theorem 6.4.3(i) and the choice of the constants C2k "we see that 
the diameter of each at t = is at least Cifci2(xfc, 0)~ 2 ; otherwise 
we can choose suitable r E (0, Cifci?(xfc, 0)~2 ) and B = M^, which falls 
into the category (c) with the scalar curvature between C^^-R(rc, 0) and 
C2kR{x,^) on B. Now by scaling the ancient KQ-solutions along the points 
(xfc,0) with factors R{xk,0), it follows from Corollary 6.4.4 that a sequence 
of the ancient KQ-solutions converge in the topology to a noncompact 
orientable ancient KQ-solution. 

If the curvature operator of the noncompact limit has a nontrivial null 
vector somewhere at some time, it follows exactly as before by using the 
argument in the proof of Lemma 6.4.1 that the orientable limit is isometric 
to the round x M, or the twisted product S^xM where Z2 flips both §^ 
and M. Then for k large enough, a suitable neighborhood B (for suitable r) 
of the point (xfc,0) would fall into the category (a) or (b) (over MP^ \ B^) 
with the desired volume estimate. This is a contradiction. 
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If the noncompact limit has positive sectional curvature everywhere, 
then by using Corollary 6.4.5 and Theorem 6.4. 3(i) for the noncompact 
limit we see that for k large enough, a suitable neighborhood B (for suitable 
r) of the point {xk,0) would fall into category (a) or (b) (over B^) with the 
desired volume estimate. This is also a contradiction. 

Finally, the statement on the curvature estimate in the neighborhood B 
follows directly from Theorem 6.4.3(i). □ 
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Chapter 7. Ricci Flow on Three-manifolds 

We will use the Ricci flow to study the topology of compact orientable 
three-manifolds. Let M be a compact three-dimensional orientable manifold. 
Arbitrarily given a Riemannian metric on the manifold, we evolve it by the 
Ricci flow. The basic idea is to understand the topology of the underlying 
manifold by studying long-time behavior of the solution of the Ricci flow. 
We have seen in Chapter 5 that for a compact three-manifold with positive 
Ricci curvature as initial data, the solution to the Ricci flow tends, up to 
scalings, to a metric of positive constant curvature. Consequently, a compact 
three-manifold with positive Ricci curvature is diffeomorphic to the round 
three-sphere or a metric quotient of it. 

However, for general initial metrics, the Ricci flow may develop singu- 
larities in some parts while it keeps smooth in other parts. Naturally one 
would like to cut off the singularities and continue to run the Ricci flow. 
If the Ricci flow still develops singularities after a while, one can do the 
surgeries and run the Ricci flow again. By repeating this procedure, one 
will get a kind of "weak" solution to the Ricci flow. Furthermore, if the 
"weak" solution has only a finite number of surgeries at any finite time in- 
terval and one can remember what had been cut during the surgeries, and 
if the "weak" solution has a well-understood long-time behavior, then one 
will also get the topology structure of the initial manifold. This theory of 
surgically modified Ricci flow was first developed by Hamilton [66j for com- 
pact four-manifolds and further developed more recently by Perelman [108] 
for compact orientable three-manifolds. 

The main purpose of this chapter is to give a complete and detailed dis- 
cussion of Perelman's work on the Ricci flow with surgery on three-manifolds. 
More speciflcally. Sections 7.1-7.2 give a detailed exposition of section 12 of 
Perelman's flrst paper [107] : Sections 7.3-7.6 give a detailed exposition of 
sections 2-7 of Perelman's second paper |108j . except the general collapsing 
result. Theorem 7.4 of [lOSj . claimed by Perelman (a special case of which 
has been proved by Shioya-Yamaguchi |122) ). In Section 7.7, we combine 
the long time behavior result in Section 7.6 and the collapsing result of 
Shioya-Yamaguchi |122j to present a proof of Thurston's geometrization 
conjecture. 

7.1. Canonical Neighborhood Structures 

Let us call a Riemannian metric on a compact orientable three-dimen- 
sional manifold normalized if the eigenvalues of its curvature operator at 
every point are bounded byji^>A>//>i^>— and every geodesic 
ball of radius one has volume at least one. By the evolution equation of the 
curvature and the maximum principle, it is easy to see that any solution 
to the Ricci flow with (compact and three-dimensional) normalized initial 
metric exists on a maximal time interval [0, imax) with tmax > 1- 
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Consider a smooth solution gij (x, t) to the Ricci flow on M x [0, T) , where 
M is a compact orientable three-manifold and T < +00. After rescaling, we 
may always assume the initial metric gij{-,0) is normalized. By Theorem 
5.3.2, the solution gij{-,t) then satisfies the pinching estimate 

(7.1.1) R> i-i^) [log(-z.) + log(l + t) - 3] 
whenever < on M x [0,T). Recall the function 

y = f{x) = x(logx — 3), for < x < +00, 

is increasing and convex with range —e^<y< +00, and its inverse function 
is also increasing and satisfies 

hm /-l(y)/y = 0. 
We can rewrite the pinching estimate (7.1.1) as 

(7.1.2) Rm{x, t) > -[f-^{R{x, t){l + t))/{R{x, t){l + t))]R{x, t) 
on M X [0,T). 

Suppose that the solution gij{-,t) becomes singular as t ^ T. Let us 
take a sequence of times — > T, and a sequence of points pk £ M such that 
for some positive constant C, \Rm\{x,t) < CQk with = |i?m(pfc,ifc)| for 
all X G M and t G [0, ifc]. Thus, {pk,tk) is a sequence of (almost) maximum 
points. By applying Hamilton's compactness theorem and Perelman's no 
local collapsing theorem I as well as the pinching estimate (7.1.2), a sequence 
of the scalings of the solution gij{x,t) around the points pk with factors 
Qk converges to a nonfiat complete three-dimensional orientable ancient k- 
solution (for some k > 0). For an arbitrarily given e > 0, the canonical 
neighborhood theorem (Theorem 6.4.6) in the previous chapter implies that 
each point in the ancient K-solution has a neighborhood which is either an 
evolving e-neck, or an evolving e-cap, or a compact (without boundary) 
positively curved manifold. This gives the structure of singularities coming 
from a sequence of (almost) maximum points. 

However the above argument does not work for singularities coming from 
a sequence of points {yk,Tk) with Tk ^ T and \Rm{yk,Tk)\ +00 when 
\R'n^{yk,Tk)\ is not comparable with the maximum of the curvature at the 
time Tfc, since we cannot take a limit directly. In [107] , Perelman developed 
a refined rescaling argument to obtain the following singularity structure 
theorem. We remark that our statement of the singularity structure theorem 
below is slightly different from Perelman's original statement (cf. Theorem 
12.1 of |107j ). While Perelman assumed the condition of K-noncollapsing on 
scales less than rg, we assume that the initial metric is normalized so that 
from the rescaling argument one can get the K-noncollapsing on all scales 
for the limit solutions. 

Theorem 7.1.1 (Singularity structure theorem). Given e > and Tq > 
1, one can find rQ > with the following property. If gij{x,t), x £ M andt G 
[0, T) with 1 < T < Tq, is a solution to the Ricci flow on a compact orientable 
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three-manifold M with normalized initial metric, then for any point (xojto) 
with to > 1 and Q = R{xo,to) > r^'^ , the solution in {{x,t) \ df^{x,xo) < 
e~'^Q^^, to — e~'^Q~^ < t < io} is, after scaling by the factor Q, e-close {in 
the C^^ ^-topology) to the corresponding subset of some orientable ancient 
K-solution {for some k > 0). 



Proof. The proof is basically along the line sketched by Perelman (cf. 
section 12 of |107j ). However, the proof of Step 2 follows, with some mod- 
ifications, the argument given in the initial notes of Kleiner-Lott |80j on 
Perelman's first paper |107j . Also, we give a proof of Step 4 which is differ- 
ent from both Perelman [107] and Kleiner-Lott [80]. 

Since the initial metric is normalized, it follows from the no local col- 
lapsing theorem I or I' (and their proofs) that there is a positive constant 
K, depending only on Tq, such that the solution in Theorem 7.1.1 is k- 
noncollapsed on all scales less than ^/Tq. Let C{e) be a positive constant 
larger than or equal to e~^. It suffices to prove that there exists tq > 
such that for any point (xo,to) with t^ > 1 and Q = R{xo,to) > r^j"^, 
the solution in the parabolic region {{x,t) £ M x [0,T) | d^^{x,xo) < 
C{£)Q~^ ,to — C{e)Q~^ < t < to} is, after scaling by the factor Q, e-close 
to the corresponding subset of some orientable ancient K-solution. The con- 
stant C(e) will be determined later. 

We argue by contradiction. Suppose for some e > 0, there exist a se- 
quence of solutions (Mfc, (7fc(-, t)) to the Ricci flow on compact orientable 
three-manifolds with normalized initial metrics, defined on the time inter- 
vals [0,Tfc) with 1 < Tjt < To, a sequence of positive numbers 0, and a 
sequence of points x^. G and times t^ > 1 with = Rk{xk,tk) > r'j^'^ 
such that each solution {Mf^, gi^{-,t)) in the parabolic region {{x,t) G x 
[0,Tk) I d\{x,Xk) < C{e)Q^^,tk-C{e)Q^^ <t<tk} is not, after scaling by 
the factor Q^, e-close to the corresponding subset of any orientable ancient 
K-solution, where Rk denotes the scalar curvature of {Mk,gk)- 

For each solution {Mk, gki-,t)), we may adjust the point {xk,tk) with 
tfc > ^ and with Qk = Rk{xk,tk) to be as large as possible so that the 
conclusion of the theorem fails at {xk,tk), but holds for any {x,t) £ x 
[tk - HkQ^^,tk] satisfying Rk{x,t) > 2Qk, where Hk = \r~^'^ +oo as 
k +00. Indeed, suppose not, by setting {xki , tfci) = {xk,tk), we can choose 
a sequence of points {xki,tki) G Mfc x -i/fc^A;(a:;fc(,_i),ifc(,_i))"\tfc(,_i)] 
such that Rk{xki,tki) > 2Rk{xk^i_-^ytk^i_j^^) and the conclusion of the the- 
orem fails at {xki,tki) for each I = 2,3,.... Since the solution is smooth, 
but 

Rk{xki,'tki) > 2i?fc(xfc|,j_jj,tfcjj_jj) > • • • > 2' ^Rk{xk,tk), 
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and 

1 

>tk — Hk -^p-^-Rk{xk,tk) ^ 

i=l 



this process must terminate after a finite number of steps and the last ele- 
ment fits. 

Let {Mk, gki-,t), Xk) be the rescaled solutions obtained by rescal- 
ing {Mk, gki-,t)) around Xk with the factors Qk = Rk{xk,tk) and shifting 
the time tk to the new time zero. Denote by Rk the rescaled scalar curva- 
ture. We will show that a subsequence of the orientable rescaled solutions 
{Mk, gk{-,t), Xk) converges in the Cj^^ topology to an orientable ancient k- 
solution, which is a contradiction. In the following we divide the argument 
into four steps. 

Step 1. First of all, we need a local bound on curvatures. The following 
lemma is the Claim 1 of Perelman in his proof Theorem 12.1 of |107j . 

Lemma 7.1.2. For each {x,t) with tk — ^HkQ^^ ^ t < tk, we have 
Rk{x,t) < AQk whenever t — cQ~^^ < t < t and d^{x,x) < cQ~j^^ , where 
Qk = Qk + Rki^^t) O'lT'd c> is a small universal constant. 

Proof. Consider any point {x,t) £ Bi{x,[cQ^^)'^) x [t — cQ^^ ,t\ with 
c > to be determined. If Rk{x,t) < 2Qk, there is nothing to show. If 
Rk{x,t) > 2Qk, consider a space-time curve 7 from {x,t) to {x,t) that goes 
straight from to {x,t) and goes from {x,t) to along a minimizing 

geodesic (with respect to the metric gk{-,t))- If there is a point on 7 with 
the scalar curvature 2Qk, let yo be the nearest such point to {x,t). If not, 
put j/o = i^,t). On the segment of 7 from {x,t) to i/q, the scalar curvature 
is at least 2Qk- According to the choice of the point (xk,tk), the solution 
along the segment is e-close to that of some ancient K-solution. It follows 
from Theorem 6.4.3 (ii) that 

|V(i?^ ^)| < 2r] and 

on the segment. (Here, without loss of generality, we may assume e is suit- 
ably small). Then by choosing c > (depending only on rj) small enough 
we get the desired curvature bound by integrating the above derivative es- 
timates along the segment. This proves the lemma. □ 

Step 2. Next we want to show that for each A < +00, there exist 
a positive constant C{A) (independent of k) such that the curvatures of 
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the rescaled solutions gk{-,t) at the new time t = (corresponding to the 
original times tk) satisfy the estimate 

\Rmk\{y,0)<C{A) 

whenever o)(y, x^) < A and A; > 1. (This is just a weak version of 
the Claim 2 of Perelman in his proof of Theorem 12.1 of |107j . The first 
detailed exposition on this weak version was given by Kleiner-Lott in their 
June 2003 notes {80j. We now follow their argument as in |80j here with 
some modifications.) 
For each p > 0, set 

M{p) = sup{i?fc(x,0) I k >l,x £ Mk with do{x,Xk) < p} 

and 

po = sup{p > I M{p) < +00} . 

By the pinching estimate (7.1.1), it suffices to show po = +00. 

Note that po > by applying Lemma 7.1.2 with {x,t) = {xk,tk). We 
now argue by contradiction to show po = +00. Suppose not, we may find 
(after passing to a subsequence if necessary) a sequence of points yk S 
with do{xk,yk) ^ Po < +00 and Rk{yk,0) +00. Let 7fc(c M^) be a 
minimizing geodesic segment from x^ to y^- Let z^. £ 7^ be the point on 7^, 
closest to yk with Rk{zk,0) = 2, and let (3^ be the subsegment of 7^ running 
from Zk to yk- By Lemma 7.1.2 the length of Pk is bounded away from zero 
independent of k. By the pinching estimate (7.1.1), for each p < po, we have 
a uniform bound on the curvatures on the open balls BQ{xk,p) C {Mk,gk)- 
The injectivity radii of the rescaled solutions gk at the points Xk and the 
time t = are also uniformly bounded from below by the /t-noncollapsing 
property. Therefore by Lemma 7.1.2 and Hamilton's compactness theorem 
(Theorem 4.1.5), after passing to a subsequence, we can assume that the 
marked sequence {BQ{xk, po), gk{-,0), Xk) converges in the topology to 
a marked (noncomplete) manifold (-Bqq , goo > ^00 

), the segments 7^ converge 
to a geodesic segment (missing an endpoint) 700 C Boo emanating from Xoo, 
and (3k converges to a subsegment (3oo of 700 ■ Let Boo denote the completion 
of {Boo, goo), and yoo G -Boo the limit point of 700- 

Denote by i?oo the scalar curvature of {Boo, goo)- Since the rescaled 
scalar curvatures Rk along Pk are at least 2, it follows from the choice of 
the points (xfc,0) that for any qq £ j3oo, the manifold {Boo, goo) in {l S 
Boo\ dist?^(g,go) < C(^) (-^00(^0))"^} is 2e-close to the corresponding sub- 
set of (a time slice of) some orientable ancient K-solution. Then by Theorem 
6.4.6, we know that the orientable ancient K-solution at each point {x, t) has 

a radius r, < r < Ci{2£)R{x,t)~2 , such that its canonical neighborhood 
B, with Bt{x,r) C B C Bt{x,2r), is either an evolving 2e-neck, or an evolv- 
ing 2e-cap, or a compact manifold (without boundary) diffeomorphic to a 
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metric quotient of the round three-sphere S , and moreover the scalar cur- 
vature is between {C2{2e))^^ R{x,t) and C2{2s)R{x,t), where Ci(2e) and 
C2(2e) are the positive constants in Theorem 6.4.6. 

We now choose C{e) = max{2Cf (2e), e~^}. By the local curvature es- 
timate in Lemma 7.1.2, we see that the scalar curvature Roo becomes un- 
bounded when approaching yoo along 700- This implies that the canonical 
neighborhood around qo cannot be a compact manifold (without boundary) 
diffeomorphic to a metric quotient of the round three-sphere S^. Note that 
7oo is shortest since it is the limit of a sequence of shortest geodesies. With- 
out loss of generality, we may assume e is suitably small (say, e < j^)- 
These imply that as qo gets sufficiently close to yoo, the canonical neighbor- 
hood around qo cannot be an evolving 2e-cap. Thus we conclude that each 
Qo £ Too sufficiently close to yoo is the center of an evolving 2e-neck. 

Let 

U= [J BiqoA<Roc{qo))-^') (C (Soo,5oo)), 
go £700 

where i?(goi 47r(i?oo('Zo)) ^ ) is the ball centered at qo £ with the radius 
47r(i?oo(go))~2 . Clearly U has nonnegative sectional curvature by the pinch- 
ing estimate (7.1.1). Since the metric Qoo is cylindrical at any point qo £ 700 
which is sufficiently close to j/oo we see that the metric space U = UU {voo} 
by adding in the point yoo, is locally complete and intrinsic near yoo- Fur- 
thermore Uoo cannot be an interior point of any geodesic segment in U. This 
implies the curvature of U at yoo is nonnegative in the Alexandrov sense. It 
is a basic result in Alexandrov space theory (see for example Theorem 10.9.3 
and Corollary 10.9.5 of |10j ) that there exists a three-dimensional tangent 
cone Cy^U at yoo which is a metric cone. It is clear that its aperture is 
< lOe, thus the tangent cone is nonflat. 

Pick a point p G Cy^U such that the distance from the vertex j/oo to 
p is one and it is nonflat around p. Then the ball B{p,^) C Cy^U is the 
Gromov-Hausdorff limit of the scalings of a sequence of balls Bo{pk,Sk) C 
(Mfc,^fc(-,0)) by some factors a^, where 0"'". Since the tangent cone is 
three-dimensional and nonflat around p, the factors ak must be comparable 
with Rk{pk,0)- By using the local curvature estimate in Lemma 7.1.2, we 
actually have the convergence in the topology for the solutions gki-,t) 
on the balls Bo{pk^Sk) and over some time interval t £ [—5,0] for some 
sufficiently small 5 > 0. The limiting ball B{p,^) C Cy^U is a piece of 
the nonnegative curved and nonflat metric cone whose radial directions are 
all Ricci flat. On the other hand, by applying Hamilton's strong maximum 
principle to the evolution equation of the Ricci curvature tensor as in the 
proof of Lemma 6.3.1, the limiting ball B{p, ^) would split off all radial 
directions isometrically (and locally). Since the limit is nonflat around p, 
this is impossible. Therefore we have proved that the curvatures of the 
rescaled solutions gk{--,t) at the new times i = (corresponding to the 



HAMILTON-PERELMAN'S PROOF 



265 



original times tk) stay uniformly bounded at bounded distances from Xk for 



We have proved that for each A < +00, the curvature of the marked 
manifold {Mk,gk{-,0),Xk) at each point y G with distance from Xk at 
most A is bounded by C{A). Lemma 7.1.2 extends this curvature control to 
a backward parabolic neighborhood centered at y whose radius depends only 
on the distance from y to Xk- Thus by Shi's local derivative estimates (The- 
orem 1.4.2) we can control all derivatives of the curvature in such backward 
parabolic neighborhoods. Then by using the K-noncollapsing and Hamil- 
ton's compactness theorem (Theorem 4.1.5), we can take a subsequent 
limit to obtain (Moo,5oo(') ^00)) which is K-noncollapsed on all scales and 
is defined on a space-time open subset of M^o x (—00, 0] containing the time 
slice Moo X {0}. Clearly it follows from the pinching estimate (7.1.1) that 
the limit (Mqo, 5oo('5 0), ,Xoo) has nonnegative curvature operator (and hence 
nonnegative sectional curvature). 

Step 3. Wc further claim that the limit {M^,g^{-,0),Xoo) at the time 
slice {t = 0} has bounded curvature. 

We know that the sectional curvature of the limit {Moo, gooi--,0)-,Xoo) is 
nonnegative everywhere. Argue by contradiction. Suppose the curvature 
of (Moo, 5cx)('5 0), Xoo) is not bounded, then by Lemma 6.1.4, there exists 
a sequence of points qj G Moo diverging to infinity such that their scalar 
curvatures Roo{qj,0) — +00 as j — >■ +00 and 



for X G B{qj,j/y Roo{qj,0)) C (Moo, 5oo(-, 0)). By combining with Lemma 
7.1.2 and the K-noncollapsing, a subsequence of the rescaled and marked 
manifolds {M^, Roo{qj,0)goo{-,0),qj) converges in the C]^ topology to a 
smooth nonflat limit Y. By Proposition 6.1.2, the new limit Y is isometric 
to a metric product N x M. for some two-dimensional manifold N. On 
the other hand, in view of the choice of the points {xk,tk), the original 
limit (Moo ) 500 (■ ) 0) , Zoo ) at the point qj has a canonical neighborhood which 
is either a 2e-neck, a 2e-cap, or a compact manifold (without boundary) 
diffeomorphic to a metric quotient of the round S^. It follows that for j large 
enough, qj is the center of a 2£-neck of radius {Roo{qj,0))~'^ ■ Without loss 
of generality, we may further assume that 2£ < eq, where £0 is the positive 
constant given in Proposition 6.1.1. Since (i?oo(9j, 0))~ 2 ^ Q as j ^ +00, 
this contradicts Proposition 6.1.1. So the curvature of (Moo, 5oo(') 0)) is 
bounded. 

Step 4. Finally wc want to extend the limit backwards in time to —00. 
By Lemma 7.1.2 again, we now know that the limiting solution (Moo, 
5oo(')*)) is defined on a backward time interval [— a,0] for some a > 0. 



all k. 



Roo{x,0) <4R^{qj,0) 
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Denote by 

t' = inf{t| we can take a smooth limit on (t, 0] (with bounded 
curvature at each time sUcc) from a subsequence 
of the convergent rescaled solutions gk}- 

We first claim that there is a subsequence of the rescaled solutions gk which 
converges in the topology to a smooth limit (Mqo, 5oo(-, *)) on the max- 
imal time interval (t',0]. 

Indeed, let be a sequence of negative numbers such that t'^ t' and 
there exist smooth limits (Moo,^^(-, i)) defined on For each k, the 

limit has nonnegative sectional curvature and has bounded curvature at each 
time slice. Moreover by Lemma 7.1.2, the limit has bounded curvature on 
each sub interval [—6,0] C (i^,0]. Denote by Q the scalar curvature upper 
bound of the limit at time zero (where Q is the same for all k). Then we 
can apply the Li-Yau-Hamilton estimate (Corollary 2.5.7) to get 



by the definition of convergence and the above curvature estimates, we can 
find a subsequence of the above convergent rescaled solutions g^ which con- 
verges in the topology to a smooth limit {M^,g^{-,t)) on the maximal 
time interval (t',0]. 

We next claim that t' = — oo. 

Suppose not, then by Lemma 7.1.2, the curvature of the limit {Mao, 
5oo(")^)) becomes unbounded as t ^ t' > — oo. By applying the maxi- 
mum principle to the evolution equation of the scalar curvature, we see that 
the infimum of the scalar curvature is nondecreasing in time. Note that 
i?oo (2^00)0) = 1. Thus there exists some point ijoo G M^o such that 



where c > is the universal constant in Lemma 7.1.2. By using Lemma 
7.1.2 again we sec that the limit (Mqo, 5oo("5 i)) in a small neighborhood of 
the point {Voo^t' + jq) extends backwards to the time interval [^'~^)^'+ j^]- 
We remark that the distances at time t and time are roughly equivalent 
in the following sense 

(7.1.3) dt{x,y) > do{x,y) > dt{x,y) - const. 

for any x, y G M^o and t G (i', 0]. Indeed from the Li-Yau-Hamilton inequal- 
ity (Corollary 2.5.7) we have the estimate 




where Bf^{x,t) are the scalar curvatures of the limits (Moo, 5^(-, i)). Hence 
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By applying Lemma 3.4.1 (ii), we have 

dt{x,y) <do{x,y)+30{-t')^ 

for any x,y £ M^o and t £ {t' , 0]. On the other hand, since the curvature of 
the hmit metric goo{-,t) is nonnegative, we have 

dt{x,y) > do{x,y) 

for any x,y G Moo and t S {t',0]. Thus we obtain the estimate (7.1.3). 

Let us stih denote by {M^, gk{-,t)) the subsequence which converges on 
the maximal time interval {t', 0]. Consider the rescaled sequence (M^, gk{-,t)) 
with the marked points replaced by the associated sequence of points 
yk yoo and the (original unshifted) times replaced by any S [tk + 
~ ^ + (^' + follows from Lemma 7.1.2 that for k large 

enough, the rescaled solutions {Mk,gki-,t)) at yk satisfy 

Rk{yk,t) < 10 

for all t £ ~ II)' + II)]- applying the same arguments as in the 
above Step 2, we conclude that for any A > 0, there is a positive constant 
C{A) < +00 such that 

Rk{x,t) < C{A) 

for all (x, t) with dt{x, yk) < A and t e [t' - ^,t' + The estimate (7.1.3) 
implies that there is a positive constant such that for arbitrarily given 
small e' G (0, ■^), for k large enough, there hold 

dt{xk,yk) < 

for all t G [t' + e',0]. By combining with Lemma 7.1.2, we then conclude 
that for any ^ > 0, there is a positive constant C{A) such that for k large 
enough, the rescaled solutions {Mk,gki-,t)) satisfy 

Rkix,t) < C{A) 

for all X E Bo{xk,A) and t e [f - ^{C{A))-^ ,0]. 

Now, by taking convergent subsequences from the (original) rescaled 
solutions {Mk,gki-,t),Xk), we see that the limiting solution (Mqo, 5oo('5 *)) 
is defined on a space-time open subset of M^o x (— oo,0] containing M^c x 
[t',0]. By repeating the argument of Step 3 and using Lemma 7.1.2, we 
further conclude the limit {Moo,gooi-,t)) has uniformly bounded curvature 
on Moo X [t',0]. This is a contradiction. 

Therefore we have proved a subsequence of the rescaled solutions {Mk, 
gk{',t),Xk) converges to an orientable ancient K-solution, which gives the 
desired contradiction. This completes the proof of the theorem. □ 

We remark that this singularity structure theorem has been extended 
by Chen and the second author in [35j to the Ricci flow on compact four- 
manifolds with positive isotropic curvature. 
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7.2. Curvature Estimates for Smooth Solutions 



Let us consider solutions to tiie Ricci flow on compact orientable tiiree- 
manifolds witii normalized initial metrics. The above singularity structure 
theorem of Perelman (Theorem 7.1.1) tells us that the solutions around high 
curvature points are sufficiently close to ancient K-solutions. It is thus rea- 
sonable to expect that the elliptic type estimate (Theorem 6.4.3) and the cur- 
vature estimate via volume growth (Theorem 6.3.3) for ancient K-solutions 
are heritable to general solutions of the Ricci flow on three-manifolds. The 
main purpose of this section is to establish such curvature estimates. In 
the fifth section of this chapter, we will further extend these estimates to 
surgically modified solutions. 

The first result of this section is an extension of the elliptic type estimate 
(Theorem 6.4.3) by Perelman (cf. Theorem 12.2 of [fOYJ ) . This result is 
reminiscent of the second step in the proof of Theorem 7.1.1. 

Theorem 7.2.1 (Perelman |107| ). For any A < +oo, there exist K = 
K{A) < +00 and a = a{A) > with the following property. Suppose 
we have a solution to the Ricci flow on a three-dimensional, compact and 
orientable manifold M with normalized initial metric. Suppose that for some 
xo € M and some ro > with ro < a, the solution is defined for < t < Tq 
and satisfies 



Proof. Given any large A > and letting a > be chosen later, by 
Perelman's no local collapsing theorem II (Theorem 3.4.2), there exists a 
positive constant k = k{A) (independent of a) such that any complete so- 
lution satisfying the assumptions of the theorem is K-noncoUapsed on scales 
< ro over the region {(x,t) | < t < Tq, dt{x,xo) < bAr^}. Set 



where Eq is the positive constant in Proposition 6.1.1. We first prove the 
following assertion. 

Claim. For the above fixed e > 0, one can find K = K{A, e) < -|-oo 
such that if we have a three-dimensional complete orientable solution with 
normalized initial metric and satisfying 



\Rm\{x,t) < rg^, for 0<t< r^, do{x,xo) < ro, 



and 





\Rm\{x, t) < r, 



.-2 




for < t < Tq, do{x,xo) < ro, 



and 



Volo(So(xo,ro)) >^-V3 
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for some xq £ M and some ro > 0, then for any point x G M with 
dj.2{x,xo) < SAro, either 

Rix,r^) < Kr^'' 

or the subset {{y,t) \ (p2iy,x) < £~^i?(x, Tq)"^, Tq — e~'^ R{x , r^)'^ < t < 

Tq} around the point (xjTq) is e-close to the corresponding subset of an 

oricntablc ancient K-sohition. 

Notice that in this assertion we don't impose the restriction of ro < a, 
so we can consider for the moment ro > to be arbitrary in proving the 
above claim. Note that the assumption on the normahzation of the initial 
metric is just to ensure the pinching estimate. By scaling, we may assume 
ro = 1. The proof of the claim is essentially adapted from that of Theorem 
7.1.1. But we will meet the difficulties of adjusting points and verifying a 
local curvature estimate. 

Suppose that the claim is not true. Then there exist a sequence of 

solutions {Mk,gk{-,t)) to the Ricci flow satisfying the assumptions of the 

claim with the origins xq^., and a sequence of positive numbers K/. 

oo, times = 1 and points x^ G Mf. with dt^{xk,XQi^) < 3A such that 

Qk = Rk{xk,tk) > Kk and the solution in | tk — C{e)Q^^ < t < 

tk, df^{x,Xk) < C(e)(5^^} is not, after scaling by the factor Qfc, £-close to the 

corresponding subset of any oricntablc ancient K-solution, where Rk denotes 

the scalar curvature of {Mkjgki',^)) and C(e)(> £-2) is the constant defined 

in the proof of Theorem 7.1.1. As before we need to first adjust the point 

{xk, tk) with tk>l and dt^ {xk, Xq^) < 4A so that Qk = Rk{xk, tk) > Kk and 

the conclusion of the claim fails at {xk, tk), but holds for any (x, t) satisfying 

1 _ 1 

Rkix,t) > 2Qk, tk-HkQ'^^ <t<tk and dt{x,xoi^) < dt^{xk,XQ^)+H^Q^ % 
where = \Kk ^ oo, as k ^ +oo. 

Indeed, by starting with {xki,tki) = (xfe,l) we can choose (x^jjife) ^ 
Mk X (0,1] with tki - HkRk{xk^,tk^)~'^ < tk^ < tk^, and dt^^{xk2,xo^) < 

rftfcj {xki ,Xq^) + Rk {xky ,tk^) 2 such that Rk {xk^ ,tk2) > "^Rk {xk^ , tk^ ) and 
the conclusion of the claim fails at {xk2,tk2)', otherwise we have the desired 
point. Repeating this process, we can choose points {xki,tki), i = 2, . . . ,j, 
such that 

Rk{xki,tki) > 2-Rfe(a:fei_i,ifei_i), 
tki-i - HkRkixki_i,tki_i)~^ < tki < tki_i, 

dt^,{xk„xoJ < dt^,_^{xki_^,xo^) + H^Rk{xk,_„tk,_^) 2, 

and the conclusion of the claim fails at the points {xkf,tki), i = 2, . . . ,j. 
These inequalities imply 

Rk{xkj,tkj) > 2^-'Rk{xk„tk,) > 2^-'Kk, 

1 _i 1 

1 > tkj > tki - -fffc ^ -^Rk{xki,tki) ^ > 2' 

i=0 
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and 

i •'^^ 1 

Since the solutions are smooth, this process must terminate after a finite 
number of steps to give the desired point, still denoted by ixk,tk)- 

For each adjusted {xk,tk), let [t',tk] be the maximal subinterval of [t^ — 
^e~'^Q^^,t};] so that the conclusion of the claim with K = 2(5^ holds on 

/ 1 1 -1 

P\^Xk,tk,—H^Qf^\t' -tk 

{x,t) \xeBt (^xk, y^hIqi'^^ ,t e [t',tk] 

for all sufRcicntly large k. We now want to show t' = tk — ^e^^Q^^. 

Consider the scalar curvature i?^. at the point x^ over the time interval 
[t',tk]. If there is a time i G [t',tk] satisfying Rk{xk,i) > 2Qk, we let i 
be the first of such time from t^- Then the solution (M^, gi:{-,t)) around 
the point x^. over the time interval [i — ^e^'^Q'/^^ ,i] is e-close to some ori- 
entable ancient K-solution. Note from the Li-Yau-Hamilton inequality that 
the scalar curvature of any ancient /c-solution is pointwise nondecreasing in 
time. Consequently, we have the following curvature estimate 

Rk{xk,t)<2{l + e)Qk 

for t E [i — |e^^(5fc^,tfe] (or t G [t',tk] if there is no such time i). By 
combining with the elliptic type estimate for ancient K,-solutions (Theorem 
6.4.3) and the Hamilton-Ivey pinching estimate, we further have 

(7.2.1) \Rm{x,t)\ < 5uj{l)Qk 

for all X e Bt{xk, {3Qk)~^) and t e [i - ^e~'^Q'^^,tk] (or t G [t',tk\) and all 
sufficiently large k, where uj is the positive function in Theorem 6.4.3. 

For any point {x,t) with i~ ^£~'^Q^^ < i < ife (or t e [t',tk]) and 

i _i 

dt{x,Xk) < ^Hj^Qi^ ^ , we divide the discussion into two cases. 

1 _i 

Case (1): dt{xk,xo^) < ^H^Qj^'^ . 

(7.2.2) dt{x,XQ^) < dtix,Xk) + dt{xk,xo^) 

<^hIq-J + ^hIq-J 

1 _ 1 

Case (2): dt{xk,xoJ > ^H^Q^''. 
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From the curvature bound (7.2.1) and the assumption, we apply Lemma 

_ 1 

3.4.1(ii) with ro = Q^^ to get 

^^(xfe,xoJ)>-20(a;(l) + l)Q|, 
and then for A; large enough, 

1 i -i 
<df{xk,xo^) + —H^Qk\ 

where t G (t, tk] satisfies the property that ds{xk, xo^,) > -^H^ ^ whenever 
s G So we have 

(7.2.3) dt{x,XQ^) < dt{x,Xk) + dt{xk,XQ^) 

< ^HlQ-J+di{xk,xo,) + ^hIq^^ 

1 I -1 
<dt^{xk,xoJ + -H^Qk\ 

for all sufficiently large k. Then the combination of (7.2.2), (7.2.3) and the 
choice of the points {xk,tk) implies t' = tk — ^£~'^Qk^ for all sufficiently 
large k. (Here we also used the maximality of the subinterval [t', tk] in the 
case that there is no time in [t',tk] with Rk{xk, •) > 2(5^.) 

Now we rescale the solutions {Mk,gk{-,t)) into {Mk,gk{-,t)) around the 
points Xk by the factors Qk = Rkixk,tk) and shift the times tk to the 
new times zero. Then the same arguments from Step 1 to Step 3 in the 
proof of Theorem 7.1.1 prove that a subsequence of the rescaled solutions 
(Mfc, gk{-,t)) converges in the topology to a limiting (complete) solution 
(Moo, 5oo('7 ^))j which is defined on a backward time interval [—a, 0] for some 
a > 0. (The only modification is in Lemma 7.1.2 of Step 1 by further 
requiring tk - \e~'^Q^^ <t<tk). 

We next study how to adapt the argument of Step 4 in the proof of 
Theorem 7.1.1. As before, we have a maximal time interval (toojO] for 
which we can take a smooth limit {M^,g^{-, t), x^) from a subsequence of 
the rescaled solutions {Mk,gk{-,t),Xk). We want to show too = — oo. 

Suppose not; then too > — oo. Let c > be a positive constant much 
smaller than j^e~^. Note that the infimum of the scalar curvature is non- 
decreasing in time. Then we can find some point t/oo G Mxj and some time 
t = too + with < 6* < I such that RoD{yoD,toD + 6*) < |- 

Consider the (unrescaled) scalar curvature Rk of (Mk, gki-,t)) at the 
point Xk over the time interval [tk + (too + f)Qfc^)^fc]- Since the scalar 
curvature ^oo of the limit on M^o x [too + f > 0] is uniformly bounded by 
some positive constant C, we have the curvature estimate 



Rk{xk,t) < 2CQk 
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for all t ^ [tk + (too + 2)Qk '^'s:] sufficiently large k. Then by 

repeating the same arguments as in deriving (7.2.1), (7.2.2) and (7.2.3), we 
deduce that the conclusion of the claim with K = 2Qk holds on the parabolic 

neighborhood P{xk,tk, jqH^Q^^ ^, (too + ) for ^ sufficiently large k. 

Let (2/A;, tA;+(too+^fc)<3fe ^) be a sequence of associated points and times in 
the (unrescaled) solutions {Mk,gk{-,t)) so that after rescaling, the sequence 
converges to the {yoo,too + G) in the limit. Clearly ^ < Ok < 29 for all 
sufficiently large k. Then, by considering the scalar curvature Rk at the 
point yk over the time interval [tk + (too - ^)Qk^^tk + (too + Ok)Qk^], the 
above argument (as in deriving the similar estimates (7.2.1)-(7.2.3)) implies 

that the conclusion of the claim with K = 2Qk holds on the parabolic 

1 _ 1 

neighborhood P{yk,tk, jqH^Q^^ ^ (too - f)Qfc^) for ah sufficiently large A;. 
In particular, we have the curvature estimate 

Rk{yk:t)<A{l+e)Qk 

for t € [tfe + (too - §)<3fe \ ife + (*oo + Gk)Qk^] for all sufficiently large k. 

We now consider the rescaled sequence {Mk,gk{-,t)) with the marked 
points replaced by yk and the times replaced by Sk G [tk + (too ~ f )Qfc ^) ^fe + 
(^oo + j)Qk^]- By applying the same arguments from Step 1 to Step 3 
in the proof of Theorem 7.1.1 and the Li-Yau-Hamilton inequality as in 
Step 4 of Theorem 7.1.1, we conclude that there is some small constant 
a' > such that the original limit (Moo, 5oo(') 0) actually well defined on 
Moo X [too — a',0] with uniformly bounded curvature. This is a contradiction. 
Therefore we have checked the claim. 

To finish the proof, we next argue by contradiction. Suppose there 
exist sequences of positive numbers Kk +oo, ^ 0, as A; ^ +oo, 
and a sequence of solutions {Mk, gki-,t)) to the Ricci flow satisfying the 
assumptions of the theorem with origins 0:0^ and with radii ro^. satisfying 
fOf. < otk such that for some points Xk G Mk with dj.2 {xk,XQj^) < ArQf. we 

have 

(7.2.4) Rixk,rl) > KkV^^^ 

for all k. Let {Mk, gk{-,t), xq^^) be the rescaled solutions of [Mk, gki-,t)) 
around the origins xq^ by the factors r^"^ and shifting the times Tq^ to the 
new times zero. The above claim tells us that for k large, any point (y, 0) G 
{Mk, gk{-,0), xq^) with o)(y, xq^.) < SA and with the rescaled scalar 

curvature Rk {y, 0) > Kk has a canonical neighborhood which is either a 2e- 

neck, or a 2e-cap, or a compact manifold (without boundary) diffeomorphic 
to a metric quotient of the round three-sphere. Note that the pinching 
estimate (7.1.1) and the condition a*; — > imply any subsequential limit 
of the rescaled solutions {Mk,gk{-,t),XQf,) must have nonnegative sectional 
curvature. Thus the same argument as in Step 2 of the proof of Theorem 
7.1.1 shows that for all sufficiently large k, the curvatures of the rescaled 
solutions at the time zero stay uniformly bounded at those points whose 
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distances from the origins xqj. do not exceed 2A. This contradicts (7.2.4) 
for k large enough. 

Therefore we have completed the proof of the theorem. □ 

The next result is a generalization of the curvature estimate via volume 
growth in Theorem 6.3.3 (ii) where the condition on the curvature lower 
bound over a time interval is replaced by that at a time slice only. 

Theorem 7.2.2 (Perelman [107j ). For any w > there exist r = 
t{w) > 0, K = K{w) < +00, a = a{w) > with the following property. 
Suppose we have a three-dimensional, compact and orientable solution to the 
Ricci flow defined on M x [0, T) with normalized initial metric. Suppose that 
for some radius tq > with tq < a and a point (xo,io) G M x [0, T) with 
T > to > 4TrQ, the solution on the ball i?t(,(xo,ro) satisfies 

Rm{x,to) > -rg^ on Bto{xo,ro), 

and Volto(Sto(xo,ro)) > wr^. 
Then R{x,t) < Kr^"^ whenever t G [to — To,to] o^f^d dt{x,Xo) < jrQ. 

Proof. The following argument basically follows the proof of Theorem 
12.3 of Perelman [107J. 
If we knew that 

Rm{x, t) > — 

for all t £ [0, to] and dt{x,xo) < ro, then we could just apply Theorem 6.3.3 
(ii) and take t{w) = tq{w)/2, K{w) = C{w) + 2B{w) /tq(w). Now fix these 
values of r and K. 

We argue by contradiction. Consider a three-dimensional, compact and 
orientable solution gij{t) to the Ricci flow with normalized initial metric, a 
point (xo,to) and some radius ro > with ro < a, for a > a sufficiently 
small constant to be determined later, such that the assumptions of the 
theorem do hold whereas the conclusion does not. We first claim that we 
may assume that any other point {x',t') and radius r' > with the same 
property has either t' > to or t' < t^ — 2rrQ, or 2r' > ro. Indeed, suppose 
otherwise. Then there exist (a;Q,tQ) and r^ with to € [to — 2rrQ,to] and 
f'o ^ ^^0) for which the assumptions of the theorem hold but the conclusion 
does not. Thus, there is a point (x, t) such that 

* e [t[, - r(r^)2, t^] C [to - 2rr2 - ^rg, to 

and R{x, t) > Kir'oy^ > 'iKr^'^. 

If the point (xo,to) and the radius Tq satisfy the claim then we stop, and 
otherwise we iterate the procedure. Since to > 4rro and the solution is 
smooth, the iteration must terminate in a finite number of steps, which 
provides the desired point and the desired radius. 
Let r' > be the largest number such that 

(7.2.5) i?m(x, t) > -ro 2 
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whenever t G [to — rVQ,to] and dt{x,xo) < tq. If t' > 2t, we are done by 
Theorem 6.3.3 (ii). Thus we may assume r' < 2r. By applying Theorem 
6.3.3(ii), we know that at time t' = to — tVq, the bah Bti{xQ,rQ) has 

(7.2.6) Yo\t,{Bt,{xQ,ro))>i{w)rl 

for some positive constant ^{w) depending only on w. We next claim that 
there exists a ball (at time t' = to — tVq) Bti{x',r') C i?(/(xo,ro) with 

(7.2.7) \oU'{Bt'{x',r')) > ^a^ir'f 
and with 

(7.2.8) ^>r' > c{w)rQ 

for some small positive constant c^w) depending only on w, where is 
the volume of the unit ball in the Euclidean space M^. (The following 
argument in deriving (7.2.7) and (7.2.8) is a standard one in the Alexandrov 
space theory and has nothing to do with the Ricci flow. Our presentation 
here is inspired from Lemma 53.1 of Kleiner-Lott notes |80] .) 

Indeed, suppose that it is not true. Then after rescaling, there is a 
sequence of Riemannian manifolds Mj, i = 1,2, . . . , with balls B{xi,l) C Mj 
so that 

(7.2.5) ' Rm>-1 onB{xi,l) 
and 

(7.2.6) ' VoliB{xi,l))>^{w) 

for all i, but all balls B{x'^,r^) C B{xi, 1) with | > r • > i satisfy 

(7.2.9) \o\{B{x\,r',))<]^aM?- 

It follows from basic results in Alexandrov space theory (see for example 
Theorem 10.7.2 and Theorem 10.10.10 of [lOj ) that, after taking a subse- 
quence, the marked balls {B[xi,l),Xi) converge in the Gromov-Hausdorff 
topology to a marked length space [B 

oo ) 2^00 ) with curvature bounded from 
below by —1 in the Alexandrov space sense, and the associated Riemannian 
volume forms dVolMi over {B{xi,l),Xi) converge weakly to the Hausdorff 
measure ^ of i?oo- It is well-known that the Hausdorff dimension of any 
Alexandrov space is either an integer or infinity (see for example Theorem 
10.8.2 of [10]). Then by (7.2.6)', we know the limit (Soo,Xoo) is a three- 
dimensional Alexandrov space of curvature > — 1. In the Alexandrov space 
theory, a point p G B^o is said to be regular if the tangent cone of -Boo at P 
is isometric to M^. It is also a basic result in Alexandrov space theory (see 
for example Corollary 10.9.13 of |10j ) that the set of regular points in B^o 
is dense and for each regular point there is a small neighborhood which is 
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almost isometric to an open set of the Euchdean space M^. Thus for any 
£ > 0, there are balls B{x'^,r'^) C Boo with < < | and satisfying 

M(B(x'^,0)>(l-e)«3(0'. 
This is a contradiction with (7.2.9). 

Without loss of gcncraUty, wc may assume w < ^a^. Since r' < 2r, it 
follows from the choice of the point {xo,to) and the radius tq and (7.2.5), 
(7.2.7), (7.2.8) that the conclusion of the theorem holds for {x',t') and r'. 
Thus we have the estimate 

R{x,t) < K{r')-^ 

whenever t G [t' — r{r')'^,t'] and dt{x,x') < \r' . For a > small, by 
combining with the pinching estimate (7.1.1), we have 

\Rm{x,t)\ < K'ir'y^ 

whenever t £ \t' — r(r')^,t'] and dt{x,x') < |r', where K' is some positive 
constant depending only on K. Note that this curvature estimate implies 
the evolving metrics are equivalent over a suitable subregion of {(x,t) | t G 
[t' — T{r')'^,t'] and dt{x,x') < \r'}. Now we can apply Theorem 7.2.1 to 
choose a = a{w) > so small that 

(7.2.10) R{x,t) < K{w){r')~'^ < k{w)c{w)-'^r^^ 

whenever t &\t' — ^(r')^,t'] and dt{x,x') < Wtq. Then the combination of 
(7.2.10) with the pinching estimate (7.1.2) would imply 

Rm{x,t) > -[r^iR{x,t)il + t))/{Rix,t){l + t))]R{x,t) 




on the region {{x,t) \ t € [t' — |(r')^,t'] and dt{x,xo) < r^} when a = 
a{w) > ro small enough. This contradicts the choice of r'. Therefore we 
have proved the theorem. □ 

The combination of the above two theorems immediately gives the fol- 
lowing consequence. 

Corollary 7.2.3. For any w > and A < +oo, there exist r = 
t{w,A) > 0, K = K{w,A) < +00, and a = a{w,A) > with the fol- 
lowing property. Suppose we have a three-dimensional, compact and ori- 
entable solution to the Ricci flow defined on M x [0, T) with normalized 
initial metric. Suppose that for some radius ro > with ro < a and a point 
(xo,to) G M X [0,T) with T > to > ^rr^, the solution on the ball Btg{xo,ro) 
satisfies 

Rm{x,to) > -ro^ on Btg{xo,ro), 
and Vol to{BtQ{xo,ro)) > wro- 
Then R{x,t) < Kr^^ whenever t E [to — rr^jto] and dt{x,xo) < Aro. 

We can also state the previous corollary in the following version. 
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Corollary 7.2.4 (Perelman [i07J). For any w > one can find p = 
p{w) > such that if gij{t) is a complete solution to the Ricci flow defined 
on M X [0, T) with T > 1 and with normalized initial metric, where M is a 
three-dimensional, compact and orientable manifold, and if Btg{xo,rQ) is a 
metric ball at time to > 1, with tq < p, such that 

mm{Rm,{x,to) \ x G Bta{xo,ro)} = -r^^, 

then 

Yolto{Bto{xo,ro)) < wr^. 

Proof. We argue by contradiction. Suppose for any p > 0, there is 
a solution and a ball Btg{xo,rQ) satisfying the assumption of the corollary 
with rQ < p, to > 1, and with 

mm{Rm{x,to) \ x £ Bto{xo,ro)} = -Tq^, 

but 

Volto(Sto(xo,ro)) > wr^. 
We can apply Corollary 7.2.3 to get 

R{x,t) < Kr^"^ 

whenever t G [to — Tr^^to] and dt{x,xo) < 2ro, provided /o > is so small 
that 4t/9^ < 1 and p < a, where r, a and K are the positive constants 
obtained in Corollary 7.2.3. Then for r^ < p and p > sufficiently small, it 
follows from the pinching estimate (7.1.2) that 

Rm{x,t) > -[f^'^{R{x,t){l + t)) / {R{x,t){l + t))]R{x,t) 



in the region {{x,t) | t G [to — T(ro)^,to] and dt{x,xo) < 2ro}. In particular, 
this would imply 

m.m.{Rm{x,to)\x G 5t(,(xo,ro)} > -r-Q^. 
This contradicts the assumption. □ 

7.3. Ricci Flow with Surgery 

One of the central themes of the Ricci flow theory is to give a classifi- 
cation of all compact orientable three-manifolds. As we mentioned before, 
the basic idea is to obtain long-time behavior of solutions to the Ricci flow. 
However the solutions will in general become singular in finite time. For- 
tunately, we now understand the precise structures of the solutions around 
the singularities, thanks to Theorem 7.1.1. When a solution develops sin- 
gularities, one can perform geometric surgeries by cutting off the canonical 
neighborhoods around the singularities and gluing back some known pieces, 
and then continue running the Ricci fiow. By repeating this procedure, 
one hopes to get a kind of "weak" solution. In this section we will give a 
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detailed description of this surgery procedure (cf. |66|, 1108] ) and define a 
global "weak" solution to the Ricci flow. This section is a detailed exposition 
of sections 3 and 4 of Perelman |108j . 

Given any e > 0, based on the singularity structure theorem (Theorem 
7.1.1), we can get a clear picture of the solution near the singular time as 
follows. 

Let {M, gij{-,t)) be a maximal solution to the Ricci flow on the maxi- 
mal time interval [0, T) with T < +oo, where M is a connected compact 
orientable three-manifold and the initial metric is normalized. For the given 
e > and the solution (M, gij{-,t)), we can find ro > such that each point 
{x,t) with R{x,t) > satisfies the derivative estimates 

(7.3.1) \VR{x,t)\ <r]R^x,t) and 

where r/ > is a universal constant, and has a canonical neighborhood which 
is either an evolving e-neck, or an evolving e-cap, or a compact positively 
curved manifold (without boundary). In the last case the solution becomes 
extinct at the maximal time T and the manifold M is diffeomorphic to the 
round three-sphere or a metric quotient of by Theorem 5.2.1. 

Let denote the set of all points in M where the curvature stays 
bounded as t ^ T. The gradient estimates in (7.3.1) imply that 0, is open 
and that R{x, t) — > oo as i ^ T for each x £ M \ n. 

If is empty, then the solution becomes extinct at time T. In this case, 
either the manifold M is compact and positively curved, or it is entirely 
covered by evolving e-necks and evolving e-caps shortly before the maximal 
time T. So the manifold M is diffeomorphic to either or a metric quotient 
of the round , or x , or MP^ #Mp3 . The reason is as follows. Clearly, we 
only need to consider the situation that the manifold M is entirely covered 
by evolving e-necks and evolving e-caps shortly before the maximal time 
T. If M contains a cap C, then there is a cap or a neck adjacent to the 
neck-like end of C. The former case implies that M is diffeomorphic to S'^, 
MP^, or MP^T^RP^. In the latter case, we get a new longer cap and continue. 
Finally, we must end up with a cap, producing a MP^ or Mp3#Mp3. If 
M contains no caps, we start with a neck A^. By connecting with the necks 
that are adjacent to the boundary of A^, we get a longer neck and continue. 
After a finite number of steps, the resulting neck must repeat itself. Since 
M is orientable, we conclude that M is diffeomorphic to x 

We can now assume that is nonempty. By using the local derivative 
estimates of Shi (Theorem 1.4.2), we see that as t — > T the solution gij{-,t) 
has a smooth limit gij{-) on fi. Let R{x) denote the scalar curvature of gij. 
For any p < ro, let us consider the set 

np = {xen\ Rix) < 

By the evolution equation of the Ricci fiow, we see that the initial metric 
gij{-,0) and the limit metric 5jj(-) are equivalent over any fixed region where 



R{x,t) 



< 7]R^{x,t), 
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the curvature remains uniformly bounded. Note that for any fixed x G d^l, 
and any sequence of points Xj G O with Xj — x with respect to the initial 
metric gij{-, 0), we have R{xj) +00. In fact, if there were a subsequence 
Xjf, so that lim^.^00 exists and is finite, then it would follow from 

the gradient estimates (7.3.1) that R is uniformly bounded in some small 
neighborhood of a; G dQ (with respect to the induced topology of the initial 
metric gij{-,0)); this is a contradiction. From this observation and the com- 
pactness of the initial manifold, we see that ^Ip is compact (with respect to 
the metric gij{-))- 

For further discussions, let us introduce the following terminologies. De- 
note by I an interval. 

Recall that an e-neck (of radius r) is an open set with a Riemannian 
metric, which is, after scaling the metric with factor r~^, £-close to the 
standard neck x I with the product metric, where has constant scalar 
curvature one and I has length 2£~^ and the £-closeness refers to the C^^ 1 
topology. 

A metric on §^ x I, such that each point is contained in some £-neck, is 
called an e-tube, or an e-horn, or a double e-horn, if the scalar curvature 
stays bounded on both ends, or stays bounded on one end and tends to 
infinity on the other, or tends to infinity on both ends, respectively. 

A metric on or MP^ \ is called a e-cap if the region outside some 
suitable compact subset is an e-neck. A metric on or MF^ \ B"^ is called 
an capped e-horn if each point outside some compact subset is contained 
in an e-neck and the scalar curvature tends to infinity on the end. 

Now take any e-neck in {Q,gij) and consider a point x on one of its 
boundary components. If x G ri \ ilp, then there is either an e-cap or an 
e-neck, adjacent to the initial e-neck. In the latter case we can take a point 
on the boundary of the second e-neck and continue. This procedure can 
either terminate when we get into 0,p or an e-cap, or go on indefinitely, 
producing an e-horn. The same procedure can be repeated for the other 
boundary component of the initial e-neck. Therefore, taking into account 
that 17 has no compact components, we conclude that each e-neck of (J7,^jj) 
is contained in a subset of Q of one of the following types: 

(a) an e-tube with boundary components in Qp, or 

(b) an e-cap with boundary in fip, or 
(7.3.2) (c) an e-horn with boundary in ilp, or 

(d) a capped e-horn, or 

(e) a double e-horn. 

Similarly, each e-cap of {ft,gij) is contained in a subset of J7 of either 
type (b) or type (d). 

It is clear that there is a definite lower bound (depending on p) for the 
volume of subsets of types (a), (b) and (c), so there can be only a finite 
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number of them. Thus we conclude that there is only a finite number of 
components of CI containing points of ^p, and every such component has 
a finite number of ends, each being an e-horn. On the other hand, every 
component of fi, containing no points of Qp, is either a capped £-horn, or a 
double e-horn. If we look at the solution at a slightly earlier time, the above 
argument shows each e-neck or e-cap of (M, gij{-,t)) is contained in a subset 
of types (a) or (b), while the e-horns, capped e- horns and double e-horns 
(at the maximal time T) are connected together to form e-tubes and £-caps 
at the times t shortly before T. 




Hence, by looking at the solution at times shortly before T, we see that 
the topology of M can be reconstructed as follows: take the components 
1 ^ J < k, of 0, which contain points of Jlp, truncate their e-horns, 
and glue to the boundary components of truncated a finite collection 
of tubes §2 X I and caps or RP^ \ 1^. Thus, M is diffeomorphic to a 
connected sum of f^j, 1 < j < k, with a finite number of copies of §^ x 
(which correspond to gluing a tube to two boundary components of the same 
Clj), and a finite number of copies of RP^. Here Clj denotes Qj with each 
e-horn one point compactified. More geometrically, one can get Clj in the 
following way: in every e-horn of one can find an e-neck, cut it along 
the middle two-sphere, remove the horn-shaped end, and glue back a cap (or 
more precisely, a differentiable three-ball). Thus to understand the topology 
of M, one only needs to understand the topologies of the compact orientable 
three-manifolds 1 < j < k. 

Naturally one can evolve each Clj by the Ricci flow again and, when 
singularities develop again, perform the above surgery for each e-horn to get 
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new compact orientable three-manifolds. By repeating this procedure indef- 
initely, it will likely give a long-time "weak" solution to the Ricci flow. The 
following abstract definition for this kind of "weak" solution was introduced 
by Perelman in [108J . 

Definition 7.3.1. Suppose we are given a (finite or countably infinite) 
collection of three-dimensional smooth solutions gfj{t) to the Ricci flow de- 
fined on Mfc X and go singular as t ^ t^, where each manifold 
is compact and orientable, possibly disconnected with only a finite number 
of connected components. Let {^k,9ij) be the limits of the corresponding 
solutions gfj{t) as t ^ t^, as above. Suppose also that for each k we have 

= t^_i, and that {0,k-ii9ij~^) ™^ i^k, dijitk)) contain compact (pos- 
sibly disconnected) three-dimensional submanifolds with smooth boundary 
which are isometric. Then by identifying these isometric submanifolds, we 
say the collection of solutions gfj{t) is a solution to the Ricci flow with 
surgery (or a surgically modified solution to the Ricci flow) on the time 
interval which is the union of all [i^,i^), and say the times are surgery 
times. 

To get the topology of the initial manifold from the solution to the Ricci 
flow with surgery, one has to overcome the following two difficulties: 

(i) how to prevent the surgery times from accumulating? 

(ii) how to obtain the long time behavior of the solution to the Ricci 
flow with surgery? 

Thus it is natural to consider those solutions having "good" properties. 
For any arbitrarily fixed positive number e, we will only consider those 
solutions to the Ricci flow with surgery which satisfy the following a priori 
assumptions (with accuracy e). 

Pinching assumption. The eigenvalues A > /x > of the curvature 
operator of the solution to the Ricci flow with surgery at each point and 
each time satisfy 

(7.3.3) R>{-iy) [log{-u) + log(l + t)-3] 

whenever < 0. 

Canonical neighborhood assumption (with accuracy e). For 

any given e > 0, there exist positive constants Ci and C2 depending only 
on e, and a nonincreasing positive function r : [0, -|-cxd) — > (0, +cxd) such 
that at each time t > 0, every point x where scalar curvature R{x, t) is at 
least r~^(i) has a neighborhood B, with Bt{x,a) C B C Bt{x,2a) for some 
< cj < Cii?~2 (x, t), which falls into one of the following three categories: 

(a) S is a strong e-neck (in the sense B is the slice at time t of the par- 
abolic neig hborhood {{x' ,t') \x' £ B,t' £ - i?(x, t)-\ t]}, where 
the solution is well defined on the whole parabolic neighborhood 
and is, after scaling with factor R{x, t) and shifting the time to 
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zero, e-close (in the C^^ ^1 topology) to the subset (S^ x I) x [— 1, 0] 
of the evolving standard round cylinder with scalar curvature 1 to 
§^ and length 2e~^ to I at time zero), or 

(b) B is an e-cap, or 

(c) i? is a compact manifold (without boundary) of positive sectional 
curvature. 

Furthermore, the scalar curvature in B at time t is between C^^i?(x,i) and 
C2R{x,t), satisfies the gradient estimates 

(7.3.4) |Vi?| < r/i?i and 

and the volume of B in case (a) and case (b) satisfies 
{C2R{x,t))-^ < Yol t{B) < ea^. 
Here t/ is a universal positive constant. 

Without loss of generality, we always assume the above constants Ci 
and C2 are twice bigger than the corresponding constants Ci(|) and C2(|) 
in Theorem 6.4.6 with the accuracy |. 

We remark that the above definition of the canonical neighborhood as- 
sumption is slightly different from that of Perelman in |108] in two aspects: 
(1) it allows the parameter r to depend on time; (2) it also includes an 
volume upper bound for the canonical neighborhoods of types (a) and (b). 

Arbitrarily given a compact orientable three-manifold with a Riemann- 
ian metric, by scaling, we may assume the Riemannian metric is normalized. 
In the rest of this section and the next section, we will show the Ricci flow 
with surgery, with the normalized metric as initial data, has a long-time 
solution which satisfies the above a priori assumptions and has only a finite 
number of surgery times at each finite time interval. The construction of 
the long-time solution will be given by an induction argument. 

First, for the arbitrarily given compact orientable normalized three- 
dimensional Riemannian manifold (M, gij{x)), the Ricci flow with it as initial 
data has a maximal solution gij{x, t) on a maximal time interval [0, T) with 
T > 1. It follows from Theorem 5.3.2 and Theorem 7.1.1 that the a priori 
assumptions (with accuracy e) hold for the smooth solution on [0, T). If 
T = +00, we have the desired long time solution. Thus, without loss of 
generality, we may assume the maximal time T < +00 so that the solution 
goes singular at time T. 

Suppose that we have a solution to the Ricci flow with surgery, with the 
normalized metric as initial data, satisfying the a priori assumptions (with 
accuracy e), defined on [0, T) with T < +00, going singular at time T and 
having only a finite number of surgery times on [0, T). Let il. denote the set 
of all points where the curvature stays bounded as t — > T. As we have seen 
before, the canonical neighborhood assumption implies that J7 is open and 
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that R{x, t) ^ cxD as t — > T for all x lying outside Q. Moreover, as t ^ T, 
the solution gij(x,t) has a smooth limit gij{x) on $7. 

For some 5 > to be chosen much smaller than e, we let p = Sr(T) where 
r(t) is the positive nonincreasing function in the definition of the canonical 
neighborhood assumption. We consider the corresponding compact set 

np = {x£n\ R{x) < p-"^}, 

where R{x) is the scalar curvature of gij. If Op is empty, the manifold (near 
the maximal time T) is entirely covered by e-tubes, e-caps and compact 
components with positive curvature. Clearly, the number of the compact 
components is finite. Then in this case the manifold (near the maximal 
time T) is diffeomorphic to the union of a finite number of copies of S^, or 
metric quotients of the round S^, or §^ x S^, or a connected sum of them. 
Thus when is empty, the procedure stops here, and we say the solution 
becomes extinct. We now assume Op is not empty. Then we know that 
every point x € \ Op lies in one of the subsets of listed in (7.3.2), or in 
a compact component with positive curvature, or in a compact component 
which is contained in O \ Op and is diffeomorphic to either or §^ x §^ 
or MP^^RP^. Note again that the number of the compact components 
is finite. Let us throw away all the compact components lying in O \ Op 
and all the compact components with positive curvature, and then consider 
those components Oj, 1 < j < k, of O which contain points of Op. (We 
will consider those components of \ Op consisting of capped e-horns and 
double e-horns later). We will perform surgical procedures, as we roughly 
described before, by finding an e-neck in every horn of Oj, 1 < j < A:, and 
then cutting it along the middle two-sphere, removing the horn-shaped end, 
and gluing back a cap. 

In order to maintain the a priori assumptions with the same accuracy 
after the surgery, we will need to find sufficient "fine" necks in the e-horns 
and to glue sufficient "fine" caps. Note that 5 > will be chosen much 
smaller than e > 0. The following lemma due to Perelman |108j gives us 
the "fine" necks in the e-horns. (At the first sight, we should also cut off all 
those e-tubes and e-caps in the surgery procedure. However, in general we 
are not able to find a "fine" neck in an e-tube or in an e-cap, and surgeries 
at "rough" e-necks will certainly lose some accuracy. If we perform surgeries 
at the necks with some fixed accuracy e in the high curvature region at each 
surgery time, then it is possible that the errors of surgeries may accumulate 
to a certain amount so that at some later time we cannot recognize the 
structure of very high curvature regions. This prevents us from carrying out 
the whole process in finite time with a finite number of steps. This is the 
reason why we will only perform the surgeries at the e-horns.) 

Lemma 7.3.2 (Perelman |108) ). Given < e < j^,0 < 6 < e and 
< T < +00, there exists a radius < h < 6p, depending only on 5 and 
r(T), such that if we have a solution to the Ricci flow with surgery, with a 
normalized metric as initial data, satisfying the a priori assumptions {with 
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accuracy e), defined on [0, T), going singular at time T and having only a 
finite number of surgery times on [0, T), then for each point x with h{x) = 
R"2(^x) < h in an e-horn of {Vt^cjij) with boundary in Vtp, the neighborhood 
BT{x,5~^h{x)) = {y e I dT{y,x) < 6~^h{x)} is a strong 5-neck {i.e., 
BT{x,6~^h{x)) X [r — h'^{x),T] is, after scaling with factor h~'^{x), 5-close 
{in the C'^ ^ topology) to the corresponding subset of the evolving standard 
round cylinder §^ x M over the time interval [—1,0] with scalar curvature 1 
at time zero). 




Proof. The following proof is essentially given by Perelman (cf. 4.3 of 
[108]). 

We argue by contradiction. Suppose that there exists a sequence of 
solutions g^j{-,t), k = 1,2,..., to the Ricci flow with surgery, satisfying 
the a priori assumptions (with accuracy e), defined on [0, T) with limit 
metrics {Of^ ,g^j),k = 1,2,..., and points x^ , lying inside an e-horn of 
with boundary in $7^, and having h{x^) — > such that the neighborhoods 
Bt{x^ ,5~'^h{x^)) = {y ^Q.'^ \ dT{y,x'') < 6~^h{x^)} are not strong (5-necks. 

Let gij{-,t) be the solutions obtained by rescaling by the factor R{x^) = 
h~'^{x^) around x^ and shifting the time T to the new time zero. We now 
want to show that a subsequence of k = 1,2, . . ., converges to the 

evolving round cylinder, which will give a contradiction. 

Note that gfj{-,t),k = 1,2, ... , are solutions modified by surgery. So, 
we cannot apply Hamilton's compactness theorem directly since it is stated 
only for smooth solutions. For each (unrescaled) surgical solution g^j{-,t), 
we pick a point z'', with R{z'') = 2C|(e)/9~^, in the e-horn of {^^,g^j) 
with boundary in O^, where C2(e) is the positive constant in the canonical 
neighborhood assumption. From the definition of e-horn and the canonical 
neighborhood assumption, we know that each point x lying inside the e-horn 
of (0^, gf ) with d-fc {x, 0^) > d-fc {z^ , 0^) has a strong e-neck as its canonical 

neighborhood. Since h{x^) 0, each x^ lies deeply inside an e-horn. Thus 
for each positive A < +oo, the rescaled (surgical) solutions g^j{-,t) with the 
marked origins x^ over the geodesic balls B~k ^. (f^{x^,A), centered at x^ of 

radii A (with respect to the metrics gfj{-,0)), will be smooth on some uniform 
(size) small time intervals for all sufficiently large k whenever the curvatures 
of the rescaled solutions g^j at t = in -Bgfe.(. o)(^'^i ^) ^^'^ uniformly bounded. 
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In such a situation, Hamilton's compactness theorem is applicable. Then we 
can apply the same argument as in the second step of the proof of Theorem 
7.1.1 to conclude that for each A < +00, there exists a positive constant 
C{A) such that the curvatures of the rescaled solutions g^j{-,t) at the new 
time satisfy the estimate 

\Rmk\iy,0) < CiA) 

whenever d~k Q-^iv, x^) < A and /c > 1; otherwise wc would get a piece of 

a non-flat nonnegatively curved metric cone as a blow-up limit, which con- 
tradicts Hamilton's strong maximum principle. Moreover, by Hamilton's 
compactness theorem (Theorem 4.1.5), a subsequence of the rescaled solu- 
tions g^j{-,t) converges to a Cj^^ limit g^{-,t), defined on a spacetime set 
which is relatively open in the half spacetime {t < 0} and contains the time 
slice t = 0. 

By the pinching assumption, the limit is a complete manifold with non- 
negative sectional curvature. Since x'' was contained in an e-horn with 
boundary in Cl^ and h{x^)/p — > 0, the hmiting manifold has two ends. 
Thus, by Toponogov's splitting theorem, the limiting manifold admits a 
metric splitting x M, where T? is diffeomorphic to the two-sphere 
because was the center of a strong e-neck. 

By combining with the canonical neighborhood assumption (with accu- 
racy e), we see that the limit is defined on the time interval [—1,0] and is 
e-close to the evolving standard round cylinder. In particular, the scalar 
curvature of the limit at time t = — 1 is e-close to 1/2. 

Since h{x^)l p — 0, each point in the limiting manifold at time t = —1 
also has a strong e-neck as its canonical neighborhood. Thus the limit is 
defined at least on the time interval [—2, 0] and the limiting manifold at time 
t = —2 is, after rescaling, e-close to the standard round cylinder. 

By using the canonical neighborhood assumption again, every point in 
the limiting manifold at time t = —2 still has a strong e-neck as its canonical 
neighborhood. Also note that the scalar curvature of the limit at i = —2 
is not bigger than 1/2 -|- e. Thus the limit is defined at least on the time 
interval [—3,0] and the limiting manifold at time t = —3 is, after rescaling, 
e-close to the standard round cylinder. By repeating this argument we prove 
that the limit exists on the ancient time interval (— oo,0]. 

The above argument also shows that at every time, each point of the 
limit has a strong e-neck as its canonical neighborhood. This implies that the 
limit is K-noncollaped on all scales for some k > 0. Therefore, by Theorem 
6.2.2, the limit is the evolving round cylinder x R, which gives the desired 
contradiction. □ 

In the above lemma, the property that the radius h depends only on 5 
and the time T but is independent of the surgical solution is crucial; oth- 
erwise we will not be able to cut off enough volume at each surgery to 
guarantee the number of surgeries being finite in each finite time interval. 
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We also remark that the above proof actually proves a stronger result: the 
parabolic region {{y,t) \ y G BT{x,6^^h{x)),t e [T — 6~'^h'^{x),T]} is, after 
scaling with factor h~'^{x), 5-close (in the C^^ ' topology) to the corre- 
sponding subset of the evolving standard round cylinder x M over the 
time interval [— (5~^,0] with scalar curvature 1 at the time zero. This fact 
will be used later in the proof of Proposition 7.4.1. 

We next want to construct "fine" caps. Take a rotationally symmet- 
ric metric on with nonnegative sectional curvature and positive scalar 
curvature such that outside some compact set it is a semi-infinite standard 
round cylinder (i.e. the metric product of a ray with the round two-sphere 
of scalar curvature 1). We call such a metric on a standard capped 
infinite cylinder. By the short-time existence theorem of Shi (Theorem 
1.2.3), the Ricci flow with a standard capped infinite cylinder as initial data 
has a complete solution on a maximal time interval [0, T) such that the cur- 
vature of the solution is bounded on M'^ x [0, T'] for each < T' < T. Such 
a solution is called a standard solution by Perelman |108j . 

The following result, proved by Chen and the second author in [35], gives 
the curvature estimate for standard solutions. This curvature estimate in the 
special case, when the dimension is three and the initial metric is rotationally 
symmetric, was first claimed by Perelman in |108j . 

Proposition 7.3.3. Let gij he a complete Riemannian metric on M" 
(n > 3) with nonnegative curvature operator and positive scalar curvature 
which is asymptotic to a round cylinder of scalar curvature 1 at infinity. 
Then there is a complete solution gij{-,t) to the Ricci flow, with gij as initial 
metric, which exists on the time interval [0, -^^y^), has hounded curvature at 
each time t G [0, ^^), and satisfies the estimate 



R{x,t) > 



71—1 i 

2 



for some C depending only on the initial metric gij. 



Proof. Since the initial metric has bounded curvature operator and a 
positive lower bound on its scalar curvature, the Ricci flow has a solution 
gij{-,t) defined on a maximal time interval [0,T) with T < oo which has 
bounded curvature on M" x [0, T'] for each < T' < T. By Proposition 2.1. 4, 
the solution gij{-,t) has nonnegative curvature operator for all t G [0, T). 
Note that the injectivity radius of the initial metric has a positive lower 
bound. As we remarked at the beginning of Section 3.4, the same proof 
of Perelman's no local collapsing theorem I concludes that gij{-,t) is k- 
noncollapsed on all scales less than Vt for some k > depending only on 
the initial metric. 

We will first prove the following assertion. 
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[0, oo) depending 



Claim 1. There is a positive function u : [0,oo) 
only on the initial metric and k such that 

R{x,t) < R{y,t)u{R{y,t)dl{x,y)) 

for all x,y&W,te [0,r). 

The proof is similar to that of Theorem 6.4.3. Notice that the initial 
metric has nonnegative curvature operator and its scalar curvature satisfies 
the bounds 



(7.3.5) 



C-^ ^ R{x) ^ C 



for some positive constant C. By the maximum principle, we know T > 
2^ and R{x,t) < 2C for t G [0,4^]- The assertion is clearly true for 

Now fix {y, to) G X [0, T) with to > Let z be the closest point to y 
with the property R{z, to)d^^ {z, y) = 1 (at time to). Draw a shortest geodesic 
from y to z and choose a point z on the geodesic satisfying dtg {z, z) = 
^R{z,to)~^ , then we have 



Rix,to) < — 



on Bto ( z, -^Riz, to 



C^R{z,to)-^)^ 

Note that R{x,t) ^ everywhere by the evolution equation of the 
scalar curvature. Then by the Li-Yau-Hamilton inequality (Corollary 2.5.5), 

for all {x,t) G Bto{z, ^R{z,to)~^) x [to - {^R{z,to)~^)^,to], we have 

( t ^ 

R{x,t)< ° 



< 



iRiz,to)-^y 



-\ -2 



8nC 



R{z,to)-^ 



Combining this with the K-noncollapsing property, we have 



Vol B, 



Ho 



1 



8nC 



R{z,to)-^ ]] >K 



1 



8nC 



Riz,to)-^ 



1 



64nC 



(8R{z,to)-"2y 



and then 

Vol (^Bt, (^z,8R{z,to)'^)) > 
So by Theorem 6.3.3 (ii), we have 

R{x, to) < C{k)R{z, to) for all x G Bt^ (^z, 4R{z, to)~^) • 

Here and in the following we denote by C(k) various positive constants 
depending only on n, n and the initial metric. 
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Now by the Li-Yau-Hamilton inequality (Corollary 2.5.5) and local gra- 
dient estimate of Shi (Theorem 1.4.2), we obtain 



I d 

R{x,t) < C{K)R{z,to) and \-^R 



{x,t) <C{K)iR{z,to)f 



for all {x,t) G Bt,{z,2R{z,toy^)) x [to - {^R{z,to)-'^f M- Therefore 
by combining with the Harnack estimate (Corollary 2.5.7), we obtain 

R{y,to) > C{K)-^R{z,to - C{k)-^R{zMT^) 
> C{K)~^R{z,tQ) 

Consequently, we have showed that there is a constant C{k) such that 
Vol (St, (y,i?(y,to)-^)) > C{k)-' (i?(y, io)"^)" 

and 

R{x, to) < C(K)i?(y, to) for all x G Bt, (y, R{y, to)"^) • 
In general, for any r > R{y,to)~2 , we have 

Vol{Bt,iy,r)) > C {n)-\r'' R{y M))'^ r'' ■ 

By applying Theorem 6.3.3(ii) again, there exists a positive constant 
u}{r'^R{y,to)) depending only on the constant r^R{y,to) and k such that 

R{x,to) < R{y,to)u{r'^R{y,to)) for all x G Bt^ ^y, 

This proves the desired Claim 1. 

Now we study the asymptotic behavior of the solution at infinity. For any 

<to <T,we know that the metrics gij{x,t) with t e [0,to] has uniformly 
bounded curvature. Let be a sequence of points with do{xQ,Xk) oo. 
After passing to a subsequence, gij(x, t) around Xk will converge to a solution 
to the Ricci flow on M x S"~^ with round cylinder metric of scalar curvature 

1 as initial data. Denote the limit by gij. Then by the uniqueness theorem 
(Theorem 1.2.4), we have 

n-l 

R{x,t) = for ah t G [0,to]- 

It follows that T < . In order to show T = , it suffices to prove the 
following assertion. 

Claim 2. Suppose T < Fix a point xq G M", then there is a 

(5 > 0, such that for any x G M with do{x, xq) > 5~^, we have 

Tl — 1 

R{x, t)<2C + for ah t G [0, T), 

where C is the constant in (7.3.5). 
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In view of Claim 1, if Claim 2 holds, then 



sup Riy,t)<u{S-'[2C + ,^^]]l2C+ " ^ 



' j r""-^-r 



M" X [0,T) \ \ "2 / / \ ~2~ 

< oo 

which will contradict the definition of T. 

To show Claim 2, we argue by contradiction. Suppose for each S > 0, 
there is a point {xs, ts) with <ts <T such that 

R{x5,ts) > 2C + — ^— and dQ{xs-,x^) > S~^. 
-o ts 



Let 



ts = sup < t 



fl — 1 

sup R{y,t)<2C + ^^^^ 

M"\Bo{xo,S-^) ~2 * 



n-l 
2 

2 

""^ and there is a xs such that do(-''^07 -^s) ^ind R{xs,is) 



Since lim R{y,t) = — - and sup^^^^tq i i R(y,t) < 2C, we know 



2C + n":^^^ • By Claim 1 and Hamilton's compactness theorem (Theorem 
4.1.5), for 5 ^0 and after taking a subsequence, the metrics gij{x,t) on 
Bo{xs, ^) over the time interval [0,is] will converge to a solution gij on 
M X S"~^ with the standard metric of scalar curvature 1 as initial data over 
the time interval [Ojfoo], and its scalar curvature satisfies 

~ _ - n — 1 

R{poo^ too) ~ 2C + , 

~ Tl — 1 — 

R{x, t)^2C+ , for all t G [0, ioo], 

where (xoo, ioo) is the limit of {xs, is). On the other hand, by the uniqueness 
theorem (Theorem 1.2.4) again, we know 



-^(^ooj^oo) — n—1 



n-l 
2 



2 ^oo 



which is a contradiction. Hence we have proved Claim 2 and then have 

verified T = 

Now we are ready to show 

(7.3.6) ii:(x, t) > , for all (x, t) G M" x 0, — — ) , 

— ^ — — t L Z / 



for some positive constant C depending only on the initial metric. 

For any {x,t) G x [0, ^^), by Claim 1 and K-noncollapsing, there is 
a constant C{k) > such that 

Yo\t{Btix,R{x,t)-^)) > C{K)~\R{x,t)-^)''. 
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Then by the weh-known volume estimate of Calabi-Yau (see for example 
[132j or |116j ) for complete manifolds with Ric > 0, for any a > 1, we have 

VoU{Btix,aR{x,ty^^)) > CiKy^^{R{x,t)-^r. 

on 

On the other hand, since (M", t)) is asymptotic to a cylinder of scalar 
curvature (^^)/(^^ — t), for sufficiently large a > 0, we have 



Vol ,I^Btl^x,a^^-tjj< C(n)a - t 

Combining the two inequalities, for all sufficiently large a, we have: 

C(n)a( ^^-t ) > Volt I Bt I x,a ( I R{x,ty 




which gives the desired estimate (7.3.6). Therefore the proof of the propo- 
sition is complete. □ 

We now fix a standard capped infinite cylinder for dimension n = 3 
as follows. Consider the semi-infinite standard round cylinder Nq = x 
(— oo, 4) with the metric qq of scalar curvature 1. Denote by z the coordinate 
of the second factor (— oo,4). Let / be a smooth nondecreasing convex 
function on (— oo, 4) defined by 

r f{z) = 0, z<o, 



(7.3.7) 



f{z) = ce~T, zG(0,3], 
f{z) is strictly convex on z € [3,3.9], 
/(z) = -ilog(16-z2), zG [3.9,4), 

where the (small) constant c > and (big) constant P > will be deter- 
mined later. Let us replace the standard metric go on the portion x [0, 4) 
of the semi-infinite cylinder by ^ = e~'^f go. Then the resulting metric g will 
be smooth on M'^ obtained by adding a point to x (— oo, 4) at z = 4. We 
denote by C(c, P) = (M^,g). Clearly, C{c,P) is a standard capped infinite 
cylinder. 

We next use a compact portion of the standard capped infinite cylinder 
C{c,P) and the (5-neck obtained in Lemma 7.3.2 to perform the following 
surgery procedure due to Hamilton [66j . 

Consider the metric g at the maximal time T < +oo. Take an e-horn 
with boundary in fip. By Lemma 7.3.2, there exists a (5-neck N of radius 
< h < 6p in the e-horn. By definition, (A^, h^'^g) is (5-close (in the C'^ ^1 
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topology) to the standard round neck x I of scalar curvature 1 with 
I = {—6~^,6~^). Using the parameter z G I, we see the above function / is 
defined on the 5-neck N. 

Let us cut the 5-neck N along the middle (topological) two-sphere 
N f]{z = 0}. Without loss of generality, we may assume that the right hand 
half portion N f^{z > 0} is contained in the horn-shaped end. Let ip he a 
smooth bump function with ip = 1 for z <2, and <p = for z > 3. Construct 
a new metric ^ on a (topological) three-ball as follows 



(7.3.8) 



g, z = 0, 

e-^fg, ^e[0,2], 

^e-2/g + (l-(^)e-2//i2^o, ^e[2,3], 

/i'e-2/go, ZG[3,4]. 



The surgery is to replace the horn-shaped end by the cap (B'^,^). We call 
such surgery procedure a 5-cutoff surgery. 

The following lemma determines the constants c and P in the (5-cutoff 
surgery so that the pinching assumption is preserved under the surgery (cf 
4.4 of Perelman [103). 

Lemma 7.3.4 (Justification of the pinching assumption). There are 
universal positive constants 5q, cq and Pq such that if we take a 5 -cutoff 
surgery at a 6-neck of radius h at time T with S < 6o and h~'^ > 2e'^ log(l + 
T), then we can choose c = cq and P = Pq in the definition of f{z) such 
that after the surgery, there still holds the pinching condition 

(7.3.9) R > (-i>)[log(-P) + log(l + T) - 3] 

whenever u < 0, where R is the scalar curvature of the metric g and v is the 
least eigenvalue of the curvature operator of g. Moreover, after the surgery, 
any metric ball of radius 5~^h with center near the tip [i.e., the origin of 

the attached cap) is, after scaling with factor h^"^ , 62 -close {in the C'^ 
topology) to the corresponding ball of the standard capped infinite cylinder 
C{co,Po). 



Proof. First, we consider the metric g on the portion {0 < z < 2}. 
Under the conformal change g = e"^/ the curvature tensor Rijki is given 
by 



R. 



ijkl 



-2/ 



Rijki + l^fl'^igugjk - gikgji) + ifik + fifk)gji 



+ ifji + fjfi)gik - ifii + fifi)gjk - ifjk + fjfk)gii 
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If {Fa = -F'a^} is an orthonormal frame for gij, then {Fa = Fa = F^-^} 
is an orthonormal frame for g^j. Let 

Rabcd = RijklFaFlF^F\, 
Rabcd = R-ijklFaF^ F^ Pj^, 

then 



(7.3.10) Rabcd = e 
and 

(7.3.11) 
Since 



2/ 



R, 



■abed 



+ \^f\H^adhc - SaM + ifac + 



bd 



+ ifbd + fbfd)Sac — (fad + fafd)hc — (fbc + fbfc)^ad 



R = e^f{R + 4.Af -2\Vf\'^). 



_p 
ce 2 



p2 
^4 



2P 



dz ' dz^ 

then for any small ^ > 0, we may choose c > small and P > large such 
that for z G [0, 3], we have 



(7.3.12) 



=2/ 



1| + 



dz 



+ 



dz^ ' dz^ 



On the other hand, by the definition of (5-neck of radius /i, we have 

\V^g\g,<5h^, for 1 < j < [r^], 

where go is the standard metric of the round cylinder x M. Note that in 
three dimensions, we can choose the orthonormal frame {Fi, F2, F^} for the 
metric g so that its curvature operator is diagonal in the orthonormal frame 
{V2F2 A F3, V2F3 A Fi, \/2Fi A F2} with eigenvalues v <Ji<XsMd 

= 2i?2323) /i = 2i?3i3i, A = 2i?i2l2- 

Since is (5-close to the standard round cylinder metric go on the (5-neck, 
we have 



(7.3.13) 



I^SlSlI + 1^23231 < Ssh 2, 
|i?i2i2 - \h-^\ < 5lh-^, 

\h-h-^lu<5ih-\ 



for suitably small (5 > 0. Since VaZ = Vz{Fa) and VaV^z = V'^z{Fa., Ft), it 
follows that 

\V^z-h-^\ < sh-\ 
|Viz| + |V22;| < 
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\VaVbz\ < (58^-2, for 1 < a,6 < 3. 



By combining with 



4f 

dz 



df- - d'^f- - 

^aShZ + -r^VaZVbZ 



dz 



and (7.3.12), we get 
(7.3.14) 



VaV,J\<5-*h-^^, 



dz^ 

for 1 < a < 3, 
unless a = 6 = 3, 



By combining (7.3.10) and (7.3.14), we have 
(7.3.15) 



Rl212>Rl212-{d^+Sl)h-^'^, 
^3131 > i?3131 + (1 - - Sl)h-^^ 



-R2323 > -R2323 + (1 — 6*2 — 

.1 -5.. _2d2j 



J-Rabcdl < (^^ +<j5)/i-2g, otherwise, 

where 9 and (5 are suitably small. Then it follows that 

,2 f 

R>R+[A-Q{el+5h)]h-^-±^ 



for sTiitably small 9 and 5. 



If < — i/ < e^, then by the assumption that h ^ > 2e^ log(l + T), we 



have 



R>R 
1 



> e2log(l + r) 

> (-p)[iog(-p) + iog(i + r)-3]. 

While if — 1> > e^, then by the pinching estimate of g, we have 
R>R 

> (-p)[iog(-p) + iog(i + r)-3] 

> (-p)[iog(-i>) + iog(i + r)-3]. 

So we have verified the pinching condition on the portion {0 < ^; < 2}. 

Next, we consider the metric g on the portion {2 < z < 4}. Let 6 he a 
fixed suitably small positive number. Then the constant c = cq and P = Pq 
are fixed. So = min^g[i^4] ^ > is also fixed. By the same argument 
as in the derivation of (7.3.15) from (7.3.10), we see that the curvature of 
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the metric g = e''^' qq of the standard capped infinite cyhnder C(co,Po) on 
the portion {1 < < 4} is bounded from below by |^ > 0. Since h~'^g is 
(5-close to the standard round metric qq, the metric h~^g defined by (7.3.8) 
is clearly Ji-close to the metric g = e~'^^ g^ of the standard capped infinite 
cylinder on the portion {1 < -z < 4}. Thus as 6 is sufficiently small, the 
curvature operator of g on the portion {2 < z < 4} is positive. Hence the 
pinching condition (7.3.9) holds trivially on the portion {2 < z < 4}. 

The last statement in Lemma 7.3.4 is obvious from the definition (7.3.8). 

□ 

Recall from Lemma 7.3.2 that the (5-necks at a time t > 0, where we per- 
formed Hamilton's surgeries, have their radii < h < 6p = 5'^r{t). Without 
loss of generality, we may assume the positive nonincreasing function r{t) in 
the definition of the canonical neighborhood assumption is less than 1 and 
the universal constant 5q in Lemma 7.3.4 is also less than 1. We define a 
positive function 5{t) by 

(7.3.16) ^(t)=min|^-2.^J^^,<5o} for t G [0, +oo). 

Prom now on, we always assume < 5 < 5{t) for any (5-cutoff surgery 
at time t > and assume c = cq and P = Pq. As a result, the standard 
capped infinite cylinder and the standard solution are also fixed. The fol- 
lowing lemma, which was claimed by Perelman in |108j , gives the canonical 
neighborhood structure for the fixed standard solution. 

Lemma 7.3.5. Let gij{x,t) be the above fixed standard solution to the 
Ricci flow on x [0, 1). Then for any e > 0, there is a positive constant 
C{e) such that each point {x,t) G M'^ x [0,1) has an open neighborhood B, 
with Bt{x,r) C B C Bt{x,2r) for some < r < C{e)R{x,t)~^ , which falls 
into one of the following two categories: either 

(a) B is an e-cap, or 

(b) B is an e-neck and it is the slice at the time t of the parabolic neigh- 
borhood Bt{x,e~^R{x,t)~2) X [t — inm{R{x,t)~^ ,t},t], on which 
the standard solution is, after scaling with the factor R{x, t) and 
shifting the time t to zero, e-close {in the C'^ 1 topology) to the 
corresponding subset of the evolving standard cylinder x M over 
the time interval [— mm{tR{x,t),l},0] with scalar curvature 1 at 
the time zero. 

Proof. The proof of the lemma is reduced to two assertions. We now 
state and prove the first assertion which takes care of those points with times 
close to 1. 

Assertion 1. For any e > 0, there is a positive number 9 = 9{e) with 
< ^ < 1 such that for any (xo,to) G x [9, 1), the standard solution on 
the parabolic neighborhood Bt^^x, e^^R{xo, to)^^) ^ [to — £^'^R{xq, to)^^; *o] 
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is well-defined and is, after scaling with the factor R(xo,to), e-close (in the 
C'^ 1 topology) to the corresponding subset of some orientable ancient k- 
solution. 

We argue by contradiction. Suppose Assertion 1 is not true, then there 
exist e > and a sequence of points (xk, tk) with — > 1, such that for each 
k, the standard solution on the parabolic neighborhood 

is not, after scaling by the factor R{xk,tk), e-close to the corresponding 
subset of any ancient K-soIution. Note that by Proposition 7.3.3, there is a 
constant C > (depending only on the initial metric, hence it is universal ) 
such that R{x,t) > C'V(1 - This implies 

e-^R{xk,tk)-^ < Ce-\l-tk) < tk, 

and then the standard solution on the parabolic neighborhood Bt,^{xk, 

e~^R{xk,tk)~^) X \tk ~ ^~'^Rixkjik)~^ ytk] is well-defined for k large. By 
Claim 1 in the proof of Proposition 7.3.3, there is a positive function uj : 
[0, oo) — [0, go) such that 

R{x,tk) < R{xk,tk)u{R{xk,tk)dt^{x,Xk)) 

for all x G M^. Now by scaling the standard solution gij{-, t) around Xk with 

the factor R{xk,tk) and shifting the time t^. to zero, we get a sequence of the 
rescalcd solutions gij{x, i) = R{xk, tk)gij{x, tk + i/ R{xk,tk)) to the Ricci flow 
defined on with i G [—R{xk,tk)tk, 0]. We denote the scalar curvature and 
the distance of the rescaled metric g'^j by RJ^ and d. By combining with Claim 
1 in the proof of Proposition 7.3.3 and the Li-Yau-Hamilton inequality, we 
get 

R''{x,0) < (jj{dl{x,xk)) 

T)k/ 1\ ^ R{Xk,tk)tk (221 w 

t + R{xk,tk)tk 

for any x G and i G {—R{xk,tk)tk,0]. Note that R(xk,tk)tk — > oo by 
Proposition 7.3.3. We have shown in the proof of Proposition 7.3.3 that the 
standard solution is K-noncollapscd on all scales less than 1 for some k > 
0. Then from the /c-noncollapsing property, the above curvature estimates 
and Hamilton's compactness theorem, we know gfj{x,i) has a convergent 
subsequence (as k — ^ oo) whose limit is an ancient, /c-noncollapsed, complete 
and orientable solution with nonncgative curvature operator. This limit 
must have bounded curvature by the same proof of Step 3 in the proof of 
Theorem 7.1.1. This gives a contradiction. Hence Assertion 1 is proved. 

We now fix the constant 6{e) obtained in Assertion 1. Let O be the 
tip of the standard capped infinite cylinder (it is rotationally symmetric 
about O at time 0, and it remains so as i > by the uniqueness Theorem 
1.2.4). 
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Assertion 2. There are constants Bi{e) and B2{£) depending only on 
£, such that if {xo,to) G x [0, 9) with dtgixo, O) < Bi{e), then there is a 
< r < i?2(s) such that BtQ{xo,r) is an e-cap; if (xc^o) G x [0,0) with 

dtQ{xQ,0) > Bi{e), then the parabohc neighborhood i?f(,(a;o, e~^-R(a;o, to)~^) 
x[to — min{ii(xo, to)^^) ^o}) ^o] is after scahng with the factor R{xo,to) and 
shifting the time to to zero, £-close (in the C'^ 1 topology) to the corre- 
sponding subset of the evolving standard cylinder x M over the time 
interval [— niin{toR{xo,to),l},0] with scalar curvature 1 at time zero. 

Since the standard solution exists on the time interval [0, 1), there is a 
constant Bq{s) such that the curvatures on [0, 0(e)] are uniformly bounded 
by Bo{s). This implies that the metrics in [O,0(e)] are equivalent. Note 
that the initial metric is asymptotic to the standard capped infinite cylin- 
der. For any sequence of points x/. with dQ{0,Xk) oo, after passing to 
a subsequence, gij{x,t) around x^ will converge to a solution to the Ricci 
flow on M X with round cylinder metric of scalar curvature 1 as initial 
data. By the uniqueness theorem (Theorem 1.2.4), the limit solution must 
be the standard evolving round cylinder. This implies that there is a con- 
stant Bi{e) > depending on e such that for any (xo,io) with to < 9{e) 
and dto{xo,0) > Bi{£), the standard solution on the parabolic neighbor- 
hood Bt^■,{xo, R{xo,to)~^) X [to — vam{R{xo,to)~^ ,to},to] is, after scaling 
with the factor R{xo,to), e-close to the corresponding subset of the evolv- 
ing round cylinder. Since the solution is rotationally symmetric around O, 
the cap neighborhood structures of those points xq with dt^ixo, O) < Bi{£) 
follow directly. Hence Assertion 2 is proved. 

The combination of these two assertions proves the lemma. □ 

Since there are only a finite number of horns with the other end con- 
nected to rip, we perform only a finite number of such 5-cutoff surgeries at 
time T. Besides those horns, there could be capped horns and double horns 
which lie in O \ Op. As explained before, they are connected to form tubes 
or capped tubes at any time slightly before T. So we can regard the capped 
horns and double horns (of Q,\ Qp) to be extinct and throw them away at 
time T. We only need to remember that the connected sums were broken 
there. Remember that we have thrown away all compact components, either 
lying in Q\Qp or with positive sectional curvature, each of which is diffco- 
morphic to either or a metric quotient of S^, or x or RP^^MP^. So 
we have also removed a finite number of copies of S^, or metric quotients of 
S'^ or §2 X §1 or RP^^MP^ at the time T. Let us agree to declare extinct 
every compact component either with positive sectional curvature 
or lying in $7 \ ftp-, in particular, this allows us to exclude the components 
with positive sectional curvature from the list of canonical neighborhoods. 

In summary, our surgery at time T consists of the following four proce- 
dures: 
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(1) perform 5 -cutoff surgeries for all e -horns, whose other ends are con- 
nected to Vtp; 

(2) declare extinct every compact component which has positive sectional 
curvature; 

(3) throw away all capped horns and double horns lying inVt \ 17^; 

(4) declare extinct all compact components lying in 0,\Qp. 

{In Sections 7.6 and 7.7, we will add one more procedure by declaring extinct 
every compact component which has nonnegative scalar curvature.) 

By Lemma 7.3.4, after performing surgeries at time T, the pinching 
assumption (7.3.3) stih holds for the surgicahy modified manifold. With this 
surgically modified manifold (possibly disconnected) as initial data, we now 
continue our solution under the Ricci flow until it becomes singular again at 
some time T'(> T). Therefore, we have extended the solution to the Ricci 
flow with surgery, originally defined on [0, T) with T < +oo, to the new time 
interval [0, T') with T' > T. By the proof of Theorem 5.3.2, we see that the 
solution to the Ricci flow with surgery also satisfies the pinching assumption 
on [0, T'). It remains to verify the canonical neighborhood assumption (with 
accuracy e) for the solution on the time interval [T,T') and to prove that 
this extension procedure works indefinitely (unless it becomes extinct at 
some finite time) and that there exists at most a finite number of surgeries 
at every finite time interval. We leave these arguments to the next section. 

Before we end this section, we check the following two results of Perelman 
in |108j which will be used in the next section to estimate the Li-Yau- 
Perelman distance of space-time curves which stretch to surgery regions. 
The proofs are basically given by Perelman (cf. 4.5 and 4.6 of |108j ). 

Lemma 7.3.6 (Perelman |108j ). For any < e < 1/100, 1 < ^ < +oo 
and < < 1, one can find S = 5{A,9,£) with the following property. 
Suppose we have a solution to the Ricci flow with surgery which satisfies 
the a priori assumptions (with accuracy e) on [0,T] and is obtained from 
a compact orientable three-manifold by a finite number of 6-cutoff surgeries 
with each 6 < 6. Suppose we have a cutoff surgery at time Tq £ (0,r), let xq 
be any fixed point on the gluing caps {i.e., the regions affected by the cutoff 
surgeries at time Tq), and let Ti = min{T,TQ + 6h^}, where h is the cutoff 
radius around xq obtained in Lemma 7.3.2. Then either 

(i) the solution is defined on P{xo,Tq, Ah,Ti — Tq) = {{x,t) \ x G 
Bt{xQ,Ah), 

t £ [Tq,Ti]} and is, after scaling with factor h~^ and shifting time 
Tq to zero, A^^ -close to a corresponding subset of the standard 
solution, or 

(ii) the assertion (i) holds with Ti replaced by some time t^ G (To,ri), 
where t^ is a surgery time; moreover, for each point in Btq {xq , Ah) , 
the solution is defined fort £ [TQ,t^) but is not defined past t~^ {i.e., 
the whole ball Bto{xq, Ah) is cut off at the time t~^). 
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Proof. Let Q be the maximum of the scalar curvature of the standard 
solution in the time interval [0, 9] and choose a large positive integer N so 
that At = < sr]~^Q~^h^, where the positive constant r] is given in 

the canonical neighborhood assumption. Set = Tq + kAt, k = 0,1, . . . , N . 

From Lemma 7.3.4, the geodesic ball BTo{xo,AQh) at time Tq, with 
Aq = is, after scaling with factor h~^, (5 2 -close to the corresponding ball 
in the standard capped infinite cylinder with the center near the tip. Assume 
first that for each point in Bj^tfixQ, A^h), the solution is defined on [ro,ti]. 
By the gradient estimates (7.3.4) in the canonical neighborhood assumption 
and the choice of At we have a uniform curvature bound on this set for h"^- 
scaled metric. Then by the uniqueness theorem (Theorem 1.2.4), if (^2 — ^ 
(i.e. Aq = 6~2 +00), the solution with /i~^-scaled metric will converge 
to the standard solution in the topology. Therefore we can define Ai, 
depending only on ^0 and tending to infinity with ^40, such that the solution 
in the parabolic region P{xq, Tq, Aih, ti — Tq) = {{x, t) | x G Bt{xQ, Aih),t G 
[To, Tq + {ti — To)]} is, after scaling with factor and shifting time Tq to 
zero, A^^-close to the corresponding subset in the standard solution. In 
particular, the scalar curvature on this subset docs not exceed 2Qh~'^. Now 
if for each point in Bt„{xq, Aih) the solution is defined on [To,t2]5 then 
we can repeat the procedure, defining A2, such that the solution in the 
parabolic region P{xq,Tq, A2h,t2 — Tq) = {{x,t) \ x G Bt{xo,A2h),t G 
[To, To + {t2 — Tq)]} is, after scaling with factor and shifting time Tq to 
zero, ""^-closc to the corresponding subset in the standard solution. Again, 
the scalar curvature on this subset still does not exceed 2Qh~^. Continuing 
this way, we eventually define A^. Note that N is depends only on 9 and 
e. Thus there exists a positive S = S{A,9,e) such that for S < 5, we have 
^0 > ^1 > ■ ■ ■ > > ^) and assertion (i) holds when the solution is 
defined on Sto(xo, ^(Ar_i)/i) x [TojTi]. 

The above argument shows that either assertion (i) holds, or there exists 
some k (0 < k < N ~ 1) and a surgery time G (tfc,tfc+i] such that the 
solution on Btq{xq, A^h) is defined on [Tq, f^), but for some point of this set 
it is not defined past f^. Now we consider the latter case. Clearly the above 
argument also shows that the parabolic region P(xq,Tq, Ak-\-ih,t~^ — Tq) = 
{{x,t) I x G Bt{x, Ak_^_lh),t G [To,t"'")} is, after scaling with factor 
and shifting time To to zero, ^l^^-^-close to the corresponding subset in the 
standard solution. In particular, as time tends to t+, the ball Btq{xq, A^^ih) 
keeps on looking like a cap. Since the scalar curvature on Bti^{xq, A^h) x 
[To,tyk] does not exceed 2Qh~^, it follows from the pinching assumption, 
the gradient estimates in the canonical neighborhood assumption and the 
evolution equation of the metric that the diameter of the set Bto{xq, A^h) 
at any time t G [Tq, t^) is bounded from above by 45" 2/1. These imply that 
no point of the ball Bto{xq, Akh) at any time near t+ can be the center 
of a (5-neck for any < S < S{A,9,e) with S{A,9,e) > small enough. 
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since 4(5~2/i is much smaller than 6~^h. However the solution disappears 
somewhere in the set Btq{xo, A^h) at time by a cutoff surgery and the 
surgery is always done along the middle two-sphere of a 5-neck. So the set 
Btq{xo, Akh) at time t"*" is a part of a capped horn. (Recall that we have 
declared extinct every compact component with positive curvature and every 
compact component lying in 17 \ fip). Hence for each point of Bto{xo, Akh) 
the solution terminates at . This proves assertion (ii). □ 

Corollary 7.3.7 (Perelman |108j ). For any I < oo one can find A = 
A{1) < oo and 9 = 6{l), < 9 < 1, with the following property. Suppose 
we are in the situation of the lemma above, with 5 < 6{A,9,e). Consider 
smooth curves 7 in the set Btq{xo, Ah), parametrized by t G [Tq,T^], such 
that 7 (To) G Bto{xq, ^) and either = Ti < T , or < Ti and '~f{T^) G 
dBTgixo, Ah), where xq is any fixed point on a gluing cap at Tq and Ti = 
min{T,To + 9h'^}. Then 

r\R{^{t),t) + \jit)\'')dt>l. 
Jto 

Proof. We know from Proposition 7.3.3 that on the standard solution, 

I Rdt > const. / (1 - t)''^dt 
Jo Jo 

= —const. • log(l — 9). 

By choosing 9 = 9[l) sufficiently close to 1 we have the desired estimate for 
the standard solution. 

Let us consider the first case: = Ti < T. For 9 = 6{l) fixed above, by 
Lemma 7.3.6, our solution in the subset Btq{xq, Ah) and in the time interval 
[To,T^] is, after scaling with factor and shifting time Tq to zero, A~^- 
close to the corresponding subset in the standard solution for any sufficiently 
large A. So we have 

l-T^ [-0 

/ (i?(7(t),t) + |7(t)|2)dt > const. / {l-t)-^dt 
Jtq Jo 

= —const. • log(l — 9). 

Hence we have obtained the desired estimate in the first case. 

We now consider the second case: T-y < Ti and 7(T^) G dBTo{xo, Ah). 
Let 6 = 9{l) be chosen above and let Q = Q{1) be the maximum of the 
scalar curvature on the standard solution in the time interval [0, 9]. 

On the standard solution, we can choose A = A{1) so large that for each 

t e [0,0], 

distt(a;o, dBo{xQ, A)) > disto{xQ,dBQ{xo, A)) - 4(g + l)t 
>A-^{Q + l)9 

>'-A 
- 5 
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and 

distt (^xo,dBo (^a;o, < ^, 

where we have used Lemma 3.4.1(ii) in the first inequahty. Now our solution 
in the subset Bto{xo, Ah) and in the time interval [To,T^] is, after scaling 
with factor h~'^ and shifting time Tq to zero, A~^-close to the corresponding 
subset in the standard solution. This implies that for A = A{1) large enough 



^Ah < midt < m)\'d?j ' • (T-, - Ta)-2. 

\R{^{t),t) + \m')dt>^>l 



'To \JTo 

Hence 

IT, 25"^ 
This proves the desired estimate. □ 



/ 



7.4. Justification of the Canonical Neighborhood Assumptions 

We continue the induction argument for the construction of a long-time 

solution to the Ricci flow with surgery. Let us recall what wc have done in the 
previous section. Let e be an arbitrarily given positive constant satisfying 
< e < 1/100. For an arbitrarily given compact orientable normalized 
three-manifold, we evolve it by the Ricci flow. We may assume that the 
solution goes singular at some time < < +oo and know that the 
solution satisfies the a priori assumptions (with accuracy e) on [0, i^) for 
a nonincreasing positive function r = r\{t) (defined on [0, -|-oo)). Suppose 
that we have a solution to the Ricci flow with surgery, defined on [0, f^) with 
< < ^2" < ■ ■ ■ < ^fc < +00, satisfying the a priori assumptions (with 
accuracy e) for some nonincreasing positive function r = rfc(t) (defined on 
[0, -l-oo)), going singular at time and having (5i-cutoff surgeries at each 
time t^, 1 < i < fc — 1, where 5i < S^f^) for each 1 < i < k — 1. Then 
for any < 5k < ^(i^)) we can perform 5^.-cutoff surgeries at the time 
and extend the solution to the interval [0,t^_^^) with t^_^^ > f^- Here 5{i) is 
the positive function defined in (7.3.16). We have already shown in Lemma 
7.3.4 that the extended solution still satisfies the pinching assumption on 

[o>4+i)- 

In view of Theorem 7.1.1, there always is a nonincreasing positive func- 
tion r = rfc_|_i(t), defined on [0, +00), such that the canonical neighborhood 
assumption (with accuracy e) holds on the extended time interval [0,t^_^;^) 
with the positive function r = rf;+i{t). Nevertheless, in order to prevent 
the surgery times from accumulating, the key is to choose the nonincreasing 
positive functions r = ri{t),i = 1,2, . . ., uniformly. That is, to justify the 
canonical neighborhood assumption (with accuracy e) for the indefinitely 
extending solution, we need to show that there exists a nonincreasing posi- 
tive function r{t), defined on [0, -|-oo), which is independent of k, such that 
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the above chosen nonincreasing positive functions satisfy 

ri{t)>?{t), on [0,+cx)), 

for alH = 1,2, . . . + 1. 

By a further restriction on the positive function 5{t), we can verify this 
after proving the fohowing assertion which was stated by Perelman in |108j . 

Proposition 7.4.1 (Justification of the canonical neighborhood as- 
sumption ). Given any small e > 0, there exist decreasing sequences < r j < 
e, Kj > 0, and < 6j < , j = 1,2, . . ., with the following property. Define 
the positive function 5 {t) on [0, +00) by 5{t) = 5 j fort G [(j — je^). Sup- 
pose there is a surgically modified solution, defined on [0, T) with T < +00, 
to the Ricci flow which satisfies the following: 

(1) it starts on a compact orientable three-manifold with normalized 
initial metric, and 

(2) it has only a finite number of surgeries such that each surgery at a 
time t £ (0, T) is a 6{t)-cutoff surgery with 

< 5{t) < mm{6{t),6{t)}. 

Then on each time interval [{j — l)e^, je^] P|[0, T), j = 1,2, ■ ■ ■ , the solution 
satisfies the kj -noncollapsing condition on all scales less than e and the 
canonical neighborhood assumption {with accuracy e) with r = rj. 

Here and in the fohowing, we cah a (three-dimensional) surgically mod- 
ified solution gij(t),0 <t<T, K-noncollapsed at (xo,to) on the scales less 
than p (for some k > 0, p > 0) if it satisfies the following property: whenever 
r < p and 

\Rm,{x,t)\ < 

for ah those {x,t) G P{xo,to,r, -r'^) = {{x',t') \ x' G Bt'{xQ,r),t' G [to - 
r^,io]}! for which the solution is defined, we have 

\o\t,{Bt,{xo,r)) > Kr\ 

Before we give the proof of the proposition, we need to verify a K-non- 
collapsing estimate which was given by Perelman in [ 108] . 

Lemma 7.4.2 (Perelman [108]). Given any < e < £9 {for some 
sufficiently small universal constant Eq), suppose we have constructed the 
sequences satisfying the proposition for 1 < j < m {for some positive integer 
m). Then there exists n > 0, such that for any r, < r < e, one can find 
5 = 6{r,e), < S < e^, which may also depend on the already constructed 
sequences, with the following property. Suppose we have a solution with a 
compact orientable normalized three-manifold as initial data, to the Ricci 
flow with finite number of surgeries on a time interval [0, T] with me^ < 
T < {m+l)e'^ , satisfying the assumptions and the conclusions of Proposition 
7.4.1 on [0,me^), and the canonical neighborhood assumption {with accuracy 
e) with r on [me'^,T], as well as < 6{t) < mm{6,6{t)} for any 6-cutoff 
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surgery with 6 = S{t) at a time t G [(m — l)e^,T]. Then the solution is 
K-noncollapsed on [0, T] for all scales less than e. 

Proof. Consider a parabolic neighborhood 

P(xo, to, ro, -ro) = {{x, t) \ x e Bt{xo, ro), t € [to - Tq, to]} 

with me^ ^ to < T and < tq < e, where the solution satisfies |i?m| < r(^^, 
whenever it is defined. We will use an argument analogous to the proof of 
Theorem 3.3.2 (no local collapsing theorem I) to prove 

(7.4.1) yoUoiBto{xo,ro))>Krl 

Let T] be the universal positive constant in the definition of the canonical 
neighborhood assumption. Without loss of generality, we always assume 
r] > 10. Firstly, we want to show that one may assume ro > ^r. 

Obviously, the curvature satisfies the estimate 

\Rm{x,t)\ < 20ro'2, 

for those {x,t) G P(xo, to, ^''o, -^^'o) = ii^^i) I ^ ^ Bt{xo,^ro),t G 
[to — ^rQ,to]}, for which the solution is defined. When ro < ^r, we can 
enlarge ro to some r^ G [ro,r] so that 

\Rm\< 20ro-2 

on P{xQ,to, -^rQ, —-^r'^) (whenever it is defined), and either the equality 

holds somewhere in P{xo, to, ^r^, "(^'^'o + ^')) arbitrarily small e' > 0, 
or v'q = r. 

In the case that the equality holds somewhere, it follows from the pinch- 
ing assumption that we have 

R > lOrg-^ 

somewhere in P{xq, to, ^^O' ~(^'''o + ^0) arbitrarily small e' > 0. Here, 
without loss of generality, we have assumed r is suitably small. Then by the 
gradient estimates in the definition of the canonical neighborhood assump- 
tion, we know 

i?(xo,to) >r(,-2 >r-2. 

Hence the desired noncollapsing estimate (7.4.1) in this case follows directly 
from the canonical neighborhood assumption. (Recall that we have ex- 
cluded every compact component which has positive sectional curvature in 
the surgery procedure and then we have excluded them from the list of 
canonical neighborhoods. Here we also used the standard volume compari- 
son when the canonical neighborhood is an £-cap.) 

While in the case that r'g = r, we have the curvature bound 

\Rm{x,t)\ < i^r 
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for those {x,t) G P(xo,to, ^r,-{^rf) = \ x G Bt{xo, ^r),t G [to - 

{^r)^,to]}, for which the solution is defined. It follows from the standard 
volume comparison that we only need to verify the noncollapsing estimate 

(7.4.1) for ro = ^r. Thus we have reduced the proof to the case tq > j^r. 
Recall from Theorem 3.3.2 that if a solution is smooth everywhere, we 

can get a lower bound for the volume of the ball Bt^, (.tq, rp) as follows: define 
r(t) = Iq — t and consider Perelman's reduced volume function and the Li- 
Yau-Perelman distance associated to the point xq; take a point x at the 
time t = so that the Li-Yau-Perelman distance I attains its minimum 
Zmin(T) = 1{x,t) < ^ foT t = to — e"^] use it to obtain an upper bound 
for the Li-Yau-Perelman distance from xo to each point of Bo{x,l), thus 
getting a lower bound for Perelman's reduced volume at r = to; apply the 
monotonicity of Perelman's reduced volume to deduce a lower bound for 
Perelman's reduced volume at r near 0, and then get the desired estimate 
for the volume of the ball Bf^ {xo, ro). Now since our solution has undergone 
surgeries, we need to localize this argument to the region which is unaffected 
by surgery. 

We call a space-time curve in the solution track admissible if it stays in 
the space-time region unaffected by surgery, and we call a space-time curve 
in the solution track a barely admissible curve if it is on the boundary 
of the set of admissible curves. 

First of all, we want to estimate the >C-length of a barely admissible 
curve. 

Claim. For any L < oo one can find 5 = 5(L,r,rm,£) > with 
the following property. Suppose that we have a curve 7, parametrized by 
t G [To, to]) {n^ — < 2o < to, such that 7(to) = xq, Tq is a surgery time, 
and 7(To) lies in the gluing cap. Suppose also each (5-cutoff surgery at a 
time in [(m — l)e^, T] has 6 <6. Then we have an estimate 

(7.4.2) r Vt^t{R+{j{t),t) + m)f)dt > L 

where i2+ = max{i?, 0} . 

Since ro > and \Rm\ < r^^ on P{xo,to,ro, —r^) (whenever it is 
defined), we can require 6 > 0, depending on r and r^, to be so small that 
7(To) does not lie in the region P{xo,to,ro,—rQ). Let At be the maximal 
number such that 7|[to-At,to] ^ P{xoito,ro, —At) (i.e., to — is the first 
time when 7 escapes the parabolic region P{xo,to,ro,—rQ)). Obviously we 
only need to consider the case: 

/° vt^{R+{j{t),t) + m)f)dt<L. 

J to- At 

We observe that At can be bounded from below in terms of L and ro. 
Indeed, if At > rg, there is nothing to prove. Thus we may assume At < r^. 
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By the curvature bound \Rm\ < r^'^ on P{xo, to, ro, —Tq) and the Ricci flow 
equation we see 

\iit)\dt > cro 

Ito-At 

for some universal positive constant c. On the other hand, by the Cauchy- 
Schwarz inequality, we have 



/' 



I 

Jtt 



to / fto \ 2 / rU) 1 \ 2 

\W)\dt < / Vt^iR+ + \7f)dt • / r. j dt 

to-At \Jto-At J \Jto-At 

< (2L)^(Ai)i, 



which implies 

(7.4.3) (At)^ > 

Thus 

rto rto-At 



/ Vt^tiR+ + \i\^)dt> / Vh^{R+ + \M^)dt 

rto- At 

>(At)2 / iR+ + \j\')dt 

JTo 

while by Corollary 7.3.7, we can find 6 = 5{L, r, r^, e) > so small that 



fto-At / f 2 2 ^ \ -1 

/ {R+ + \^\'^)dt > L min < — ^ , ro 



2L 



Then we have proved the desired assertion (7.4.2). 

Recall that for a curve 7, parametrized hy t = — t & [0,f], with 
7(0) = xo and f <to-{m- l)e^, we have ^(7) = /J" ^/r(i^ + \'y\^)dT. We 
can also define L+ (7) by replacing R with i?+ in the previous formula. Recall 
that R > —1 at the initial time t = for the normalized initial manifold. 
Recall that the surgeries occur at the parts where the scalar curvatures are 
very large. Thus we can apply the maximum principle to conclude that the 
solution with surgery still satisfies R> —1 everywhere in space-time. This 
implies 

(7.4.4) L+(7)<L(7) + (2£2)f. 

By applying the assertion (7.4.2), wc now choose 5 > (depending on 
r, e and r^) such that as each (5-cutoff surgery at the time interval t G 
[(m — l)e^,T] has S < S, every barely admissible curve 7 from (xo,to) to a 
point {x,t) (with t G [{m — l)e^,to)) has 

L+(7) > 22^. 
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Thus if the Li-Yau-Perelman distance from (xo,to) to a point (x,t) (with 
t G [(m — l)e^, to)) is achieved by a space-time curve which is not admissible, 
then its Li-Yau-Perelman distance has 

(7.4.5) /> ^+~y^' >106-^ 

We also observe that the absolute value of l{xo, r) is very small as r closes to 
zere. Thus the maximum principle argument in Corollary 3.2.6 still works 
for our solutions with surgery because barely admissible curves do not attain 
the minimum. So we conclude that 

3 

^min('7^) = min{Z(a;,f) | x lies in the solution manifold at to — f} < - 

for f G (0, to ~ (^ ~ 1)^^]- particular, there exists a minimizing curve 7 
of /min(to — (m — 1)£^), defined on r G [0,to — {m — 1)£^] with 7(0) = xq, 
such that 

(7.4.6) L+(7) < ^ • 2V2£ + 2V2e^ 

< 5e, 

since < £ < £0 with eq sufficiently small (to be further determined). 
Consequently, there exists a point {x,t) on the minimizing curve 7 with 
te[im- l)e2 + 1^2^ (m - l)e'^ + fe^] (i.e., r G [to - (m - l)e'^ - fe^, to - 
(m — 1)£^ — |£^]) such that 

(7.4.7) i?(x,t") <25f-2. 
Otherwise, we have 

/•to-(m-l)£2-i£2 

L+(7) > / V^i?(7(T),to-r)dr 

Vto-(m-l)£2-|£2 

>25f-2,/yfi£2 



4 V 2 



> 5£, 



since <rm < £■ This contradicts (7.4.6). 

Next we want to get a lower bound for Perelman's reduced volume of a 
ball around x of radius about r„i at some time slightly before t. 

Denote by = j^^r/"^ and O2 = ^V^^^ where i] is the universal positive 
constant in the gradient estimates (7.3.4). Since the solution satisfies the 
canonical neighborhood assumption on the time interval [(m — l)£^,m£^), 
it follows from the gradient estimates (7.3.4) that 

(7.4.8) R{x,t)<Amr-^ 

for those (x,t) G P(a;, t, ^if^, -^2?^) = {{x',t') \ x' G Bt>{x,ei?m),t' G 
[t — 92T^.,t\}., for which the solution is defined. And since the scalar cur- 
vature at the points where the 5-cutoff surgeries occur in the time interval 
[(m — l)£^,m£^) is at least (5)~^F~^, the solution is well-defined on the 
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whole parabolic region t, ^iFm, — ^2^) (i-e., this parabolic region is 
unaffected by surgery). Thus by combining (7.4.6) and (7.4.8), we know 

that the Li-Yau-Perelman distance from (xo,to) to each point of the ball 
Bj_g^^(x , 9irm) is uniformly bounded by some universal constant. Let us 
define Perelman's reduced volume of the ball Bf_Q^^{x, ^iFm), by 

^to-t+eiT?^ i^t-e2?l, ^i^m)) 

■ exp(-/((?, tQ-i+ 6'2r^))dVf_02f2^(<7), 

where l{q, t) is the Li-Yau-Perelman distance from (xq, to). Hence by the Km' 
noncollapsing assumption on the time interval [(m — 1)£^, ras^), we conclude 
that Perelman's reduced volume of the ball Bi_Q^f2^{x,6irm) is bounded 
from below by a positive constant depending only on Km and rm- 

Finally we want to apply a local version of the monotonicity of Perel- 
man's reduced volume to get a lower bound estimate for the volume of the 
ball Bt^,{xo,ro). 

We have seen that the Li-Yau-Perelman distance from {xo,to) to each 
point of the ball Bj_0^:p (x, OiTm) is uniformly bounded by some universal 
constant. Now we can choose a sufficiently small (universal) positive con- 
stant £0 such that when < e < eoi by (7.4.5), all the points in the ball 
Bi_Q^^{x,9irrn) can be connected to (xo,to) by shortest £-geodesics, and 
all of these >C-geodesics are admissible (i.e., they stay in the region unaf- 
fected by surgery). The union of all shortest £-geodesics from (xq, to) to the 
ball Bf_0^^{x,9irm) defined by CBf_g^-p2^{x,6irm) = {ix,t) \ {x,t) lies in 
a shortest i2-geodesic from (xo,to) to a point in Bj_Q^:^(x,9irm)}, forms a 
cone-like subset in space-time with the vertex {xo,to). Denote B{t) by the 
intersection of the cone-like subset CB];_Q,^j:-2^{x,9ir„i) with the time-slice at 
t. Perelman's reduced volume of the subset B{t) is given by 

Vt,-t{Bit)) = [ (47r(to - t))-hxp{-liq,to - t))dVt{q). 

JB{t) 

Since the cone-like subset CBi_0^-f2^{x,9irm) lies entirely in the region un- 
affected by surgery, we can apply Perelman's Jacobian comparison theorem 
(Theorem 3.2.7) to conclude that 

(7.4.9) Vt,-t{B{t)) > V,^-t+e,r^JB-t_e,r^JxMrm)) 

for all t G [t — 92r^, to] , where c{Km, rm) is some positive constant depending 
only on Km find rm- 

Set ^ = r(^^Volt(j(i?to(xo,ro))3. Our purpose is to give a positive lower 
bound for ^. Without loss of generality, we may assume ^ < |, thus < 
^rg < to — t + ^2^- Denote by B{to — ^rg) the subset of the time-slice 



306 H.-D. CAO AND X.-P. ZHU 

{t = to — ^Vq} of which every point can be connected to (xo,io) by an 
admissible shortest >C-geodesic. Clearly, B{to — ^r^) C B{to — C^o)- ^'^^ 
argue as in the proof of Theorem 3.3.2 to bound Perelman's reduced volume 
of B{to — ^rg) from above. 

Since tq > and 6 = 6{r,£,rm) sufficiently small, the whole region 
P{xo,tQ,rQ, —Tq) is unaffected by surgery. Then by exactly the same ar- 
gument as in deriving (3.3.5), wc sec that there exists a universal positive 
constant such that when < ^ < ■^O) there holds 

(7.4.10) /:exp^|^|^^^_i^(^r2) c Bt,{xo,ro). 

Perelman's reduced volume of B{to — ^Vq) is given by 
(7.4.11) 

V^,2{B{to-Crl)) 

{4TrCr^,)-leM-l{<l,Crl))dVt^_^,2{q) 



= i {AT^irlyl eM-K<l.^rl))dV^^_^,2{q) 

{i^i<ic 2} 

+ / (47rero2)-^exp(-i(g,Cr2))dy,„_^2(g). 

{|"i<i« ^} 

The first term on the RHS of (7.4.11) can be estimated by 

(7.4.12) / (47rer2)-iexp(-/(g,Cr2))dFt„_^,2(g) 

JS(to-€r2)n£cxp 1 iirl) 



< e^^(47r)-i 



for some universal constant C, as in deriving (3.3.7). While as in deriving 
(3.3.8), the second term on the RHS of (7.4.11) can be estimated by 



(7.4.13) / (47rer2)-iexp(-/(g,er2))dFi„_^,2(g) 

JB{to-irl)\Ce^p 1 iirl) 

{\v\<kr^} 

< [ , i^TTT)--^ exp{-l{T))J{T)\r=odv 

J{\v\>\r^} 

= (47r)~2 / ex.p{—\v\'^)dv, 

J{\v\>lr^} 

where we have used Perelman's Jacobian comparison theorem (Theorem 
3.2.7) in the first inequality. Hence the combination of (7.4.9), (7.4.11), 
(7.4.12) and (7.4.13) bounds from below by a positive constant depending 
only on and r^. Therefore we have completed the proof of the lemma. 

□ 
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We are ready to prove the proposition. 

Proof of Proposition 7.4.1. We now follow Perelman [108] to prove 
the proposition by induction: having constructed our sequences for 1 < 
j < m, we make one more step, defining Vm+i, Km+i, 6m+i, and redefining 

= ^rn+i- In view of the previous lemma, we only need to define rvn+i 
and 6m+i ■ 

In Theorem 7.1.1 we have obtained the canonical neighborhood structure 
for smooth solutions. When adapting the arguments in the proof of Theorem 
7.1.1 to the present surgical solutions, we will encounter the new difficulty 
of how to take a limit for the surgically modified solutions. The idea to 
overcome the difficulty consists of two parts. The first part, due to Perelman 
|108j . is to choose 5m and 5m+i small enough to push the surgical regions 
to infinity in space. (This is the reason why we need to redefine 6^, — 
Sm+i-) The second part (see Assertions 1-3 proved in step 2 below), due 
to the authors and Bing-Long Chen, is to show that solutions are smooth 
on some small, but uniform, time intervals (on compact subsets) so that we 
can apply Hamilton's compactness theorem, since we only have curvature 
bounds; otherwise Shi's interior derivative estimate may not be applicable. 

We now argue by contradiction. Suppose for sequence of positive num- 
bers r° and (J"'^, satisfying — > as a ^ oo and 6"'^ < -^{^ 0), there 

exist sequences of solutions g'^j^ to the Ricci flow with surgery, where each 
of them has only a finite number of cutoff surgeries and has a compact ori- 
entable normalized three-manifold as initial data, so that the following two 
assertions hold: 

(i) each 5-cutoff at a time t S [{m — l)e^, (m + l)e^] satisfies 6 < 6°^^\ 
and 

(ii) the solutions satisfy the statement of the proposition on [0, me^], 
but violate the canonical neighborhood assumption (with accuracy 
e) with r = on [me^ , {m + l)e^]. 

For each solution gfj^, we choose i (depending on a and /?) to be the 
nearly first time for which the canonical neighborhood assumption (with 
accuracy e) is violated. More precisely, we choose i E [me^, (m + l)e^] so 
that the canonical neighborhood assumption with r = and with accuracy 
parameter e is violated at some (x,t), however the canonical neighborhood 
assumption with accuracy parameter 2e holds on t E [me^ , t\ . After passing 
to subsequences, we may assume each 6°^^ is less than the 6 in Lemma 7.4.2 
with r = r" when a is fixed. Then by Lemma 7.4.2 we have uniform /t- 
noncollapsing on all scales less than e on [0, t\ with some k > independent 
of a, j3. 

Slightly abusing notation, we will often drop the indices a and (3. 
Let If^^ be the rescaled solutions around {x,t) with factors R{x,i){> 
+oo) and shift the times t to zero. We hope to take a limit of the 
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rescaled solutions for subsequences of a, /3 oo and show the limit is an 
orientable ancient K-solution, which will give the desired contradiction. We 
divide our arguments into the following six steps. 

Step 1. Let {y, i) be a point on the rescaled solution gfj^ with R{y, i) < A 
(for some ^ > 1) and i G [—{i— (m — l)£^)i?(x, f), 0]. Then we have estimate 

(7.4.14) R{x,t)<10A 

for those {x,t) in the parabolic neighborhood P{y,i, ^r)"^ A~2 ^ —^rj~^ A"^) 

= {ix',t') I x' G Bt,{y,l'r]-'^A-^),t' G [i - |r/-^^-\t]}, for which the 
rescaled solution is defined. 

Indeed, as in the first step of the proof of Theorem 7.1.1, this follows 
directly from the gradient estimates (7.3.4) in the canonical neighborhood 
assumption with parameter 2e. 

Step 2. In this step, we will prove three time extension results. 

Assertion 1. For arbitrarily fixed a, < ^ < +oo, 1 < C < +oo and 
0< B < ie2(^«)-2 _ 1^^-1^7-1^ there is a /3o = /?o(e, A, B, C) (independent 

of a) such that if /? > /3o and the rescaled solution g^j^ on the ball Bo{x,A) 
is defined on a time interval [—6, 0] with <b < B and the scalar curvature 
satisfies 

R{x,t) < C, on Bo{x,A) x [-6,0], 

then the rescaled solution g°j^ on the ball Bq{x,A) is also defined on the 
extended time interval [—6— |?7~^C~^,0]. 

Before giving the proof, we make a simple observation: once a space 
point in the Ricci flow with surgery is removed by surgery at some time, 
then it never appears for later time; if a space point at some time t cannot 

be defined before the time t , then cither the point lies in a gluing cap of 
the surgery at time t or the time t is the initial time of the Ricci flow. 

Proof of Assertion 1. Firstly we claim that there exists (3o = 
Po{e, A, B,C) such that when /3 > Pq, the rescaled solution gfj^ on the 
ball Bq(x,A) can be defined before the time —b (i.e., there are no surgeries 
interfering in Bo{x,A) x [—b — e',—b] for some e' > 0). 

We argue by contradiction. Suppose not, then there is some point x G 
Bq{x,A) such that the rescaled solution gfj^ at x cannot be defined before 
the time —b. By the above observation, there is a surgery at the time —b 
such that the point x lies in the instant gluing cap. 

Let h (= R{x, t)2h) be the cut-off radius at the time —b for the 
rescaled solution. Clearly, there is a universal constant D such that D~^h < 
R{x,-b)-^ < Dh. 

By Lemma 7.3.4 and looking at the rescaled solution at the time —b, the 

gluing cap and the adjacent 5-neck, of radius h, constitute a {S'^^)'^ -cap /C. 
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For any fixed small positive constant 5' (much smaller than e), we see that 

when (3 large enough. We first verify the following 

Claim 1. For any small constants < < 1, 5' > 0, there exists a 

(3{5' , e, 0) > such that when (5 > /3{6' , e, 6), we have 

(i) the rescaled solution gfj^ over B(^_i,^{x,{5')~^h) is defined on the 
time interval [-6, 0] n [-b, -6 + (1 - 0)h'^]; 

(ii) the ball {6')^ h) in the (5"'^)^ -cap K, evolved by the Ricci 
flow on the time interval [—6,0] n [—6,-6 + (1 — 9)h?\ is, after 
scaling with factor h^"^, 5'-closc (in the C'^ 1 topology) to the 
corresponding subset of the standard solution. 

This claim essentially follows from Lemma 7.3.6. Indeed, suppose there 

is a surgery at some time i G [—6, 0] fl (—6, — 6 + (1 — 0)h?] which removes 
some point x € i?(_b)(x, (5')~^^). We assume i € (—6,0] is the first time 
with that property. 

Then by Lemma 7.3.6, there is a 5 = d{S',e,9) such that if 6'^'^ < S, 

then the ball S(_b)(x, {b'Y^h) in the (c^"^)" -cap /C evolved by the Ricci flow 

on the time interval [— 6, f) is, after scaling with factor (5'-close to the 
corresponding subset of the standard solution. Note that the metrics for 

times in [—6,4) on 5(_5)(a;, (5')~^/i) are equivalent. By Lemma 7.3.6, the 

solution on i?(_fe)(x, keeps looking like a cap for t € [— 6, t). On the 

other hand, by the definition, the surgery is always done along the middle 
two-sphere of a (5-neck with b < 5°^^ . Then for (3 large, all the points in 
-B(_b)(x, ((5')~ h) are removed (as a part of a capped horn) at the time t. 
But X (near the tip of the cap) exists past the time t. This is a contradiction. 
Hence we have proved that i?(_5)(x, {5')~^h) is defined on the time interval 
[-6,0] n [-6,-6+ (1 - ^)/i2]. 

The (^'-closeness of the solution on -B(_6) (x, {5')~^h) x ([—6, 0] n [—6, —6+ 
(1 — 9)h?]) with the corresponding subset of the standard solution follows 
from Lemma 7.3.6. Then we have proved Claim L 

We next verify the following 

Claim 2. There is 9 = 9{CB), 0<9 <1, such that 6 < (1 - 9)h^ when 
P large. 

Note from Proposition 7.3.3, there is a universal constant D' > such 
that the standard solution satisfies the following curvature estimate 

R{y,s)>j—^. 
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We choose 9 = D'/2{D' + CB). Then for (3 large enough, the rescaled 
solution satisfies 

~ D' 

(7.4.15) R(x,t)> ^h-^ 

^ ' ^ ^ - l-{t + h)h-^ 

onB^_k){x,{5')-^h) X {[-b,0]n[-b,-b+{l-9)h^]). 

Suppose b > {l—6)h'^. Then by combining with the assumption R(x, t) < 
C for t = (1 - e)h^ - b, we have 

C > ^' . h-\ 

~ 1 - (t + 6)/i-2 

and then 

1 > (1 - ^) f 1 + ^' 



This is a contradiction. Hence we have proved Claim 2. 

The combination of the above two claims shows that there is a positive 

constant < ^ = 9{CB) < 1 such that for any small 6' > 0, there is a 
positive f]{d' ,e, 9) such that when [3 > I3{S', e, 9), wc have b < {1 ~ 9)h? and 
the rescaled solution in the ball Bi^_y^{x, {5')^^h) on the time interval [—5, 0] 

is, after scaling with factor hr'^, 5' -close ( in the C^^^'^ topology) to the 
corresponding subset of the standard solution. 

By (7.4.15) and the assumption R < C on Bq{x,A) x [—6,0], wc know 
that the cut-off radius h at the time —b for the rescaled solution satisfies 




C 

Let (5' > be much smaller than e and minjA"^,^}. Since dQ{x,x) < 
A, it follows that there is constant C{9) depending only on 9 such that 
(i(_;,)(x, .x) < C{9)A <^ {5')~^h. We now apply Lemma 7.3.5 with the accu- 
racy parameter e/2. Let C{£/2) be the positive constant in Lemma 7.3.5. 
Without loss of generality, we may assume the positive constant Ci (e) in the 
canonical neighborhood assumption is larger than 4C(e/2). When 8' {> 0) 
is much smaller than e and min{^~^,^}, the point x at the time i has a 
neighborhood which is either a |£-cap or a |£-neck. 

Since the canonical neighborhood assumption with accuracy parameter 
e is violated at (x,t), the neighborhood of the point x at the new time zero 
for the rescaled solution must be a |e-neck. By Lemma 7.3.5 (b), we know 
the neighborhood is the slice at the time zero of the parabolic neighborhood 

P{x, 0, ^e-^Rix, 0)-^ , - min{^(x, 0)-\ fe}) 

(with i?(x,0) = 1) which is |e-close (in the C^s^ ^ topology) to the cor- 
responding subset of the evolving standard cylinder x M over the time 
interval [— min{6, 1}, 0] with scalar curvature 1 at the time zero. If 6 > 1, 
the |£-neck is strong, which is a contradiction. While if 6 < 1, the |£-neck 
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at time —6 is contained in the union of the gluing cap and the adjacent S- 
neck where the 5-cutoff surgery took place. Since s is small (say e < 1/100), 
it is clear that the point x at time —b is the center of an e-neck which is 
entirely contained in the adjacent (5-neck. By the proof of Lemma 7.3.2, the 
adjacent 5-neck approximates an ancient /c-solution. This implies the point 
X at the time t has a strong e-neck, which is also a contradiction. 

Hence we have proved that there exists /3o = Poi^:A,B,C) such that 
when P > Po, the rescaled solution on the ball Bo{x,A) can be defined 
before the time —b. 

Let [^^^^,0] D [~^) 0] be the largest time interval so that the rescaled 
solution gfj^ can be defined on Bo{x,A) x [t5'^,0]. We finally claim that 

t'^ < —b — ^r]~^C~^ for (3 large enough. 

Indeed, suppose not, by the gradient estimates as in Step 1, we have the 
curvature estimate 

R{x,t) < IOC 

on Bo{x,A) X [t*^, —b]. Hence we have the curvature estimate 

R{x,t) < IOC 

on Bq{x, A) X [t'^, 0]. By the above argument there is a /3o = Po{£, A,B + 
Ir^-^C""^, IOC) such that for (5 > (3q, the solution in the ball Bq{x,A) can 
be defined before the time . This is a contradiction. 
Therefore we have proved Assertion 1. 

Assertion 2. For arbitrarily fixed a, < yl < +oo, 1 < C < +00 and 
Q < B < ie2(r")^^ - ■^?7"\ there is a /?o = PQ{e,A,B,C) (independent of 
a) such that if /? > /3o and the rescaled solution 'g^^ on the ball Bq{x, A) is 
defined on a time interval [—6 + e',0] with < 6 < -B and < e' < 
and the scalar curvature satisfies 

R{x,t) < C on Bq{x,A) X [-6 + e',0], 

and there is a point y G Bq{x,A) such that R{y,—b + e') < |, then the 
rescaled solution g^j^ at y is also defined on the extended time interval 
[—b — ^r/~^,0] and satisfies the estimate 

Riy,t) < 15 

ioTte[-b-^7j-\-b + e']. 

Proof of Assertion 2. We imitate the proof of Assertion 1. If 
the rescaled solution g'^j^ at y cannot be defined for some time in [—b — 

^'n~^7 + then there is a surgery at some time i G [—b— -^^"^j —b + e'] 
such that y lies in the instant gluing cap. Let h (= R{x,i)'^h) be the cutoff 
radius at the time t for the rescaled solution. Clearly, there is a univer- 
sal constant D > 1 such that D^^h < R{y,i)~^ < Dh. By the gradient 
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estimates as in Step 1, the cutoff radius satisfies 

h > 

As in Claim 1 (i) in the proof of Assertion 1, for any small constants 
< 9 < ^, S' > 0, there exists a P{5', £,e)>0 such that for /3 > P{5',£, 9), 

there is no surgery interfering in B--{y, {5')-^h) x {[i, (1 - e)h^ + i] n {i, 0]). 
Without loss of generality, we may assume that the universal constant 77 is 
much larger than D. Then we have (1 — 9)JP + i > —b + -^V^^- in Claim 
2 in the proof of Assertion 1, we can use the curvature bound assumption 

to choose 9 = 9{B, C) such that (1 - 9)h?' + i > 0; otherwise 

D' 

C> ^ 
~ 9h? 

for some universal constant £)'>!, and 
which implies 

D' \ 



1 > (1 - 1 + 



This is a contradiction if we choose 9 = D'/2(D' + C{B + ^rj-^)). 

So there is a positive constant < ^ = 9(B,C) < 1 such that for any 
S' > 0, there is a positive P{S',£,9) such that when (3 > P{S',e,9), we have 
—i < {l — 9)hP' and the solution in the ball B~{x, {S')'~^h) on the time interval 

[i, 0] is, after scaling with factor hr'^, (5'-close (in the C^^' topology) to the 
corresponding subset of the standard solution. 

Then exactly as in the proof of Assertion 1, by using the canonical neigh- 
borhood structure of the standard solution in Lemma 7.3.5, this gives the 
desired contradiction with the hypothesis that the canonical neighborhood 
assumption with accuracy parameter e is violated at {x,t), for P sufficiently 
large. 

The curvature estimate at the point y follows from Step 1. Therefore 

the proof of Assertion 2 is complete. 

Note that the standard solution satisfies R{xi,t) < D"R{x2,t) for any 
t G [0, ^] and any two points xi,X2, where D" > 1 is a universal constant. 

Assertion 3. For arbitrarily fixed a, < A < +00, 1 < C < +00, 
there is a /3o = /3o{e,AC2) such that if any point {yo,to) with < —to < 
ie^(r")~^ — ^ri~^C~^ of the rescaled solution g°j^ for P > Po satisfies 

-R(yo;^o) ^ C , then either the rescaled solution at yo can be defined at 
least on [to — ^r]~^C~^,to] and the rescaled scalar curvature satisfies 

R{yo, t) < IOC for te[to- *o] , 
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or we have 

R{xi,to) < 2D"R{x2,to) 

for any two points xi,X2 € Btg{yo,A), where D" is the above universal 
constant. 

Proof of Assertion 3. Suppose the rescaled solution g^^^ at yo cannot 
be defined for some t G [to — jQV~^d^^, to); then there is a surgery at some 
time t G [to — jqV^^C^^ ,to] such that yo lies in the instant gluing cap. Let 

h (= R{x,t)2h) be the cutoff radius at the time i for the rescaled solution 
gfj^. By the gradient estimates as in Step 1, the cutoff radius satisfies 

h > D-H0-^2d, 

where D is the universal constant in the proof of the Assertion 1. Since 
we assume rj is suitably larger than D as before, we have ^h^ + i > to. As 
in Claim 1 (ii) in the proof of Assertion 1, for arbitrarily small 5' > 0, we 
know that for (3 large enough the rescaled solution on B^{yo, {6') ^h) x [i, to] 
is, after scaling with factor h~^, c^'-close (in the C^^^"' ^1 topology) to the 
corresponding subset of the standard solution. Since {6')^^h S> A for (3 
large enough, Assertion 3 follows from the curvature estimate of standard 
solution in the time interval [0, ^]. 

Step 3. For any subsequence {ak, l3k) of {a, (3) with r"'' and (^"^fc^fc — > 
as —> oo, we next argue as in the second step of the proof of Theorem 
7.1.1 to show that the curvatures of the rescaled solutions g^^^*" at the new 
times zero (after shifting) stay uniformly bounded at bounded distances 
from X for all sufficiently large k. More precisely, we will prove the following 
assertion: 

Assertion 4. Given any subsequence of the rescaled solutions gfj'^'' 
with r"* and 5"'='^*= ^ as — > oo, then for any L > 0, there are 
constants C(L) > and k{L) such that the rescaled solutions gfj^^'' satisfy 

(i) R{x,0) < C{L) for all points x with do{x^x) < L and all A; > 1; 

(ii) the rescaled solutions over the ball Bo{x,L) are defined at least on 
the time interval [-j^r]-^C{L)-^,0] for all k > k{L). 

Proof of Assertion 4. For each p > 0, set 

M{p) = sup|i?(x,0) [ k>\ and do{x,x) < p 

in the rescaled solutions g'^-'^*' | 

and 

po = sup{/9 > I M{p) < +oo}. 
Note that the estimate (7.4.14) implies that po > 0. For (i), it suffices to 
prove Po = +00. 
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We argue by contradiction. Suppose po < +00. Then there is a sequence 
of points y in the rescaled solutions g^^^'^ with do{x,y) —^Po< +00 and 
R{y,0) — +00. Denote by 7 a minimizing geodesic segment from x to y 
and denote by Bq{x, pq) the open geodesic ball centered at x of radius po on 
the rescaled solution gfj'^'' . 

First, we claim that for any < p < po with p near po, the rescaled solu- 
tions on the balls Bq {x, p) are defined on the time interval [— ^ j7~^M(p)~^ , 0] 
for all large k. Indeed, this follows from Assertion 3 or Assertion 1. For 
the later purpose in Step 6, we now present an argument by using As- 
sertion 3. If the claim is not true, then there is a surgery at some time 
i G [— ^?7'~^M(/9)~^, 0] such that some point y G Bq{x, p) lies in the instant 

gluing cap. We can choose sufficiently small 5' > Q such that 2po < {S')~^h, 
where h > D~-'^20~ 2 M(p)~ 2 is the cutoff radius of the rescaled solutions 
at t. By applying Assertion 3 with (y,0) = {yo,to), we see that there is a 
k{po,M{p)) > such that when k > k{po,M{p)), 

R{x, 0) < 2D" 

for all X G Bq{x,p). This is a contradiction as p ^ pq. 

Since for each fixed < |0 < po with p near po, the rescaled solutions 

arc defined on B(){x,p) x [— jQr]~^ M {p)~^ , 0] for all large k, by Step 1 and 
Shi's derivative estimate, we know that the covariant derivatives and higher 

order derivatives of the curvatures on Bo(x,p — *-^°2 ) ^ 0] 
are also uniformly bounded. 

By the uniform K-noncollapsing property and Hamilton's compactness 
theorem (Theorem 4.1.5), after passing to a subsequence, we can assume that 
the marked sequence {Bq{x, po),g^J'^'^ ,x) converges in the topology to 
a marked (noncomplete) manifold {B^o , , x) and the geodesic segments 7 
converge to a geodesic segment (missing an endpoint) 700 C B^o emanating 
from X. 

Clearly, the limit has nonnegative sectional curvature by the pinching 
assumption. Consider a tubular neighborhood along 700 defined by 

V= [j 5oo((?o,47r(^oo((?o))"^), 
906700 

where i?oo denotes the scalar curvature of the limit and 

-Boo(go,47r(^oo(%))"^) 

is the ball centered at qo G B^o with the radius 47r(i?oo(Q'o))~^. Let 
denote the completion of {B^,'gf?)^ and y^o G -Boo the limit point of 700 • 
Exactly as in the second step of the proof of Theorem 7.1.1, it follows from 
the canonical neighborhood assumption with accuracy parameter 2£ that the 
limiting metric is cylindrical at any point go G 7oo which is sufficiently 
close to yoo and then the metric space V = V\J {yoo} by adding the point ?/oo 
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has nonnegative curvature in the Alexandrov sense. Consequently we have 
a three-dimensional non-fiat tangent cone Cy^V at y^o which is a metric 
cone with aperture < 20e. 

On the other hand, note that by the canonical neighborhood assumption, 
the canonical 2£-neck neighborhoods are strong. Thus at each point q G 
V near y^, the limiting metric gf^ actually exists on the whole parabolic 
neighborhood 

and is a smooth solution of the Ricci flow there. Pick z G Cy^V with 
distance one from the vertex y^o and it is nonflat around z. By definition 
the ball B{z, |) C Cy^V is the Gromov-Hausdorff convergent limit of the 
scalings of a sequence of balls Boo (^^ , cr^) (c {V, gf? ) ) where —> Q. Since the 
estimate (7.4.14) survives on (V,5^) for all A < +00, and the tangent cone 
is three-dimensional and nonflat around z, we see that this convergence is 
actually in the C^^. topology and over some ancient time interval. Since the 
limiting B^oiz, |)(C Cy^V) is a piece of nonnegatively curved nonflat metric 
cone, we get a contradiction with Hamilton's strong maximum principle 
(Theorem 2.2.1) as before. So we have proved pQ = 00. This proves (i). 

By the same proof of Assertion 1 in Step 2, we can further show that for 
any L, the rescaled solutions on the balls Bq{x,L) are defined at least on 
the time interval [—^'q~^C{L)~^,Q\ for all sufficiently large k. This proves 
(ii). 

Step 4. For any subsequence {ak,(3k) of («>/?) with r"'' — > and 
jctfcA ^ as ^ 00, by Step 3, the K-noncollapsing property and Hamil- 
ton's compactness theorem, we can extract a convergent subsequence 
of gfj'^'' over some space-time open subsets containing the slice {t = 0}. 
We now want to show any such limit has bounded curvature at t = 0. We 
prove by contradiction. Suppose not, then there is a sequence of points Z(^ 
divergent to infinity in the limiting metric at time zero with curvature di- 
vergent to infinity. Since the curvature at zg is large (comparable to one), 
Zi has a canonical neighborhood which is a 2e-cap or strong 2e-neck. Note 
that the boundary of 2e-cap lies in some 2£-neck. So we get a sequence of 
2£-necks with radius going to zero. Note also that the limit has nonnegative 
sectional curvature. Without loss of generality, we may assume 2e < £0, 
where eo is the positive constant in Proposition 6.1.1. Thus this arrives at 
a contradiction with Proposition 6.1.1. 

Step 5. In this step, we will choose some subsequence {ak,Pk) of (a,/3) 
so that we can extract a complete smooth limit of the rescaled solutions 
g^J^^'' to the Ricci flow with surgery on a time interval [— a,0] for some 
o > 0. 

Choose ak,Pk ^ 00 so that r"*^ 0, S^'^l^k _^ q, and Assertion 1, 2, 
3 hold with a = ak,P = Pk for all A G {p/q \ p,q = 1,2, and 
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B,C G {1,2, ... , k}. By Step 3, we may assume the rescaled solutions g^j'^'' 
converge in the Cj^ topology at the time t = 0. Since the curvature of the 
limit at t = is bounded by Step 4. it follows from Assertion 1 in Step 2 and 
the choice of the sequence {a/., fh) that the limiting (M^o ,gfj {■ , t)) is defined 
at least on a backward time interval [—a, 0] for some positive constant a and 
is a smooth solution to the Ricci flow there. 

Step 6. We further want to extend the limit in Step 5 backwards in 
time to infinity to get an ancient K-solution. Let g^J'^'' be the convergent 
sequence obtained in the above Step 5. 

Denote by 

tuiax. = sup I i' I we can take a smooth limit on (—t', 0] (with bounded 
curvature at each time slice) from a subsequence of 
the rescaled solutions 

We first claim that there is a subsequence of the rescaled solutions g^j'^'' 
which converges in the topology to a smooth limit {Moo,g^{-,t)) on 
the maximal time interval (— tmaxjO]- 

Indeed, let ti be a sequence of positive numbers such that ti tmax and 
there exist smooth limits {M^,gf^{-,t)) defined on (— 1^,0]. For each i, the 
limit has nonnegativc sectional curvature and has bounded curvature at each 
time slice. Moreover by the gradient estimate in canonical neighborhood 
assumption with accuracy parameter 2s, the limit has bounded curvature 
on each subinterval [—6,0] C (— 1^,0]. Denote by Q the scalar curvature 
upper bound of the limit at time zero (Q is independent of i). Then we can 
apply Li-Yau-Hamilton inequality (Corollary 2.5.5) to get 

t+ti 

where Rf{x,t) are the scalar curvatures of the limits {Moo,g'^{-,t)). Hence 
by the definition of convergence and the above curvature estimates, we can 
find a subsequence of the rescaled solutions g'^j'^'' which converges in the 
^loc topology to a smooth limit {M^o, g^ (■) 0) ™ the maximal time interval 

( ^ max ) 0] • 

We need to show 

max — C)C- Suppose tmeix 

> — GO, there are only 

the following two possibilities: cither 

(1) The curvature of the limiting solution {M^,gfj{-,t)) becomes un- 
bounded as i \ — tmax; or 

(2) For each small constant 9 > and each large integer ko > 0, there 
is some k > ko such that the rescaled solution 'g^J'^'' has a surgery 
time Tfc G [— ^max — ^,0] and a surgery point lying in a gluing 
cap at the times so that d'^^{xk,x) is uniformly bounded from 
above by a constant independent of 9 and ko. 



HAMILTON-PERELMAN'S PROOF 



317 



We next claim that the possibihty (1) always occurs. Suppose not; then 
the curvature of the limiting solution (Moo, 5'^(-, t)) is bounded on Moo x 
(— imax;0] by some positive constant C. In particular, for any ^ > 0, there 
is a sufficiently large integer fci > such that any rescaled solution g^J'^'' 
with k > ki on the geodesic ball Bq{x,A) is defined on the time interval 
[— ^max + 5n^~^C'~^,0] and its scalar curvature is bounded by 2C there. 
(Here, without loss of generality, we may assume that the upper bound C 
is so large that — tmax + < 0.) By Assertion 1 in Step 2, for k 

large enough, the rescaled solution gfj'^'' over Bo{x, A) can be defined on the 
extended time interval [— tmax — ^V~^C!~^ ,0] and has the scalar curvature 
R < IOC on Bo{x, A) x [— tmax — ■gn^"^ ' extract a smooth 

limit from the sequence to get the limiting solution which is defined on a 
larger time interval [ — tmax — 

^77 ^,0]. This contradicts the definition 

of the maximal time — tmax- 

It remains to exclude the possibility (1). 

By using Li-Yau-Hamilton inequality (Corollary 2.5.5) again, we have 

Roo{x,t) < Q. 

So we only need to control the curvature near — tmax- Exactly as in Step 4 
in the proof of Theorem 7.1.1, it follows from Li-Yau-Hamilton inequality 
that 

(7.4.16) doixyu) < dt{x,y) < do{x,y) -|- SOtmax 

for any x,y £ Moo and t G (-tmax, 0]. 

Since the infimum of the scalar curvature is nondecreasing in time, we 
have some point yoo G Moo and some time — tmax < too < —tmax + ^V^^ 
such that i?oo(yoo, too) < 5/4. By (7.4.16), there is a constant ^0 > such 
that dt{x,yoo) < Ao/2 for all t € (-tmax,0]. 

Now we come back to the rescaled solution gfj"'^''. Clearly, for arbitrarily 
given small e' > 0, when k large enough, there is a point yk in the underlying 
manifold of gfj'^'' at time satisfying the following properties 

~ 3 ~ ~ 

(7.4.17) R{yk,too) < 2' dt{x,yk) < Aq 

for t G [—tmax + e',0]. By the definition of convergence, we know that for 
any fixed Aq > 2Ao, for k large enough, the rescaled solution over Bq(x, Aq) 
is defined on the time interval [too,0] and satisfies 

55/ .\ ^ 2tinax 

R{x,t) < — — — Q 

t + tmax 

on Bq{x,Aq) X [too,0]. Then by Assertion 2 of Step 2, we have proved that 
there is a sufficiently large integer ^0 such that when k > ko, the rescaled 
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solutions 5^^'"^'° at yk can be defined on [— tmax — ^,0], and satisfy 

R{yk,t) < 15 

for t G [ irnax 50 ' ^t'o]' 

We now prove a statement analogous to Assertion 4 (i) of Step 3. 

Assertion 5. For the above rescaled solutions gfj'^'' and ko, we have 
that for any L > 0, there is a positive constant uj{L) such that the rescaled 
solutions gfj'^'^ satisfy 

R{x,t) < u{L) 

for all (a;,t) with dt{x,yk) < L and t G [— tmax — ^^~^)^oo]) and for all 
k >ko. 

Proof of Assertion 5. We slightly modify the argument in the proof 
of Assertion 4 (i). Let 

M(p) = sup|5(x,t) I dt(x,yfc) < p and t G [-tmax - ;^??"\*oo] 

in the rescaled solutions g^J'^'' , A: > fcoj 

and 

Po = sup{/9 > I M{p) < +oo}. 
Note that the estimate (7.4.14) implies that po > 0. We only need to show 

Po = +00. 

We argue by contradiction. Suppose po < +oo. Then, after passing to a 
subsequence, there is a sequence {yk,tk) hi the rescaled solutions gfj'^'' with 

tk G [-tmax - ■^??"\ioo] and dt^iyk,yk) ^ Po < +oo such that R{yk,tk) ^ 
+00. Denote by 7^ a minimizing geodesic segment from yk to yk at the time 
tfe and denote by Bt,,{yk,Po) the open geodesic ball centered at yk of radius 
Po on the rescaled solution 5^''^'° (•, ifc). 

For any < p < po with p near po, by applying Assertion 3 as be- 
fore, we get that the rescaled solutions on the balls Bt^iy^^p) are defined 
on the time interval [tj^ — j^r]^^ M{p)^^ ,tk] for all large k. By Step 1 
and Shi's derivative estimate, we further know that the covariant deriva- 
tives and higher order derivatives of the curvatures on p — ) x 
\tk — ^'q~^M{p)~^ ,tk] are also uniformly bounded. Then by the uniform 
Av-noncollapsing property and Hamilton's compactness theorem (Theorem 
4.1.5), after passing to a subsequence, we can assume that the marked 
sequence {Bt^{yk, Po),9fj''^''i-,tk),yk) converges in the C^^ topology to a 
marked (noncomplete) manifold {B^,gfj,y^) and the geodesic segments 
7fe converge to a geodesic segment (missing an endpoint) 700 C B^ emanat- 
ing from 2/00- 

Clearly, the limit also has nonnegative sectional curvature by the pinch- 
ing assumption. Then by repeating the same argument as in the proof of 
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Assertion 4 (i) in the rest, we derive a contradiction with Hamilton's strong 
maximum principle. This proves Assertion 5. 

We then apply the second estimate of (7.4.17) and Assertion 5 to con- 
clude that for any large constant < ^ < +oo, there is a positive constant 
C{A) such that for any small e' > 0, the rescaled solutions g^J'^'' satisfy 

(7.4.18) R(x,t)<C{A), 

for all X G Bq{x,A) and t G [— tmax + e',0], and for all sufficiently large 
k. Then by applying Assertion 1 in Step 2, we conclude that the rescaled 
solutions g^f^' on the geodesic balls Bo{x,A) are also defined on the ex- 
tended time interval [— tmax + e' — ^V^^C{A)^^ , 0] for all sufficiently large k. 
Furthermore, by the gradient estimates as in Step 1, we have 

R{x,t) < WC{A), 

for X G Bo{x,A) and t G [-tmax + e' - |r/"^C(^)"\ 0]. Since e' > is 
arbitrarily small and the positive constant C{A) is independent of e', we 
conclude that the rescaled solutions g^J'^'' on Bq{x,A) are defined on the 
extended time interval [— tmax — ^'n~^C{A)~^,0] and satisfy 

(7.4.19) R{x,t) <1(}C{A), 

for x G Bq{x,A) and t G [— tmax — ^'>1~^C{A)~^,0], and for all sufficiently 
large k. 

Now, by taking convergent subsequences from the rescaled solutions 
gfj'^'' , we see that the limit solution is defined smoothly on a space-time 
open subset of x (— oo, 0] containing M^o x [— tmax, 0]. By Step 4, we see 
that the limiting metric ff^(-, — ^max) at time — tmax has bounded curvature. 
Then by combining with the canonical neighborhood assumption of accu- 
racy 2e, we conclude that the curvature of the limit is uniformly bounded 
on the time interval [— tmax, 0]. So we have excluded the possibility (1). 

Hence we have proved a subsequence of the rescaled solutions converges 
to an orientable ancient ^-solution. 

Finally by combining with the canonical neighborhood theorem (Theo- 
rem 6.4.6), we see that {x,t} has a canonical neighborhood with parameter 
e, which is a contradiction. Therefore we have completed the proof of the 
proposition. □ 

Summing up, we have proved that for any £ > 0, (without loss of gener- 
ality, we may assume e < Eq), there exist nonincreasing (continuous) positive 
functions d{t) and r{t), defined on [0, -|-oo) with 

S{t) < d{t) = min I ^ -, (5c 



2e2 log(l + 1) 

such that for arbitrarily given (continuous) positive function 5{t) with 5{t) < 
5(t) on [0, -|-oo), and arbitrarily given a compact orientable normalized three- 
manifold as initial data, the Ricci flow with surgery has a solution on [0, T) 
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obtained by evolving the Ricci flow and by performing (5-cutoff surgeries at 
a sequence of times < ti < t2 < • • • < ti < ■ ■ ■ < T, with 6{ti) < 6 < 
6{ti) at each time ti, so that the pinching assumption and the canonical 
neighborhood assumption (with accuracy e) with r = r(t) are satisfied. (At 
this moment we still do not know whether the surgery times ti are discrete.) 

Since the (5-cutoff surgeries occur at the points lying deeply in the e- 
horns, the minimum of the scalar curvature Rminit) of the solution to the 
Ricci flow with surgery at each time-slice is achieved in the region unaffected 
by the surgeries. Thus we know from the evolution equation of the scalar 
curvature that 

(7.4.20) - ^^min(i)- 

In particular, the minimum of the scalar curvature i?min(i) is nondecreasing 
in time. Also note that each (5-cutoff surgery decreases volume. Then the 
upper derivative of the volume in time satisfies 

dtj ^ ^ AtSo Ai 

< -RminiO)Vit) 

which implies that 

V{t) < F(0)e-^-'"(°)*. 

On the other hand, by Lemma 7.3.2 and the J-cutoff procedure given 
in the previous section, we know that at each time ti, each 5-cutoff surgery 
cuts down the volume at least at an amount of h?{ti) with h{ti) depending 
only on 5{ti) and r{ti). Thus the surgery times ti cannot accumulate in any 
finite interval. When the solution becomes extinct at some finite time T, 
the solution at time near T is entirely covered by canonical neighborhoods 
and then the initial manifold is diffeomorphic to a connected sum of a finite 
copies of S'^ X and S'^/F (the metric quotients of round three-sphere). So 
we have proved the following long-time existence result which was given by 
Perelman in fl08l. 



Theorem 7.4.3 (Long-time existence theorem). For any fixed constant 
e > 0, there exist nonincreasing (continuous) positive functions 6{t) and 
r{t), defined on [0,+oo), such that for an arbitrarily given [continuous) 
positive function 5{t) with 6{t) < 5{t) on [0,+oo), and arbitrarily given a 
compact orientable normalized three-manifold as initial data, the Ricci flow 
with surgery has a solution with the following properties: either 

(i) it is defined on a finite interval [0, T) and obtained by evolving the 
Ricci flow and by performing a finite number of cutoff surgeries, 
with each 5-cutoff at a time t G (0, T) having 5 = 6{t), so that 
the solution becomes extinct at the finite time T , and the initial 
manifold is diffeomorphic to a connected sum of a finite copies of 
X S"*^ and S^/F [the metric quotients of round three-sphere) ; or 
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(ii) it is defined on [0, +00) and obtained by evolving the Ricci flow 
and by performing at most countably many cutoff surgeries, with 
each 6-cutoff at a time t £ [0, +00) having 5 = 6{t), so that the 
pinching assumption and the canonical neighborhood assumption 
{with accuracy e) with r = r{t) are satisfied, and there exist at 
most a finite number of surgeries on every finite time interval. 

In particular, if the initial manifold has positive scalar curvature, say 
R > a > 0, then by (7.4.20), the solution becomes extinct at T < |a. Hence 
we have the following topological description of compact three-manifolds 
with nonnegative scalar curvature which improves the well-known work of 
Schoen-Yau [113], [TT4] . 

Corollary 7.4.4 (Perelman [108j ). Let M be a compact orientable 
three-manifold with nonnegative scalar curvature. Then either M is flat 
or it is diffeomorphic to a connected .sum of a finite copies of x and 
S'^/r {the metric quotients of the round three- sphere). 

The famous Poincare conjecture states that every compact three- 
manifold with trivial fundamental group is diffeomorphic to S^. Developing 
tools to attack the conjecture formed the basis for much of the works in 
three-dimensional topology over the last one hundred years. Now we use 
the Ricci flow to discuss the Poincare conjecture. 

Let M be a compact three-manifold with trivial fundamental group. In 
particular, the three-manifold M is orientable. Arbitrarily given a Riemann- 
ian metric on M, by scaling we may assume the metric is normalized. With 
this normalized metric as initial data, we consider the solution to the Ricci 
flow with surgery. If one can show the solution becomes extinct in finite 
time, it will follow from Theorem 7.4.3 (i) that the three-manifold M is 
diffeomorphic to the three-sphere Such a finite extinction time result 
was first proposed by Perelman in |109j . Recently, Colding-Minicozzi has 
published a proof of it in [44]. So the combination of Theorem 7.4.3 
(i) and the finite extinction result |109|, I44j gives a proof of the 
Poincare conjecture. 

We also remark that the above long-time existence result of Perelman has 
been extended to compact four-manifolds with positive isotropic curvature 
by Chen and the second author in |35j . As a consequence it gave a complete 
proof of the following classification theorem of compact four-manifolds, with 
no essential incompressible space-form and with a metric of positive isotropic 
curvature. The theorem was first proved by Hamilton in ( |66j ). though it 
was later found that the proof contains some gaps (see for example the 
comment of Perelman in Page 1, the second paragraph, of |108j ). 

Theorem 7.4.5. A compact four-manifold with no essential incompress- 
ible space-form and with a metric of positive isotropic curvature is diffeo- 
morphic to S^, or MP^, or x §^ or S^xS^ {the Z2 quotient of x 
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where Z2 flips S'^ antipodally and rotates by 180'^), or a connected sum of 
them. 

7.5. Curvature Estimates for Surgically Modified Solutions 

This section is a detailed exposition of section 6 of Perelman |108j . Here 
we will generalize the curvature estimates for smooth solutions in Section 
7.2 to that of solutions with cutoff surgeries. We first state and prove a 
version of Theorem 7.2.1. 

Theorem 7.5.1 (Perelman [108] ). For any e > and 1 < ^ < +00, 
one can find k = k,{A,£) > 0, Ki = Ki{A^£) < +00, K2 = K2{A,£) < +00 
and f = f{A, e) > such that for any to < +00 there exists 6a = 5^ (to) > 
{depending also on e), nonincreasing in to, with the following property. Sup- 
pose we have a solution, constructed by Theorem 7.4.3 with the nonincreas- 
ing (continuous) positive functions 5{t) and r{t), to the Ricci flow with 5- 
cutoff surgeries on time interval [0, T] and with a compact orientable normal- 
ized three- manifold as initial data, where each 5 -cutoff at a time t satisfies 
6 = 6{t) < 6{t) on [0, T] and 6 = 6{t) < 6a on [^,to]; assume that the 
solution is defined on the whole parabolic neighborhood P{xo,to,ro, —rQ) = 
I x G Bt{xo,ro),t G [to — rQ,to]}, 2rQ < to, and satisfies 

|i?m|<ro"^ on P{xo,to,ro, -r'^), 
and Yolto{Bto{xo,ro)) > A'^rl 

Then 

(i) the solution is K-noncollapsed on all scales less than tq in the ball 
Btoixo,Aro); 

(ii) every point X G BtQ(xo, Aro) with R{x,to) > Kir^'^ has a canonical 
neighborhood B, with Bf^ {x, a) d B C Bt^ (x, 2a) for some < a < 
Ci(e)i?~2 (a;,to)) which is either a strong e-neck or an e-cap; 

(iii) ifro < f^/U) then R < -ftr2?'o^ Bto{xo,Aro). 

Here Ci(e) is the positive constant in the canonical neighborhood assump- 
tion. 

Proof. Without loss of generality, we may assume < £ < £0, where £0 
is the sufficiently small (universal) positive constant in Lemma 7.4.2. 

(i) This is analog of no local collapsing theorem II (Theorem 3.4.2). In 
comparison with the no local collapsing theorem II, this statement gives n- 
noncollapsing property no matter how big the time is and it also allows the 
solution to be modified by surgery. 

Let ry(> 10) be the universal constant in the definition of the canonical 
neighborhood assumption. Recall that we had removed every component 
which has positive sectional curvature in our surgery procedure. By the 
same argument as in the first part of the proof of Lemma 7.4.2, the canonical 
neighborhood assumption of the solution implies the K-noncollapsing on the 
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scales less than 2^r{to) for some positive constant k depending only on Ci(e) 
and C2(£) (in the definition of the canonical neighborhood assumption). So 

we may assume ^r{to) < ro < \J^, and study the scales p, ^r{to) < p < 
tq. Let X G Btg{xo,Aro) and assume that the solution satisfies 

\Rm\ < p~^ 

for those points in P{x, to, P, ~p'^) — {(y, \ U ^ Bt{x, p),t ^ [to — P^^to]} for 
which the solution is defined. We want to bound the ratio Vol to {Bt^ {x,p))/p^ 
from below. 

Recall that a space-time curve is called admissible if it stays in the region 
unaff'ected by surgery, and a space-time curve on the boundary of the set of 
admissible curves is called a barely admissible curve. Consider any barely 
admissible curve 7, parametrized by t G [t^jto], to — < t-y < to, with 
7(^0) = X. The same proof for the assertion (7.4.2) (in the proof of Lemma 
7.4.2) shows that for arbitrarily large L > (to be determined later), one 
can find a sufficiently small S{L,to,r{to),r{^),e) > such that when each 
(5-cutoff in [Y,to] satisfies S < d{L,to,r{to),r{Y)i^)j there holds 

(7.5.1) r Vt^t{R+{j{t),t) + m)\^)dt > Lro. 

From now on, we assume that each 5-cutoff of the solution in the time 
interval [^,to] satisfies 5 < 5(L,to,r{to),r{^),e). 

Let us scale the solution, still denoted by gij{-,t), to make ro = 1 and 
the time as to = 1- By the maximum principle, it is easy to see that the 
(rescaled) scalar curvature satisfies 

- 2t 

on (0, 1]. Let us consider the time interval 1] and define a function of the 
form 

h{y, t) = cP{dt{xo, y) - A{2t - l))(Z(y, r) + 2^) 

where r = 1 — t, ^ is the function of one variable chosen in the proof of 
Theorem 3.4.2 which is equal to one on (—00, ^), rapidly increasing to 

infinity on and satisfies 2^ - (f)" > {2A + 300)0' - C(^)0 for 

some constant C{A) < +00, and L is the function defined by 

L{q, t) = inf {2V^_^ V~s{R + ItI')^^^ I (lis), s), s G [0, r] 
is a space-time curve with 7(0) = x and j{t) = Qf- 
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Note that 
(7.5.2) 



L{y, t) > 2Vr [ ^/sRds 
Jo 



> -4t^ 

since R> —3 and < r < ^. This says h is positive for t e [^,1]- Also note 
that 



(7.5.3) 



d - 

—L+AL < 6 

OT 



as long as L is achieved by admissible curves. Then as long as the shortest C- 
geodesics from (xq, 0) to {y, r) are admissible, there holds at y and t = 1 — t, 



1 



(L + 2^7) 



- ( 6 + -^ ) (/>-2(V0,VL). 



Firstly, we may assume the constant L in (7.5.1) is not less than 
2exp{C{A) + 100). We claim that Lemma 3.4.1(i) is applicable for d = 
dt{-, xq) at y and t = 1 — t (with r G [0, ^]) whenever L(y, r) is achieved by 
admissible curves and satisfies the estimate 



L{y,T) < 3^/Texp{C{A) + 100). 



Indeed, since the solution is defined on the whole neighborhood P{xQ,to,ro, 
—Vq) with ro = 1 and to = 1, the point a;o at the time t = 1 — t lies on the 
region unaffected by surgery. Note that R > —3 for t G [^^ !]• When L{y,T) 
is achieved by admissible curves and satisfies L(y, r) < 3y^exp(C(^) + 100), 
the estimate (7.5.1) implies that the point y at the time t = 1 — t does not lie 
in the collars of the gluing caps. Thus any minimal geodesic (with respect 
to the metric gij{-,t) with t = 1 — t) connecting xq and y also lies in the 
region unaffected by surgery; otherwise the geodesic is not minimal. Then 
from the proof of Lemma 3.4. l(i), we see that it is applicable. 

Assuming the minimum of /i at a time, say t = 1 — t, is achieved at 
a point, say y, and assuming L(y,T) is achieved by admissible curves and 
satisfies L{y,T) < 3^/T ex]){C{A) + 100), we have 



(L + 2v^)V0 = -(f)VL, 
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and then by the computations and estimates in the proof of Theorem 3.4.2, 

d 



> 



> -C{A)h- ( 6+ ^ ^ 



at y and t = 1 — r. Here we used (7.5.2) and Lemma 3.4.1(i). 
As before, denoting by hminiT) = min^ h{z, 1 — r), we obtain 

(7.5.4) ^LJ^-=m\<C(,A)+ ^^+1 1 



drV V 0" ) ) ~ 2r- 4r2 2r 

as long as the associated shortest >C-gcodcsics arc admissible with L < 
S-y/r exp(C(^) + 100). On the other hand, by definition, we have 

(7.5.5) lim ^^IBi^ < (l,{di{xo,x) -A) -2 = 2. 



The combination of (7.5.4) and (7.5.5) gives the following assertion: 

LetT£[0,\]. ///or eac/i s G [0,r], inf{L(y,s) I dt{xQ,y) < A{2t-l) + 
with s = \ — t] is achieved by admissible curves, then we have 

(7.5.6) inf |L(y, r) | dt{xQ, y) < A{2t - 1) + ^ with t = 1 - 
< 2Vr exp(C(A) + 100). 



Note again that i? > -3 for t G [^,1]. By combining with (7.5.1), 
we know that any barely admissible curve 7, parametrized by s G [0,r], 
< r < i, with 7(0) = X, satisfies 

^{R + |7p)ds > ^ exp(C(A) + 100), 

by assuming L > 2exp(C(A) + 100). 

Since \Rm\ < on P{x,t(j, p, —p'^) with p > ^^(^o) (and to = 1) a-i^d 
5{L,to,r{to),r{^),e) > is sufficiently small, the parabolic neighborhood 
P{x, 1, p, —p^) around the point {x, 1) is contained in the region unaffected 
by the surgery. Thus as r = 1 — t is sufficiently close to zero, inf L can 
be bounded from above by a small positive constant and then the infimum 
inf{L(y,T) | dt{xo,y) < A(2t — 1) + ^ with r = 1 — t} is achieved by 
admissible curves. 
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Hence we conclude that for each r G [0, any minimizing curve 7^- of 
inf{L(j/,r)| dt{xQ,y) < A{2t — 1) + ]^ with r = 1 — t} is admissible and 
satisfies 



L 



T 

2^ 



Vs{R + \jr\ )ds < exp(C(A) + 100). 

/o 

Now we come back to the unrescaled solution. It then follows that the 
Li-Yau-Perelman distance I from {x,to) satisfies the following estimate 
(7.5.7) 

min |/ (^y, to - ^r^^ | y G 1,2 (^xo, ^ro^ | < exp(C(A) + 100), 

by noting the (parabolic) scaling invariance of the Li-Yau-Perelman distance. 

By the assumption that \Rm\ < r(^^ on P{xo,to,rQ, — Tq), exactly as be- 
fore, for any q £ B^^_^2 (xq, tq), we can choose a path 7 parametrized by r G 

[0,r§] with 7(0) = X, 7(rg) = q, and -i{\rl) = y G -Bj^„i^2(xo, j^r^), where 
7|[o,ir2] achieves the minimum min{/(i/,to - \rl) \ y G B^^^_i^2{xq, j^ro)} 
and 7|ji^2_^2] is a suitable curve satisfying 7|ji^2_^2](r) G i?to_^(xo, ro), for 

each T G [^rg, Tq], so that the >C-length of 7 is uniformly bounded from above 
by a positive constant (depending only on A) multiplying tq. This implies 
that the Li-Yau-Perelman distance from (a;,to) to the ball i?^jj_,,2 (xq, tq) is 
uniformly bounded by a positive constant L{A) (depending only on A). Now 
we can choose the constant L in (7.5.1) by 

L = max{2L(^), 2 exp(C(^) + 100)}. 

Thus every shortest £-geodesic from {x,to) to the ball B^^_j.2 (xq, tq) is neces- 
sarily admissible. By combining with the assumption that Vol {Btg {xq, tq)) 
> A~^rQ, we conclude that Perelman's reduced volume of the ball 
B^^_^2{xQ,ro) satisfies the estimate 

(7.5.8) 

V;2(S,^_,2(xo,ro)) = / (47rrg)-iexp(-/(g,rg))dVi„_,2(5) 

>C{A) 

for some positive constant c{A) depending only on A. 

We can now argue as in the last part of the proof of Lemma 7.4.2 to get 
a lower bound estimate for the volume of the ball Bt^{x,p). The union of 
all shortest >C-geodesics from {x^to) to the ball Sj^_^2(xo,ro), defined by 

CSj|^_^2(xo, ro) = {(y,i) I {y-,t) hes in a shortest >C-geodesic from 

(x,to) to a point in 5(^_,.2 (xq, ro)}, 

forms a cone-like subset in space-time with vertex (x,io)- Denote by B{t) 
the intersection of the cone-like subset CB^^_^2{xQ,rQ) with the time-slice 
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at t. Perelman's reduced volume of the subset B{t) is given by 

Vt,-t{B{t)) = [ (47r(to - exp(-Z(g,io - t))dVt{q). 

JB(t) 

Since the cone-hke subset CB^^^_,p{xQ,rQ) lies entirely in the region unaf- 
fected by surgery, we can apply Perelman's Jacobian comparison Theorem 
3.2.7 and the estimate (7.5.8) to conclude that 

(7.5.9) Vt,-t{B{t)) > V;2(5,„_,g(xo,ro)) 

>c{A) 

for all t e[to — rQ,to]. 

As before, denoting by ^ = p~^Yo\to{BtQ{x, p))3 ^ we only need to get 
a positive lower bound for ^. Of course we may assume ^ < 1. Consider 
B(to — ^p^), the subset at the time-slice {t = to — ^p^} where every point 
can be connected to (x, to) by an admissible shortest >C-geodesic. Perelman's 
reduced volume of B{to — ^p^) is given by 

(7.5.10) 

= i (47rep')-^exp(-Kg,ep'))dy,„_^^2(g) 

^B(to-^p2)n£exp , _i (^p2) 

+ / (47rep2)-iexp(-i(g,ep2))dl4„_^,2((?). 

{bl<|e ^} 

Note that the whole region P{x, to, p, —p^) is unaffected by surgery because 
p > ^r{to) and 6{L, to, r(to), ^(^), e) > is sufficiently small. Then exactly 
as before, there is a universal positive constant such that when < ^ < 
there holds 

'Cexp^l^l^,^_i^(^p2) ^ Bt^{x,p) 

and the first term on RHS of (7.5.10) can be estimated by 
(7.5.11) 

(47re/92)-iexp(-/(g,ep2))dT4„_^^2(g) 



B(to-Cp2)n/:exp _i (^p2) 

< e^«(47r)-ie^ 
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for some universal constant C; while the second term on RHS of (7.5.10) 
can be estimated by 

(7.5.12) / {^T^ipY^^M-l{Q.iP^))dVt,-iA^) 

JB{to-^p^)\Ce^p 1 (ep2) 

{M<i« ^} 



3 



J{\v\>k-h 



< (47r) 2 / ^ exp{-\v\ )dv. 



Since B(to - ^p^) C B{to - ^p^), the combination of (7.5.9)-(7.5.12) bounds 
^ from below by a positive constant depending only on A. This proves the 
statement (i). 

(ii) This is analogous to the claim in the proof of Theorem 7.2.1. We 
argue by contradiction. Suppose that for some A < +oo and a sequence 
Kf oo, there exists a sequence such that for any sequences 5'^^ > 
with 6°'^ —>■ for fixed a, we have sequences of solutions to the Ricci 
flow with surgery and sequences of points Xq^ , of radii r^^, which satisfy the 
assumptions but violate the statement (ii) at some x*^^ G Bta{xQ^ , ArQ^) 
with i?(a;"^, fg) > (rg^)"^. Slightly abusing notation, we will often drop 
the indices a,P in the following argument. 

Exactly as in the proof of Theorem 7.2.1, we need to adjust the point 
{x, to). More precisely, we claim that there exists a point {x, t) G Bf{xo, 2Aro) 

2 _ 

x[to — "f-;io] with Q = R{x,t) > Kir^"^ such that the point {x,t) does not 
satisfy the canonical neighborhood statement, but each point (y, t) G P with 
R{y,t) > 4Q does, where P is the set of all {x',t') satisfying t— jKiQ~^ < 

t' < t, dt'{xo,x') < df{xo,x) + K^Q 2. Indeed as before, the point (x,i) is 
chosen by an induction argument. We first choose {xi,ti) = {x,to) which 
satisfies dti{xo,Xi) < Avq and R{xi,ti) > Kir^'^, but does not satisfy 
the canonical neighborhood statement. Now if [x^^^tj^) is already chosen 
and is not the desired (.x,t), then some point (-Tfc+ijtfc+i) satisfies — 

lKiR{xk., tk) < tk+i < tk, dt^^^ (xo, Xfc+i) < dt^ (xo, Xfc) + R{xk, tk) 2 , 
and R{xk+i^tk-\-i) > 4i?(xfe,tfe), but {xk+i,tk+i) does not satisfy the canon- 
ical neighborhood statement. Then we have 

R{xk+i,tk+i) > 4'=i?(xi,ti) > 4'=i^lro^ 

dtk+i{xo,Xk+i) < dti{xo,xi) + ^R{xi,ti)~2 < Aro + 2ro, 

1=1 

and 

1 ^ 1 
to > tk+i >to- -^Ki ^ R{xi, ti)~'^ >to- -rl- 

1=1 

So the sequence must be finite and its last element is the desired (x,f). 
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Rescale the solutions along {x,i) with factor R{x,i)(> i^irQ^^) and shift 
the times i to zero. We will adapt both the proof of Proposition 7.4.1 and 
that of Theorem 7.2.1 to show that a sequence of the rescaled solutions g^j^ 
converges to an ancient K-solution, which will give the desired contradiction. 
Since we only need to consider the scale of the curvature less than f(t)^^, 
the present situation is much easier than that of Proposition 7.4.1. 

Firstly as before, we need to get a local curvature estimate. 

For each adjusted {x,t), let [t',t\ be the maximal subinterval of [t — 
^il~^Q~^->'t\ so that for each sufficiently large a and then sufficiently 
large the canonical neighborhood statement holds for any {y,t) in P{x,i, 

^KfQ-^.t' -t) = {{x,t) I X G Bt{x,^K^Q-^2),t € [t',t\} with R{y,t) > 
4(5, where rj is the universal positive constant in the definition of canonical 
neighborhood assumption. We want to show 

(7.5.13) t' = t-^ri-'Q-\ 

Consider the scalar curvature R at the point x over the time interval 
[t',t\. If there is a time t £ [t',t\ satisfying R{x,t) > iQ, we let t be the 
first of such time from t. Since the chosen point (x, t) does not satisfy the 
canonical neighborhood statement, we know R{x,t) < r(f)~^. Recall from 
our designed surgery procedure that if there is a cutoff surgery at a point 
X at a time t, the scalar curvature at {x,t) is at least (5"^)^'^r[t)^'^ . Then 
for each fixed a, for /? large enough, the solution gff{-,t) around the point 
x over the time interval [i — ^ri^^Q^^,i] is well defined and satisfies the 
following curvature estimate 

R{x,t) < 8Q, 

for t E [i — ^ri~^Q~^,t\ (or t G [t',t\ if there is no such time i). By the 
assumption that to > 2rQ, we have 

tRix,t) > ^-^R{x,t) 

= Ki ^ +00. 

Thus by using the pinching assumption and the gradient estimates in the 
canonical neighborhood assumption, we further have 

\Rm{x,t)\ < 30Q, 

for ah X G Bt{x, ^r]~^Q~^) and t e [i - ^r]~^Q~^,t\ (or t G [t',t\) and ah 
sufficiently large a and p. Observe that Lemma 3.4.1 (ii) is applicable for 
dt{xo, x) with t G [i— ^r]~^Q~^,t\ (or t G [t' , t\) since any minimal geodesic, 
with respect to the metric gij{-,t), connecting xq and x lies in the region 
unaffected by surgery; otherwise the geodesic is not minimal. After having 
obtained the above curvature estimate, we can argue as deriving (7.2.2) and 
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(7.2.3) in the proof of Theorem 7.2.1 to conclude that any point {x,t), with 

1-1 

i — ^r]~^Q~^ <t <t {oi t E [i^,t\) and dt{x,x) < j^K^Q^^, satisfies 

1 1 __i 

dt{x, Xq) < dl{x, Xq) + -K^ Q 2 , 

for all sufficiently large a and (3. Then by combining with the choice of 
the points {x,t), we prove t' = i — ^r)~^Q~^ (i.e., the canonical neigh- 
borhood statement holds for any point {y, t) in the parabolic neighborhood 

- i - 1 

P{x,t, ,—-^r]~^Q~'^) with R{y,t) > AQ) for all sufficiently large a 

and then sufficiently large (3. 

Now it follows from the gradient estimates in the canonical neighborhood 
assumption that the scalar curvatures of the rescaled solutions g^^^ satisfy 

R{x,t) < 40 

for those {x,t) G P{x,0, ^r]-\ -^r]-^) = {{x',t') \ x' G ^^/(x, ^t?"!), i' G 
[— ^r/^^, 0]}, for which the rescaled solution is defined. (Here Bfi denotes the 
geodesic ball in the rescaled solution at time t'). Note again that R{x,t) < 
r{t)~'^ and recall from our designed surgery procedure that if there is a cutoff 
surgery at a point x at a time t, the scalar curvature at {x, t) is at least 
(^o:/3-j-2~^^-j-2 rpjjgj^ fQj. gg^gjj fixed sufficiently large a, for /? large enough, 

the rescaled solution 'g^^ is defined on the whole parabolic neighborhood 

P(x,0, ]^?7~^, ~^^~^)- More generally, for arbitrarily fixed < K < +00, 
there is a positive integer ao so that for each a > we can find /9o > 
(depending on a) such that if /? > /3o and (y, 0) is a point on the rescaled 
solution 'g^^ with R{y, Q) < K and dQ{y, x) < K, we have estimate 

(7.5.14) R{x,t)<AOK 

for {x,j)^e P{y,0, ^ri-jK--2, -^rj-^R-^) 4 |(^/^ ^z) | 3./ g Bt>{y, 
jQr]~^K~'2),t' G [—■^r)~^K'~^,0]}. In particular, the rescaled solution is de- 
fined on the whole parabolic neighborhood P{y, 0, ■^rj'~^K~^ ,—-^r)''^K''^). 

Next, we want to show the curvature of the rescaled solutions at the new 
times zero (after shifting) stay uniformly bounded at bounded distances from 
X for some subsequences of a and (3. Let am, — ^ +00 be chosen so that 
the estimate (7.5.14) holds with K = m. For all p>0, set 

M(p) = sup{i?(a;,0) | m > l,do{x,x) < p in the rescaled solutions fl^™'^™} 

and 

po = sup{p > I M{p) < +00}. 
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Clearly the estimate (7.5.14) yields po > 0. As we consider the unshifted 
time t, by combining with the assumption that to > 2rQ, we have 

(7.5.15) tR{x,t) >^-^R{x,t) 

= Ki-^ +00. 

It then follows from the pinching assumption that we only need to show po = 
+00. As before, we argue by contradiction. Suppose we have a sequence 
of points ym in the rescaled solutions 'g^p^"' with do{x,ym) —>■ po < +oo 
and i?(y^,0) — +oo. Denote by 7^ a minimizing geodesic segment from 
X to y^n and denote by Bq{x,po) the open geodesic balls centered at x of 
radius po of the rescaled solutions. By applying the assertion in statement 
(i), we have uniform K-noncollapsing at the points (x,t). By combining with 
the local curvature estimate (7.5.14) and Hamilton's compactness theorem, 
wc can assume that, after passing to a subsequence, the marked sequence 
{Bo{x, po),gfj^^"' ,x) converges in the topology to a marked (noncom- 
plete) manifold {Boo,gfj ,Xoo) and the geodesic segments -jm converge to 
a geodesic segment (missing an endpoint) 700 C emanating from Xoo- 
Moreover, by the pinching assumption and the estimate (7.5.15), the limit 
has nonnegative sectional curvature. 

Then exactly as before, we consider the tubular neighborhood along 700 

V= \J Soo(go,47r(Eoo((?o))"^) 
90G700 

and the completion B^o of (i?oo ; 9ij ) with y^o G -Boo the limit point of 700 . 
As before, by the choice of the points {x,t), we know that the limiting 
metric gfj is cylindrical at any point qo G 7oo which is sufficiently close to 
yoo- Then by the same reason as before the metric space V = VU {2/00} has 
nonnegative curvature in Alexandrov sense, and we have a three-dimensional 
nonflat tangent cone Cy^V at y^o- Pick z G Cy^V with distance one from 
the vertex and it is nonflat around z. By definition B{z, |)(C Cy^V) is 
the Gromov-Hausdoff convergent limit of the scalings of a sequence of balls 
-Boo(2^fe)Cit)(C {V,g'?j)) with — 0. Since the estimate (7.5.14) survives 

on {V,g^j) for all K < +00, we know that this convergence is actually in 
the topology and over some time interval. Since the limit B{z, i)(c 
Cy^V) is a piece of a nonnegatively curved nonflat metric cone, we get a 
contradiction with Hamilton's strong maximum Principle (Theorem 2.2.1) 
as before. Hence we have proved that a subsequence of the rescaled solution 
^m/3m j^g^g uniformly bounded curvatures at bounded distance from x at the 
new times zero. 

Further, by the uniform K-noncollapsing at the points {x,t) and the 
estimate (7.5.14) again, we can take a limit {M^,g'^ ,Xoo)-, defined on 
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a space-time subset which contains the time shce {t = 0} and is relatively 
open in Moo x (— oo,0], for the subsequence of the rescaled solutions. The 
limit is a smooth solution to the Ricci flow, and is complete at t = 0, as well 
as has nonnegative sectional curvature by the pinching assumption and the 
estimate (7.5.15). Thus by repeating the same argument as in the Step 4 of 
the proof Proposition 7.4.1, we conclude that the curvature of the limit at 
i = is bounded. 

Finally we try to extend the limit backwards in time to get an ancient 
K-solution. Since the curvature of the limit is bounded at t = 0, it fol- 
lows from the estimate (7.5.14) that the limit is a smooth solution to the 
Ricci flow defined at least on a backward time interval [—a, 0] for some pos- 
itive constant a. Let (too,0] be the maximal time interval over which we 
can extract a smooth limiting solution. It suffices to show too = —oo. If 
too > — oo, there are only two possibilities: cither there exist surgeries in 
finite distance around the time too or the curvature of the limiting solution 
becomes unbounded as t \ too- 

Let c > be a positive constant much smaller than ^^f]~^- Note again 
that the infimum of the scalar curvature is nondecreasing in time. Then we 
can find some point ?/oo £ ^oo and some time t = too + ^ with < < | 
such that -Roo(yoo,*oo + d) <2. 

Consider the (unrescaled) scalar curvature R of 5^-™^"'(-,t) at the point 
X over the time interval [t + (too + |)0~^) ^- Since the scalar curvature .Roo 
of the limit on Moo x [*oo + f > 0] is uniformly bounded by some positive 
constant C, we have the curvature estimate 

R{x,t) < ICQ 

for all t G [t + (too + f )0^^) ^ and all sufficiently large m. For each fixed m 
and ara-, we may require the chosen (irn to satisfy 

(^a^/3r.)-2 {^\^ ) > mr{t%^Y'^ > mQ. 

When m is large enough, we observe again that Lemma 3.4.1 (ii) is applicable 
for dt{xo,x) with t G [t -|- (too + |)Q~^)f|- Then by repeating the argument 
as in the derivation of (7.2.1), (7.2.2) and (7.2.3), we deduce that for all 

sufficiently large m, the canonical neighborhood statement holds for any 

1-1 

(y, t) in the parabolic neighborhood P{x,t, Q~2 ^ (t^ + ^)Q~^) with 
R{y,t)>4Q._ 

Let {yjn, t + (too + ^m)Q ^) be a sequence of associated points and times 
in the (unrescaled) solutions fl'^'"'^'"(-, t) so that after rescaling, the sequence 

converges to (yooj ioo+^) in the limit. Clearly ^ <0m < 29 for all sufficiently 
large m. Then by the argument as in the derivation of (7.5.13), we know 
that for all sufficiently large m, the solution g"^'^"'' {-jt) at t/m is defined on 
the whole time interval [i + (too + ~ + (^oo + 0m)Q~^] and 
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satisfies the curvature estimate 

R{ym,t) < 8Q 

there; moreover the canonical neighborhood statement holds for any (y, t) 

- i - 1 

with R{y,t) > 4Q in the parabolic neighborhood P{ym,t, jqK^ Q~2 ^ (^too — 

We now consider the rescaled sequence g^f^'^i-jt) with the marked 
points replaced by and the times replaced by Sm € [t + {too — f )0~^) f + 
{too+j)Q^^]- As before the Li-Yau-Hamilton inequality implies the rescaling 
limit around {ym-,Sm) agrees with the original one. Then the arguments in 
previous paragraphs imply the limit is well-defined and smooth on a space- 
time open neighborhood of the maximal time slice {t = too}- Particularly 
this excludes the possibility of existing surgeries in finite distance around the 
time too- Moreover, the limit at t = too also has bounded curvature. By us- 
ing the gradient estimates in the canonical neighborhood assumption on the 

i - 1 

parabolic neighborhood P{ym,t, -^K^Q^^^ (t^ — we see that the 

second possibility is also impossible. Hence we have proved a subsequence 
of the rescaled solutions converges to an ancient K-solution. 

Therefore we have proved the canonical neighborhood statement (ii). 

(iii) This is analogous to Theorem 7.2.1. We also argue by contradiction. 
Suppose for some A < +oo and sequences of positive numbers K2 — +00, 
^ there exists a sequence of times such that for any sequences 

> Q with 6°^^ for fixed a, we have sequences of solutions gfj^ to the 
Ricci flow with surgery and sequences of points Xq'^ , of positive constants 
Tq^ with < f^y^ which satisfy the assumptions, but for all a,P there 
hold 

(7.5.16) R{x''^,t^)> K^{r^^)-'^, for some x""^ e Bt^{xf , Arf). 

We may assume that < ^4A(to) for all a,/?, where ^4A(io) is chosen 
so that the statements (i) and (ii) hold on Stjj (xg'^, 4^ro^). Let gff be the 

rescaled solutions of g'^j^ around the origins Xq^ with factor (^q^)"^ and shift 
the times to zero. Then by applying the statement (ii), we know that the 
regions, where the scalar curvature of the rescaled solutions g^J^ is at least 
Ki{= Ki{4A)), are canonical neighborhood regions. Note that canonical 
e-neck neighborhoods are strong. Also note that the pinching assumption 
and the assertion 

toirfr^ > {r")-^ +00, as a ^ +00, 

imply that any subsequent limit of the rescaled solutions gf^^ must have 
nonnegative sectional curvature. Thus by the above argument in the proof 
of the statement (ii) (or the argument in Step 2 of the proof of Theorem 
7.1.1), we conclude that there exist subsequences a = am,P = Pm such 
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that the curvatures of the rescaled solutions g°'p^"' stay uniformly bounded 

at distances from the origins Xq™'^™ not exceeding 2A. This contradicts 

(7.5.16) for m sufficiently large. This proves the statements (iii). 

Clearly for fixed A, after defining the 5a(^o) foi' each Iq, one can adjust 
the 5yi(^o) so that it is nonincreasing in to. 

Therefore we have completed the proof of the theorem. □ 

From now on we redefine the function 6{t) so that it is also less than 
^2(t+i)(2t) and then the above theorem always holds for A £ [l,2(fo + !)]• 
Particularly, we still have 

5(t)<5(t)=min{^-^^-l^,M, 

which tends to zero as t ^ +00. We may also require that r(t) tends to zero 
as f — > +00. 

The next result is a version of Theorem 7.2.2 for solutions with surgery. 

Theorem 7.5.2 (Perelman |108j ). For any e > andw > 0, there exist 
T = T{w,e) > 0, K = K{w,e) < +00, f = f{w,e) > 0, 6 = 0{w,e) > and 
T = T{w) < +00 with the following property. Suppose we have a solution, 
constructed by Theorem 7.4.3 with the nonincreasing (continuous) positive 
functions 6{t) and r{t), to the Ricci flow with surgery on the time interval 
[0, to] with a compact orientahle normalized three-manifold as initial data, 
where each 5-cutoff at a time t G [0,to] ho-s 5 = 6{t) < mm{6{t),r(2t)}. Let 
ro,to satisfy O^^h < ro < f^/tQ and to > T, where h is the maximal cutoff 
radius for surgeries in [^,^0] {if there is no surgery in the time interval 
[y,to]) we take h = 0), and assume that the solution on the ball Btg{xQ,ro) 
satisfies 

Rm,{x,to) > -r^'^, on Bto{xo,ro), 
and Vol to{Bto{xo,ro)) > wr^. 
Then the solution is well defined and satisfies 

R{x,t) < Kr^^ 
in the whole parabolic neighborhood 

P {xo,to, ^,-T"rt) = \{x,t) \ X e Bt (^xo, ^) ^ [*o - '^'^O'M} • 

Proof. We are given that Rm{x,tQ) > —r^'^ for x E ^^^(xcTo), and 
Vol(g(i?(g(xo,To)) > wr^. The same argument in the derivation of (7.2.7) 
and (7.2.8) (by using the Alexandrov space theory) implies that there exists 
a ball Bt^{x',r') C Btf^{xo,ro) with 

(7.5.17) Yolto{Bto{x',r')) > las{r'f 



2 



and with 

(7.5.18) r' > c{w)ro 
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for some small positive constant c{w) depending only on w, where is the 
volume of the unit ball in M^. 

As in (7.1.2), we can rewrite the pinching assumption (7.3.3) as 

Rm > -[f-\Ril + t))/(i?(l + t))]R, 

where 

y = f{x) = x(logx — 3), for < X < +oo, 

is increasing and convex with range — <y< +oo, and its inverse function 
is also increasing and satisfies 

hm r\y)/y = Q. 

Note that tor^'^ > f^^ by the hypotheses. We may require T(w) > 
8c(w)^^ . Then by applying Theorem 7.5.1 (iii) with A = 8c{w)~^ and 
combining with the pinching assumption, we can reduce the proof of the 
theorem to the special case w = ^a^. In the following we simply assume 

w = 503. 

Let us first consider the case tq < 'r(to)- Wc claim that R{x, to) < C^r^'^ 
on BtQ(xo,^), for some sufficiently large positive constant Cq depending 
only on e. If not, then there is a canonical neighborhood around {x,to). 
Note that the type (c) canonical neighborhood has already been ruled out by 
our design of cutoff surgeries. Thus {x, to) belongs to an e-neck or an e-cap. 
This tells us that there is a nearby point y, with R{y,to) > C^^i?(a;,to) > 
C^^Cgr^^^ and dto{y,x) < Cii?(x,to)~2 < CiCQ^ro, which is the center of 

the £-neck BtQ{y , R{y ^to)" ^) . (Here C\,C2 are the positive constants 
in the definition of canonical neighborhood assumption). Clearly, when 
we choose Co to be much larger than Ci,C2 and e~^, the whole £-neck 
Sto(y, £~-^i?(y, to)^ 2 ) is contained in Bt(^{xQ, -y) and we have 

(7.5.19) ^oU.{B,,iy,e-^RiyM-\)) ^ 

{e-^R{yM)-^f 

Without loss of generality, we may assume e > is very small. Since we have 
assumed that Rm > —r^'^ on Btf^ (xq, rg) and Vol to {Bt^ {x{),rQ)) > ^a^rQ, we 
then get a contradiction by applying the standard Bishop-Gromov volume 
comparison. Thus we have the desired curvature estimate R{x, to) < CqVq'^ 
on 5to(xo,^). 

Furthermore, by using the gradient estimates in the definition of canon- 
ical neighborhood assumption, we can take K = 1QCq,t = igo^~^^o'^ ^"^^ 
= \Cq^ in this case. And since tq > O^^h^ we have R < IOCqT^^ < \h~'^ 
and the surgeries do not interfere in P(xo,to, ^, —tTq). 
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We now consider the remaining case r(to) < ^^o ^ T^/tQ. Let us redefine 



mm 



2 ' 100 



K = max <j 2 ( C + ^ ) , 25C^ / , 



25 

To 



and 



2 

where tq = tq{w),B = B{w) and C = C(t(;) arc the positive constants 
in Theorem 6.3.3(ii) with w = ^a^, and Cq is the positive constant cho- 
sen above. We will show there is a sufficiently small f > such that the 
conclusion of the theorem for w = holds for the chosen r, K and 9. 

Argue by contradiction. Suppose not, then there exist a sequence of 
f° — *■ 0, and a sequence of solutions gfj with points (x^jIq) and radii 
Tq such that the assumptions of the theorem do hold with r{tQ) < < 
f°Y^ whereas the conclusion does not. Similarly as in the proof of Theo- 
rem 7.2.2, we claim that we may assume that for all sufficiently large a, 
any other point (x",t") and radius > with that property has ei- 
ther > or = with > r^; moreover tends to +oo as 
a +00. Indeed, for fixed a and the solution gfj, let t^^j^ be the infi- 
mum of all possible times with some point and some radius having 
that property. Since each such satisfies f°-\f^ > > r(t"), it fol- 
lows that when a is large, t^j^ must be positive and very large. Clearly 
for each fixed sufficiently large a, by passing to a limit, there exist some 
point and some radius r'^^J^ '^(^min) > 0) ^ assumptions 

of the theorem still hold for (a^min,imin) ^^"^ ^min' whereas the conclu- 
sion of the theorem does not hold with R > K [r'^^-^^J^'^ somewhere in 
-^(^min' ^min' i'^min' "''"(''min)^) Sufficiently large a. Here we used the 

fact that a R < K{r^^-J~^ on -P«in, Cin' iCin' -^(Cin)^)' then there 
is no (5-cutoff surgery there; otherwise there must be a point there with 
scalar curvature at least i(5"^(%^)(f(^))"^ > 5(r(t;^i„))"^(f(%^))~^ > 
-^('^miri)"^ since r^y^t^ > r^ijj > f(i^j^) and — > 0, which is a contra- 
diction. 

After choosing the first time t^j^, by passing to a limit again, we can 
then choose r^^j^^ to be the smallest radius for all possible (a^min' *min)'^ 
r^jjj's with that property. Thus we have verified the claim. 

For simplicity, we will drop the index a in the following arguments. By 
the assumption and the standard volume comparison, we have 

Vol to (st, (aJc^roJ J > ^0^^ 
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for some universal positive ^o- As in deriving (7.2.7) and (7.2.8), we can find 
a ball BtQ{xQ,rQ) C Bto{xo, ^) with 

Yolt,{Bt,{x'Q,r'o))>^a3{r'of and > r'^ > ^'^ro 

for some universal positive constant ^g. Then by what we had proved in the 
previous case and by the choice of the first time to and the smallest radius 
ro, we know that the solution is defined in P{xQ,to,^, —T{rQ)'^) with the 
curvature bound 

Since fy/to > tq > r{to) and f ^ as a — > oo, we see that to — > +oo and 
to?'o ^ +00 as a — +00. Define T{w) = 8c{w)"^ + for some suitable 
large universal positive constant ^. Then for a sufficiently large, we can 
apply Theorem 7.5.1(iii) and the pinching assumption to conclude that 

(7.5.20) R < K'r^\ on P {xoMAro, -^(?o)'^o) > 

for some positive constant K' depending only on K and ^q- 

Furthermore, by combining with the pinching assumption, we deduce 
that when a sufficiently large, 

(7.5.21) Km > -[r^{R{l + t))/{R{l + t))]R 

> -rf 

on P{xo, tQ,r(), — 5('^o)^^o)- S° a-PPlyi^g Theorem 6.3.3(ii) with w = ^aa, 
we have that when a sufficiently large, 

(7.5.22) VoU(St(xo,ro)) >6r^, 
for alUG [to-^{Q^rlto], and 

on P{xo,to, ^, — ■§(Co)^^o)' where ^1 is some universal positive constant. 

Next we want to extend the estimate (7.5.23) backwards in time. Denote 
by ti=to- §(Co)Vg. The estimate (7.5.22) gives 

yo\t,iBt,ixo,ro))>^irl 

By the same argument in the derivation of (7.2.7) and (7.2.8) again, we can 
find a ball i?tj(xi,ri) C Bt^{xo,ro) with 

Volt^{Bt^{xi,ri)) > ^asrf 

and with 

ri > ^[ro 

for some universal positive constant Then by what wc had proved in 
the previous case and by the lower bound (7.5.21) at ti and the choice of 
the first time to, we know that the solution is defined on P{xi,ti, ^, — rrf) 
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with the curvature bound R < Kr^^. By applying Theorem 7.5.1(iii) and 
the pinching assumption again we get that for a sufficiently large, 

(7.5.20) ' R < K't^"^ 

on P(xo, ti, 4ro, — ^(^']^)^rQ), for some positive constant K" depending only 
on K and ^'i- Moreover, by combining with the pinching assumption, we 
have 

(7.5.21) ' Rm > -[f-^{R{l + t))/{R{l + t))]R 

- '^o 

on P{xo,ti,4rQ, — §(C'i)^?'o)' sufficiently large. So by applying Theorem 
6.3.3 (ii) with w = ^as again, we have that for a sufficiently large, 

(7.5.22) ' yoU{Bt{xo,ro))>^irl 

for ah te[to- 5(C^,)V2 _ r(^/)2^2^^^]^ 

(7.5.23) ' R<(c+^4)ro'<lKr,' 



To 

on P(xo,to,^,-5(e^)V2-5(ri)%'). 

Note that the constants ^q, ^qj ^-iid are universal, independent of 
the time ti and the choice of the ball Bt^{xi,ri). Then we can repeat the 
above procedure as many times as we like, until we reach the time to — rr^. 
Hence we obtain the estimate 

(7.5.23)" i?<(c + ^)r-2<li^r-2 

Tq Z 

on P{xo,to, —ttq), for sufficiently large a. This contradicts the choice 
of the point (xo,to) and the radius tq which make R > Kr^'^ somewhere in 
P(xo,io,f ,-rr2). 

Therefore we have completed the proof of the theorem. □ 

Consequently, we have the following result which is analog of Corollary 
7.2.4. This result is a weak version of a claim in the section 7.3 of Perelman 
[108]. 

Corollary 7.5.3. For any e > and w > 0, there exist f = f{w, e) > 0, 
9 = 9{w, e) > and T = T{w) with the following property. Suppose we have 
a solution, constructed by Theorem 7.4.3 with the positive functions 6{t) and 
r{t), to the Ricci flow with surgery with a compact orientahle normalized 
three-manifold as initial data, where each 5-cutoff at a time t has 5 = 5{t) < 
min{5(i), r(2t)}. If Bt^{xo,rQ) is a geodesic ball at time to, with O^^h < 
1^0 ^ '^\/io o.iT'd to > T, where h is the maximal cutoff radii for surgeries in 
[^,to] (if there is no surgery in the time interval [y,to], we take h = {)), 
and satisfies 

min{Pm(x,to) | x G Pfo(xo,ro)} = -r^^, 
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then 

Volto(Sto(xo,ro)) < wr^. 

Proof. We argue by contradiction. Let 9 = 9{w,e) and T = 2T{w), 
where 0{'w, e) and T{'w) are the positive constant in Theorem 7.5.2. Suppose 
for any f > there is a solution and a geodesic ball Bt(^{xQ,rQ) satisfying 
the assumptions of the corollary with 6~^h < vq < f^/tQ and to ^ T, and 
with 

mm{Rm{x,to) \ x £ Bto{xo,ro)} = -r^^, 

but 

Volto(Bto(xo,ro)) > wr^. 
Without loss of generality, we may assume that f is less than the corre- 
sponding constant in Theorem 7.5.2. We can then apply Theorem 7.5.2 to 
get 

R{x,t) < Kr^^ 

whenever t G [to — TrQ,to] and dt{x,xo) < ^, where r and K are the positive 
constants in Theorem 7.5.2. Note that to^o"^ — ~^ +^ as f — > 0. By 
combining with the pinching assumption we have 

Rm > -[f-\R{l + t))/{R{l + t))]R 




in the region P{xo,to, = {{x,t) \ x G Bt{xo, ^),t G [to - Trg,io]}, 

provided f > is sufficiently small. Thus we get the estimate 

|i?m| < K'rQ^ 

in P{xo,to, ^, — rrg), where K' is a positive constant depending only on w 
and e. 

We can now apply Theorem 7.5.1 (iii) to conclude that 

R{x,t) < Kr^"^ 

whenever t G [to — ^Tq, to] and dt{x, xq) < tq, where K is a positive constant 
depending only on w and e. By using the pinching assumption again we 
further have ^ 

Rm{x,t) > ~2^o'^ 

in the region P(xo,to,ro, --^rg) = {(x,t) | x G -Bt(xo,ro),t G [to - ^r'^,to]}, 
as long as f is sufficiently small. In particular, this would imply 

min{i?m(a;, to) | x G Bto{xo,ro)} > -r^^, 

which is a contradiction. □ 

Remark 7.5.4. In section 7.3 of |108j . Perelman claimed a stronger 
statement than the above Corollary 7.5.3 that allows tq < 9~^h in the as- 
sumptions. Nevertheless, the above weaker statement is sufficient to deduce 
the geometrization result. 
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7.6. Long Time Behavior 

In Section 5.3, we obtained tlie long time behavior for smooth (compact) 
solutions to the three-dimensional Ricci flow with bounded normalized cur- 
vature. The purpose of this section is to adapt Hamilton's arguments there 
to solutions of the Ricci flow with surgery and to drop the bounded normal- 
ized curvature assumption as sketched by Perelman |108j . 

Recall from Corollary 7.4.4 that we have completely understood the 
topological structure of a compact, orientable three- manifold with nonnega- 
tive scalar curvature. From now on we assume that our initial manifold does 
not admit any metric with nonnegative scalar curvature, and that once we 
get a compact component with nonnegative scalar curvature, it is 
immediately removed. Furthermore, if a solution to the Ricci flow with 
surgery becomes extinct in a finite time, we have also obtained the topolog- 
ical structure of the initial manifold. So in the following we only consider 
those solutions to the Ricci flow with surgery which exist for all times t > 0. 

Let Qijit), < t < +00, be a solution to the Ricci flow with (5-cutoff 
surgeries, constructed by Theorem 7.4.3 with normalized initial data. Let 
< ti < t2 < ■ ■ ■ < tk < • • • be the surgery times, where each 5-cutoff at a 
time tk has S = 6{tk) < m.m{d{tk) ,r{2tk)} ■ On each time interval {tk-i,tk) 
(denote by to = 0), the scalar curvature satisfies the evolution equation 

(7.6.1) —R = AR + 2\ Ric ^ + -R^ 

o 

where Ric is the trace-free part of Ric . Then Rmm{i)j the minimum of the 
scalar curvature at the time satisfies 

^ / x ^ 2 / \ 

'J^Rmm[t) ^ g-^minV^) 

for t E (tfc-i,ifc), for each k = 1,2,.... Since our surgery procedure had 
removed all components with nonnegative scalar curvature, the minimum 
Rmm{t) is negative for all t £ [0, -|-oo). Also recall that the cutoff surgeries 
were performed only on 5-necks. Thus the surgeries do not occur at the 
parts where i?min(0 are achieved. So the differential inequality 

holds for all t >0, and then by normalization, i?min(0) > —1, we have 

(7.6.2) i?min(t) > • for ah t > 0. 

Meanwhile, on each time interval {tk-i,tk), the volume satisfies the evolution 
equation 

^V = - [ RdV 
dt J 
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and then by (7.6.2), 

dt - 2 (t + I) 
Since the cutoff surgeries do not increase volume, we thus have 

(7.6.3) |l„g(v(„(t+0-*)<o 

for all t > 0. Equivalently, the function V{t)(t + |)~2 is nonincreasing on 
[0,+CX)). 

_ 3 

tract the information of the solution at large times. On each time interval 

(tfc-i,ife), we have 



We can now use the monotonicity of the function V{t){t + ^) 2 to ex- 



^.o.U(«.f-' 



= - yRminit) + ^l^qny j + ^ IjRminit) " R)dV. 

Then by noting that the cutoff surgeries do not increase volume, we get 
(7.6.4) 




^ [ {R-R„,irMdVdt\ 
^ Jm j 

for all t > 0. Now by this inequality and the equation (7.6.1), we obtain the 
following consequence (cf. Lemma 7.1 of Hamilton [67j and section 7.1 of 
Perelman [TO8] ). 

Lemma 7.6.1. Let gij{t) he a solution to the Ricci flow with surgery, 
constructed by Theorem 7.4.3 with normalized initial data. If for a fixed 
< r < 1 and a sequence of times 00, the rescalings of the solu- 

tion on the parabolic neighborhoods P(x", r\/t°, — ?^^i°) = {{x,t) \ x G 
Bt{x°',r^/t^),t e [t" -r^t",*"]}, with factor (t")"^ and shifting the times 
t" to 1, converge in the C°° topology to some smooth limiting solution, de- 
fined in an abstract parabolic neighborhood P{x, l,r, — r^), then this limiting 
solution has constant sectional curvature —l/4t at any time t £ [1 — r^, 1]. 

In the previous section we obtained several curvature estimates for the 
solutions to the Ricci flow with surgery. Now we combine the curvature 
estimates with the above lemma to derive the following asymptotic result 
for the curvature. 

Lemma 7.6.2 (Perelman |108) ). For any e > 0, let gij{t), <t < +00, 
be a solution to the Ricci flow with surgery, constructed by Theorem 7.4.3 
with normalized initial data. 
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(i) Given w > 0, r > 0, ^ > 0, one can find T = T{w, r, ^, e) < +oo 
such that if the geodesic ball BtQ{xo, r^/to) at some time to >T has 

3 

volume at least wr^to and the sectional curvature at least —r~HQ^, 
then the curvature at xq at time t = to satisfies 

(7.6.5) \2tRij + gij\ < ^. 

(ii) Given in addition 1 < ^ < oo and allowing T to depend on A, we 
can ensure (7.6.5) for all points in Btf^{xo, Ar^/to). 

(iii) The same is true for all points in the forward parabolic neighborhood 
P{xo,to,Ar^/t^,ArHo) = {{x,t) \ x G Bt{xo, Ar^/t^),t G [to,to + 
ArHo]}. 



Proof, (i) By the assumptions and the standard volume comparison, 
we have 

Volto(-Bto(xo,/9)) > cwp^ 

for all < /? < r^/to, where c is a universal positive constant. Let f = 
f{cw,£) be the positive constant in Theorem 7.5.2 and set ro = min{r, f}. 

On -Bto(xo,rov^)(C Bto{xo,r^/t^)), we have 

(7.6.6) Rm > -{ro^/t^)-^ 

and \oltoiBtQ{xo,roVto)) > cw{roVto)^- 

Obviously, there holds 6~^h < ro^/to < f\fto when to is large enough, where 
d = 6{cw,e) is the positive constant in Theorem 7.5.2 and h is the maximal 
cutoff radius for surgeries in [y , to] (if there is no surgery in the time interval 
, to]) we take h = 0). Then it follows from Theorem 7.5.2 that the solution 
is defined and satisfies 

R < K{roVto]-^ 

on whole parabolic neighborhood P{xo, to, ~T"(^o\/to)^)- Here r = 

T{cw,e) and K = K{cw,e) are the positive constants in Theorem 7.5.2. By 
combining with the pinching assumption we have 

Rm > -[f-\R{l + t))/{Ril + t))]R 

> —const. -ftr(roVto)^^ 

in the region P{xo,to, , —T{ro^/to)'^)■ Thus we get the estimate 

(7.6.7) \Rm\ < K'iroVt^)-^ 

on P{xo,to,^^^^^,—T{ro^/to)'^), for some positive constant K' = K'{w,e) 
depending only on w and e. 

The curvature estimate (7.6.7) and the volume estimate (7.6.6) ensure 
that as to — +oo we can take smooth (subsequent) limits for the rescalings 

of the solution with factor {to)~^ on parabolic neighborhoods P{xo, to, ^"'4*° , 
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—t{'''oV^)'^)- Then by applying Lemma 7.6.1, we can find T = T{w, r, ^, e) < 
+00 such that when to > T, there holds 



on P{xo,to, -T{ro^/U))'^), in particular, 

\2tRij +gij\{xo,to) < ^. 
This proves the assertion (i). 

(ii) In view of the above argument, to get the estimate (7.6.5) for all 
points in Bf^ (xq, Ar^/to), the key point is to get a upper bound for the scalar 
curvature on the parabolic neighborhood P{xo,to, Ar^ytQ, — r(ro\/to)^). Af- 
ter having the estimates (7.6.6) and (7.6.7), one would like to use Theorem 
7.5.1(iii) to obtain the desired scalar curvature estimate. Unfortunately it 
does not work since our rg may be much larger than the constant f{A, e) 
there when A is very large. In the following we will use Theorem 7.5.1(ii) 
to overcome the difficulty. 

Given 1 < A < +00, based on (7.6.6) and (7.6.7), we can use Theo- 
rem 7.5.1(ii) to find a positive constant Ki = Ki{w,r,A,e) such that each 
point in Bt^,{xQ, 2Ar^/tQ) with its scalar curvature at least Kl{r^/tQ)~^ has a 
canonical neighborhood. We claim that there exists T = T(w, r, A, e) < +00 
so that when to > T, we have 



Argue by contradiction. Suppose not; then there exist a sequence of 

times +00 and sequences of points Xq, x" with x" G i?("(xQ , 2Ar-s/t^) 



(e-necks or e-caps) around the points (x'^jt^), there exist positive constants 
ci, C2 depending only on e such that 



(7.6.8) 



\2tRij + gij\ <C, 



(7.6.9) 



R<Kl{r^/t^)-^, on Bt^{xo,2Ar^/t^). 




and 




1 



on Bfa (x", ^ (''V^))' ^' combining with the pinching assump- 

tion we have 




1 



on Bt^{x°',K-^^ ^ (''V^))' ^'^^ ^^^^ follows from the assertion (i) we 

just proved that 

lim \2tRij+gij\ix'',t^)=0. 
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for a sufficiently large. This contradicts our assumption that i?(x",io) = 
Ki{ry^)~'^. So we have proved assertion (7.6.9). 

Now by combining (7.6.9) with the pinching assumption as before, we 

have 

(7.6.10) Rm> -K2{r^)-'^ 

on i?(g(xo, 2Ar-\/to), where K2 = K2{w,r, A,e) is some positive constant 
depending only on w, r, A and e. Thus by (7.6.9) and (7.6.10) we have 

(7.6.11) \Rm\ < K[{rVt^)-\ on Bt,{xo,2ArVt^), 

for some positive constant K[ = K[{w,r, A,e) depending only on w, r, 
A and e. This gives us the curvature estimate on BtQ{xo,2Ar^/to) for all 

to > Tiw,r,A,e). 

From the arguments in proving the above assertion (i) , we have the esti- 
mates (7.6.6) and (7.6.7) and the solution is well-defined on the whole par- 
abolic neighborhood P{xo,to,^^^,-T{ro^/t^)^) for all to > T{w,r,A,e). 

Clearly we may assume that {K[)~2r < min{^, ^/rro}- Thus by combining 
with the curvature estimate (7.6.11), we can apply Theorem 7.5. l(i) to get 
the following volume control 

(7.6.12) Yolt,{Bt„{x, {K[rhrVh)) > K{{K[)-^2r^^f 

for any x G Bt^ (xq, Ar^/to), where k = n(w, r, A, e) is some positive constant 
depending only on w, r, A and e. So by using the assertion (i), we see that 
for to > T with T = T{w, r, ^, A, e) large enough, the curvature estimate 
(7.6.5) holds for all points in Bt^ixQ, Ary/to). 

(iii) We next want to extend the curvature estimate (7.6.5) to all points 
in the forward parabohc neighborhood P{xo,to, Ar^/to, Ar'^to)- Consider the 
time interval [to, 1^0 + ^'"^'^o] in the parabolic neighborhood. In assertion (ii), 
we have obtained the desired estimate (7.6.5) at t = to- Suppose estimate 
(7.6.5) holds on a maximal time interval [to,t') with t' < to + Ar'^to- This 
says that we have 

(7.6.13) \2tRij + gij\ < ^ 

on P{xo, to, Ar^/to, t' — to) = {{x, t) \ x e Bt{xo, Ar^/to), t G [to, t')} so that 
either there exists a surgery in the ball Bf^xo, Ar^/to) at t = t', or there 
holds \2tRij + gij\ = S, somewhere in Bf{xo,Ary/tQ) at t = t' . Since the 
Ricci curvature is near —-^ in the geodesic ball, the surgeries cannot occur 
there. Thus we only need to consider the latter possibility. 

Recall that the evolution of the length of a curve 7 and the volume of a 
domain Q, are given by 

d f 

j^Ltin) = - J Ric (7, j)dst 

and ^ Volt {n) = - J RdVt . 
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By substituting the curvature estimate (7.6.13) into the above two evolution 
equations and using the volume lower bound (7.6.6), it is not hard to see 

(7.6.14) Yolt'iBt,ixo, Vtf)) > K'{t')l 

for some positive constant n' = K'{w,r,S^,A,e) depending only on w, r, ^, 
A and e. Then by the above assertion (ii), the combination of the curva- 
ture estimate (7.6.13) and the volume lower bound (7.6.14) implies that the 
curvature estimate (7.6.5) still holds for all points in Bt/{xo, Ar^/to) pro- 
vided T = T{w, r, ^, A, e) is chosen large enough. This is a contradiction. 
Therefore we have proved assertion (iii). □ 

We now state and prove the following important Thick-thin decom- 
position theorem. A more general version (without the restriction on e) 
was implicitly claimed by Perelman in [107| and [108j. 

Theorem 7.6.3 (The Thick-thin decomposition theorem). For any w > 

and < e < ^w, there exists a positive constant p = p{w, e) < I 
with the following property. Suppose gij{t) {t £ [0, -|-cxd)) is a solution, 
constructed by Theorem 7.4.3 with the nonincreasing (continuous) positive 
functions 5{t) and r{t), to the Ricci flow with surgery and with a compact 
orientable normalized three-manifold as initial data, where each S -cutoff at 
a time t has 6 = 6{t) < mm{5{t),r{2t)} . Then for any arbitrarily fixed 
^ > 0, for t large enough, the manifold Mt at time t admits a decomposition 
Mf = Mthin(t(;,t) U Mthick(^)^) with the following properties: 

(a) For every x G Mtiiin{w , t) , there exists some r = r{x,t) > 0, with 
< r^/i < p\/t, such that 

Rm > —{rVt)~^ on Bt{x,rVt), and 

\o\t{Bt{x,rVt)) < w{rVtf. 

(b) For every x G Mthick('U^> i); we have 

\2tRij -\- gij\ < ^ on Bt{x,p^/i), and 

Yol t{Bt{x,pVi)) > ^wipVtf. 

Moreover, if we take any sequence of points x" E Mt^ickiw , t") , t"' — > -|-oo, 
then the scalings of gij{t") around x" with factor (t")~^ converge smoothly, 
along a subsequence of a ^ +oo, to a complete hyperbolic manifold of finite 
volume with constant sectional curvature 

Proof. Let f = f{w,£),9 = 9{w,£) and h be the positive constants 
obtained in Corollary 7.5.3. We may assume p < f < e~^ . For any point 
X £ Mi, there are two cases: either 

(i) mm.{Rm\ Bt{x,pVt)}>-{pVty'^, 

or 

(ii) min{i?m | Bt{x,pVi)} < -{pViy'^. 
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Let us first consider Case (i). If Yol t{Bt{x, p\/i)) < jQw{pVt)^, then we 
can choose r sUghtly less than p so that 

Rm > -{pVi)~'^ > -{rViy'^ 

on Bt{x,r-\/i){C Bt{x, p-\/i)), and 

Yol t{Bt{x,rVi)) < ^w{pVif < w{rVif; 

thus X G Mthin{w,t). If Vol t{Bt{x, p-/t)) > jQw{p\/i)^, we can apply 
Lemma 7.6.2(ii) to conclude that for t large enough, 

\2tRij + gij\ < on Bt{x,pVi); 

thus X G Mthick{w,t)- 

Next we consider Case (ii). By continuity, there exists < r = r{x,t) < 
p such that 

(7.6.15) min{i?m | Bt{x,rVi)} = -(rVt)~^. 

If 0~^h < T\fi (< f\/t), we can apply Corollary 7.5.3 to conclude 

Volt(St(x,rV^)) < w{r^tf; 

thus X G Mthin{w,t). 

We now consider the difficult subcase rs/t < 6~^h. By the pinching 
assumption, we have 

R > irViy\log[{rVi)-\l + t)] - 3) 
> (logr"2 _ 3)(r^)-2 

somewhere in Bt{x,r\/t). Since h is the maximal cutoff radius for surgeries 
in by the design of the (^-cutoff surgery, we have 

h < sup |(5^(s)f(s) I s G 

<*(0Fw?(0. 

Note also 5{^) — as t — +oo. Thus from the canonical neighborhood 
assumption, we see that for t large enough, there exists a point in the ball 
Bt{x,r\/t) which has a canonical neighborhood. 

We claim that for t sufficiently large, the point x satisfies 

R{x,t) > ^irVi)-^ 

and then the above argument shows that the point x also has a canonical 
e-neck or e-cap neighborhood. Otherwise, by continuity, we can choose a 
point X* G Bt{x,ry/i) with R{x*,t) = ^{ry/i)~'^. Clearly the new point x* 
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has a canonical neighborhood B* by the above argument. In particular, 
there holds 

C^\s)R < ^{rVty < C2{e)R 

on the canonical neighborhood B* . By the definition of canonical neighbor- 
hood assumption, we have 

Bt{x*,a*) CB* C Bt{x\2a*) 

for some a* G {fd,Ci{£)R~^{x* ,t)). Clearly, without loss of generality, we 
may assume (in the definition of canonical neighborhood assumption) that 
a* > 2R-^x*,t). Then 

R{l + t)>^C^\e)r-' 
> lc^\e)p-^ 

on Bt{x* ,2r^/t). Thus when we choose p = p{w,e) small enough, it follows 
from the pinching assumption that 

Rm > -[r\R{l + t))/{Ril + t))]R 
> -\irV-t)-\ 

on Bt{x*,2rVi). This is a contradiction with (7.6.15). 

Wc have seen that tR{x,t) > |r^^(> \p~'^)- Since > Q'^hr'^t in this 
subcase, we conclude that for arbitrarily given A < +00, 

(7.6.16) tR{x,t) > A^p-'^ 

as long as t is large enough. 

Let B, with Bt{x,a) C B C Bt{x,2a), be the canonical e-neck or e- 
cap neighborhood of (x, t). By the definition of the canonical neighborhood 
assumption, we have 

< (7 < Ci{e)R~^x,t), 
C2^ie)R < R{x,t) < C2{e)R, on B, 

and 

(7.6.17) Volt(B) < ea^ < ^w^. 

Choose < A < Ci(£) so that u = AR~^{x, t). For sufficiently large t, since 

R{l + t) > C2^{e)itR{x,t)) 
> \c2\e)p-\ 
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on B, we can require p = p{w, e) to be smaller still, and use the pinching 
assumption to conclude 

(7.6.18) Rm > -[f-^{R{l + t))/{R{l + t))]R 

> -{AR-^x,t))~'^ 

on B. For sufficiently large t, we adjust 

(7.6.19) r = aiViy^ 

= {AR-kx,t))iVtr^ 
< 

by (7.6.16). Then the combination of (7.6.17), (7.6.18) and (7.6.19) implies 
that X G Mthin{w,t). 

The last statement in (b) follows directly from Lemma 7.6.2. (Here we 
also used Bishop-Gromov volume comparison. Theorem 7.5.2 and Hamil- 
ton's compactness theorem to take a subsequent limit.) 

Therefore we have completed the proof of the theorem. □ 

To state the long-time behavior of a solution to the Ricci flow with 
surgery, we first recall some basic terminology in three-dimensional topol- 
ogy. A three-manifold M is called irreducible if every smooth two-sphere 
embedded in M bounds a three-ball in M. If we have a solution (Mt, gij{t)) 
obtained by Theorem 7.4.3 with a compact, orientable and irreducible three- 
manifold {M,gij) as initial data, then at each time t > 0, by the cutoff 
surgery procedure, the solution manifold Mt consists of a finite number of 
components where one of the components, called the essential component 
and denoted by Mj:^\ is diffeomorphic to the initial manifold M while the 
rest are diffeomorphic to the three-sphere S'^. 

The main result of this section is the following generalization of Theorem 
5.3.4. A more general version of the result (without the restriction on e) 
was implicitly claimed by Perelman in [108j . 

Theorem 7.6.4 (Long-time behavior of the Ricci flow with surgery). 

Let w> and <e < be any small positive constants and let {Mt, gij{t)), 
< t < +00, be a solution to the Ricci flow with surgery, constructed by 
Theorem 7.4.3 with the nonincreasing (continuous) positive functions 5{t) 
and r{t) and with a compact, orientable, irreducible and normalized three- 
manifold M as initial data, where each 6-cutoff at a time t has 5 = 6{t) < 
min{(5(t), r(2t)}. Then one of the following holds: either 

(i) for all sufficiently large t, we have Mt = Mthmiwjt); or 

(ii) there exists a sequence of times +oo such that the settlings of 

gij{t°^) on the essential component M^a\ with factor (t")~^, con- 
verge in the C°° topology to a hyperbolic metric on the initial com- 
pact manifold M with constant sectional curvature —\; or 
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(iii) we can find a finite collection of complete noncompact hyperbolic 
three-manifolds TCi, . . . ,TCm., with finite volume, and compact sub- 
sets Ki, . . . , Km of Til, . . . ,Tlm respectively obtained by truncating 
each cusp of the hyperbolic manifolds along constant mean curva- 
ture torus of small area, and for all t beyond some time T < +00 
we can find diffeomorphisms (pi,l < I < m, of Ki into Mt so that as 
long as t is sufficiently large, the metric t~^ipKt)gij[t) is as close to 
the hyperbolic metric as we like on the compact sets Ki , . . . , ; 
moreover, the complement Mt\{ipi{Ki) U ••• U ipmiKm)) is con- 
tained in the thin part Mtiiiniw,t), and the boundary tori of each 
Ki are incompressible in the sense that each ipi injects TTi{dKi) into 

TTliMt). 

Proof. The proof of the theorem follows, with some modifications, the 
same argument of Hamilton |67j as in the proof of Theorem 5.3.4. 

Clearly we may assume that the thick part Mn^i^kiw, t) is not empty for a 
sequence +00, since otherwise we have case (i). If we take a sequence of 
points € Mthick(w^) *°)) then by Theorem 7.6.3(b) the scalings of gij{t°') 
around with factor (f")^^ converge smoothly, along a subsequence of 
a — > +00, to a complete hyperbolic manifold of finite volume with constant 
sectional curvature — |. The limits may be different for different choices of 
If a limit is compact, we have case (ii). Thus we assume that all 
limits are noncompact. 

Consider all the possible hyperbolic limits of the solution, and among 
them choose one such complete noncompact hyperbolic three-manifold 7i 
with the least possible number of cusps. Denote by hij the hyperbolic metric 
of Ti. For all small a > we can truncate each cusp of Ti. along a constant 
mean curvature torus of area a which is uniquely determined; we denote 
the remainder by Tia- Fix a > so small that Lemma 5.3.7 is applicable 
for the compact set K, = TLa- Pick an integer Iq sufficiently large and an 
eo sufficiently small to guarantee from Lemma 5.3.8 that the identity map 
Id is the only harmonic map F from Tia to itself with taking dTia to itself, 
with the normal derivative of F at the boundary of the domain normal to 
the boundary of the target, and with d(jiQfj^^-^{F,Id) < e^. Then choose a 
positive integer qq and a small number 60 > from Lemma 5.3.7 such that if 
F is a diffeomorphism of TCa into another complete noncompact hyperbolic 
three-manifold (TC,hij) with no fewer cusps (than TC), of finite volume and 
satisfying 

\\F*hij — hijWcmCHa) — ^0, 
then there exists an isometry I of TC to TC such that 
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By Lemma 5.3.8 we further require go and Sq to guarantee the existence of 
a harmonic diffeomorphism from ij^a^9ij) to (T^a, hij) for any metric 'gij on 
Ha with \\gij - hij\\cm{na) ^ "^o- 

Let x" G Mthicklu^, i"), — > +00, be a sequence of points such that the 
scahngs of Qijif^) around with factor converge to hij. Then there 

exist a marked point € 7ia and a sequence of diffeomorphisms i^Q, from 
Ha into Mja such that Fq,(x°°) = and 

as a 00 for all positive integers m. By applying Lemma 5.3.8 and the 

implicit function theorem, we can change by an amount which goes to 
zero as a —> 00 so as to make Fa a harmonic diffeomorphism taking dHa 
to a constant mean curvature hypersurface Fa{dHa) of {Mfa, {t'^)~^gij(t'^)) 
with the area a and satisfying the free boundary condition that the normal 
derivative of F^ at the boundary of the domain is normal to the boundary of 
the target; and by combining with Lemma 7.6.2 (iii), we can smoothly con- 
tinue each harmonic diffeomorphism F^ forward in time a little to a family of 
harmonic diffeomorphisms Fa{t) from Ha into Mt with the metric t~^gij{t), 
with Faif^) = Foi and with the time t slightly larger than t", where Fa{t) 
takes dHa into a constant mean curvature hypersurface of {Mt,t^^gij{t)) 
with the area a and also satisfies the free boundary condition. Moreover, 
since the surgeries do not take place at the points where the scalar curva- 
ture is negative, by the same argument as in Theorem 5.3.4 for an arbitrarily 
given positive integer q > qo, positive number S < Sq, and sufficiently large a, 
we can ensure the extension satisfies \\t~^ F*{t)gij{t) — ^ij ||c;'?(->^^) < S 

on a maximal time interval < t < (or t" < t < co" when co" = +00), 
and with F*{oj°')gij{oj") — /iij||c9(Ha) ~ when < +00. Here 

we have implicitly used the fact that Fa{uj°'){dHa) is still strictly concave 
to ensure the map Faiuj"^) is diffeomorphic. 

We further claim that there must be some a such that oj" = -|-oo; in 
other words, at least one hyperbolic piece persists. Indeed, suppose that 
for each large enough a we can only continue the family Fa{t) on a finite 
interval < i < < -|-cxd with 

||K)-iF*(a;")5i,K) - hij\\c<,(^n.) = S. 

Consider the new sequence of manifolds {M^c,gij[uj°')). Clearly by Lemma 
7.6.1, the scalings of gij{uj°') around the new origins Fa{uJ°'){x°°) with fac- 
tor (u;")~^ converge smoothly (by passing to a subsequence) to a complete 
noncompact hyperbolic three-manifold H with the metric hij and the origin 
x°° and with finite volume. By the choice of the old limit H, the new limit 
H has at least as many cusps as H. By the definition of convergence, wc can 
find a sequence of compact subsets Ua exhausting H and containing 
and a sequence of diffeomorphisms Fa of neighborhood of Ua into M^^a with 
Fa{x°°) = Fa{u>'^){x°°) such that for each compact subset U ofH and each 
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integer m, 

as a — > +00. Thus for sufficiently large a, we have the map 
Ga = F-ioF,(u;") : Ha ^ H 

such that 

\\Gahij - hijWciCHa) < ^ 
for any fixed 6 > 5. Then a subsequence of Ga converges at least in the 
C'^'~^{T-La) topology to a map Goo of Tia into Ti which is a harmonic map 
from Tia into 7i and takes dTia to a constant mean curvature hypersurface 
G 00 (dTCa) of {7i, hij) with the area a, as well as satisfies the free boundary 
condition. Clearly, Goo is at least a local diffeomorphism. Since Goo is the 
limit of diffeomorphisms, the only possibility of overlap is at the boundary. 
Note that Goo{d7ia) is still strictly concave. So Goo is still a diffeomorphism. 
Moreover by using the standard regularity result of elliptic partial differential 
equations (see for example |50j ). we also have 

(7.6.20) \\Glohij - hij\\ci(na) = ^■ 

Now by Lemma 5.3.7 we deduce that there exists an isometry I of 7i to 7i 
with 

^c'o(?^„)(G'oo,-f) < eo- 

Thus /-^ o Goo is a harmonic diffeomorphism of Tia to itself which satisfies 
the free boundary condition and 

dc'oCHa)^^'^ ° Goo, Id) < eo- 

However the uniqueness in Lemma 5.3.8 concludes that /~^oGoo = Id which 
contradicts (7.6.20). So we have shown that at least one hyperbolic piece 
persists and the metric t~^F*{t)gij{t), for < t < 00, is as close to the 
hyperbolic metric hij as we like. 

We can continue to form other persistent hyperbolic pieces in the same 
way as long as there is a sequence of points G Mthick{w,t^),t^ — > +00, 
lying outside the chosen pieces. Note that V{t){t + |)~2 is nonincreasing 
on [0, +00). Therefore by combining with Margulis lemma (see for example 
|57] or [78] ). we have proved that there exists a finite collection of complete 
noncompact hyperbolic three-manifolds Tii, . . . ,Ti.m with finite volume, a 
small number a > and a time T < +00 such that for all t beyond T 
we can find diffeomorphisms (pi{t) of {TCi)a into Mt, 1 < / < m, so that 
as long as t is sufficiently large, the metric t~^ip'^{t)gij{t) is as close to the 
hyperbolic metrics as we like and the complement Mt\{(pi{t){{7ii)a) U • • • U 
fmit){{Ti.m)a)) is Contained in the thin part Mthiniw,t). 

It remains to show the boundary tori of any persistent hyperbolic piece 
are incompressible. Let i3 be a small positive number and assume the above 
positive number a is much smaller than B. Let Ma{t) = ipi(t){{Ti.i)a) (1 < 
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/ < m) be such a persistent hyperbolic piece of the manifold Mf truncated 
by boundary tori of area at with constant mean curvature, and denote by 

M^(i) = Mt\ Ma (t) the part of Mt exterior to Ma{t). Thus there exists a 
family of subsets Msit) C Ma{t) which is a persistent hyperbolic piece of 
the manifold Mt truncated by boundary tori of area Bt with constant mean 

o 

curvature. We also denote by M^{t) = Mt\ Mb (t)- By Van Kampen's 
Theorem, if 7ri{dMB{t)) injects into TTi(M^(t)) then it injects into ni^Mt) 
also. Thus we only need to show TTi{dMB{t)) injects into 7ri(M^(t)). 

As before we will use a contradiction argument to show ni^dMBit)) 
injects into 7ri(M^(i)). Let T be a torus in dMB{t) and suppose vri(T) does 
not inject into 7ri(M^(i)). By Dehn's Lemma we know that the kernel is 
a cyclic subgroup of vri(r) generated by a primitive element. Consider the 
normalized metric gij{t) = t~^gij{t) on Mt. Then by the work of Meeks- 
Yau |89j or Meeks-Simon-Yau |90j . we know that among all disks in M^{t) 
whose boundary curve lies in T and generates the kernel of tti(T), there 
is a smooth embedded disk normal to the boundary which has the least 
possible area (with respect to the normalized metric gij{t)). Denote by D 
the minimal disk and A = A{t) its area. We will show that A(t) decreases 
at a certain rate which will arrive at a contradiction. 

We first consider the case that there exist no surgeries at the time t. 
Exactly as in Part III of the proof of Theorem 5.3.4, the change of the area 
A{t) comes from the change in the metric and the change in the boundary. 
For the change in the metric, we choose an orthonormal frame X, Y, Z at a 
point X in the disk D so that X and Y are tangent to the disk D while Z is 
normal. Since the normalized metric gij evolves by 



d 



gij — —t ^{gij + 2Ri 



the (normalized) area element da of the disk D around x satisfies 

Q , - - 

—da = -t"^(l + Ric (X,X) +Ric (Y,Y))da. 

For the change in the boundary, we notice that the tensor g^j + 2Rij is very 
small for the persistent hyperbolic piece. Then by using the Gauss-Bonnet 
theorem as before, we obtain the rate of change of the area 



(7.6.21) 



where k is the geodesic curvature of the boundary and L is the length of the 
boundary curve dD (with respect to the normalized metric gij{t)). Since 
R > -3t/2(t + I) for ah t > by (7.6.2), the first term on the RHS of 
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(7.6.21) is bounded above by 




while the second term on the RHS of (7.6.21) can be estimated exactly as 
before by 



Next we show that these arguments also work for the case that there exist 
surgeries at the time t. To this end, we only need to check that the embed- 
ded minimal disk D lies in the region which is unaffected by surgery. Our 
surgeries for the irreducible three-manifold took place on 5-necks in £-horns, 
where the scalar curvatures are at least S~'^ {r{t))~^ , and the components 
with nonnegative scalar curvature have been removed. So the hyperbolic 
piece is not affected by the surgeries. In particular, the boundary dD is 
unaffected by the surgeries. Thus if surgeries occur on the minimal disk, 
the minimal disk has to pass through a long thin neck before it reaches the 
surgery regions. Look at the intersections of the embedding minimal disk 
with a generic center two-sphere of the long thin neck; these are circles. 
Since the two-sphere is simply connected, we can replace the components 
of the minimal disk D outside the center two-sphere by some correspond- 
ing components on the center two-sphere to form a new disk which also 
has dD as its boundary. Since the metric on the long thin neck is nearly a 
product metric, we could choose the generic center two-sphere properly 
so that the area of the new disk is strictly less than the area of the original 
disk D. This contradiction proves the minimal disk lies entirely in the region 
unaffected by surgery. 

Since a is much smaller than B, the region within a long distance from 
dMsit) into M^(t) will look nearly like a hyperbolic cusplike collar and is 
unaffected by the surgeries. So we can repeat the arguments in the last part 
of the proof of Theorem 5.3.4 to bound the length L by the area A and to 
conclude 



for all sufficiently large times t, which is impossible because the RHS is not 
integrable. This proves that the boundary tori of any persistent hyperbolic 
piece are incompressible. 




Thus we obtain 



(7.6.22) 




dA ^ TT 
Itt ~~1 



Therefore we have proved the theorem. 



□ 
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7.7. Geometrization of Three-manifolds 

In the late 70's and early 80's, Thurston [T26l [T271 [T28] proved a 
number of remarkable results on the existence of geometric structures on 
a class of three-manifolds: Haken manifolds (i.e. each of them contains 
an incompressible surface of genus > 1). These results motivated him to 
formulate a profound conjecture which roughly says every compact three- 
manifold admits a canonical decomposition into domains, each of which 
has a canonical geometric structure. To give a detailed description of the 
conjecture, we recall some terminology as follows. 

An n-dimensional complete Riemannian manifold (M, g) is called a ho- 
mogeneous manifold if its group of isometrics acts transitively on the 
manifold. This means that the homogeneous manifold looks the same met- 
rically at everypoint. For example, the round n-sphere S", the Euclidean 
space M" and the standard hyperbolic space H" are homogeneous manifolds. 
A Riemannian manifold is said to be modeled on a given homogeneous 
manifold (M, g) if every point of the manifold has a neighborhood isometric 
to an open set of (M, g) . And an n-dimensional Riemannian manifold is 
called a locally homogeneous manifold if it is complete and is modeled 
on a homogeneous manifold. By a theorem of Singer [123], the universal 
cover of a locally homogeneous manifold (with the pull-back metric) is a 
homogeneous manifold. 

In dimension three, every locally homogeneous manifold with finite vol- 
ume is modeled on one of the following eight homogeneous manifolds (see 
for example Theorem 3.8.4 of 1 29 ): 

(1) S^, the round three-sphere; 

(2) the Euclidean space ; 

(3) H^, the standard hyperbolic space; 

(4) §2 X M; 

(5) If X M; 

(6) Nil, the three-dimensional nilpotent Heisenberg group (consisting 
of upper triangular 3x3 matrices with diagonal entries 1); 

(7) PSL{2, M), the universal cover of the unit sphere bundle of H^; 

(8) Sol, the three-dimensional solvable Lie group. 

A three-manifold M is called prime if it is not diffeomorphic to and 
if every (topological) C M, which separates M into two pieces, has the 
property that one of the two pieces is diffeomorphic to a three-ball. Recall 
that a three-manifold is irreducible if every embedded two-sphere bounds a 
three-ball in the manifold. Clearly an irreducible three-manifold is either 
prime or is diffeomorphic to S^. Conversely, an orientable prime three- 
manifold is either irreducible or is diffeomorphic to x (see for example 
|71j ). One of the first results in three- manifold topology is the following 
prime decomposition theorem obtained by Kneser [82\ in 1929 (see also 
Theorem 3.15 of [H]). 
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Prime Decomposition Theorem. Every compact orientahle three- 
manifold admits a decomposition as a finite connected sum of orientahle 
prime three-manifolds. 

In |93j . Milnor showed that the factors involved in the above Prime De- 
composition are unique. Based on the prime decomposition, the question 
about topology of compact orientahle three-manifolds is reduced to the ques- 
tion about prime three-manifolds. Thurston's Geometrization Conjecture is 
about prime three-manifolds. 

Thurston's Geometrization Conjecture. Let M be a compact, 
orientahle and prime three-manifold. Then there is an embedding of a fi- 
nite number of disjoint unions, possibly empty, of incompressible two-tori 
]\iTf (Z M such that every component of the complement admits a locally 
homogeneous Riemannian metric of finite volume. 

We remark that the existence of a torus decomposition, also called JSJ- 
decomposition, was already obtained by Jaco-Shalen |76j and Johannsen 
[77] . The JSJ-decomposition states that any compact, orientahle, and prime 
three-manifold has a finite collection, possibly empty, of disjoint incompress- 
ible embedding two-tori {T?} which separate the manifold into a finite col- 
lection of compact three-manifolds (with toral boundary), each of which is 
either a graph manifold or is atoroidal in the sense that any subgroup of 
its fundamental group isomorphic to Z x Z is conjugate into the fundamen- 
tal group of some component of its boundary. A compact three-manifold 
X, possibly with boundary, is called a graph manifold if there is a finite 
collection of disjoint embedded tori Ti <Z X such that each component of 
X \ y Tj is an bundle over a surface. Thus the point of the conjecture is 
that the components should all be geometric. 

The geometrization conjecture for a general compact orientahle 3-man- 
ifold is the statement that each of its prime factors satisfies the above con- 
jecture. We say a compact orientahle three-manifold is geometrizable if it 
satisfies the geometric conjecture. 

We also remark, as is well-known, that the Poincare conjecture can be 
deduced from Thurston's geometrization conjecture. Indeed, suppose that 
we have a compact simply connected three-manifold that satisfies the con- 
clusion of the geometrization conjecture. If it were not diffeomorphic to the 
three-sphere S^, there would be a prime factor in the prime decomposition of 
the manifold. Since the prime factor still has vanishing fundamental group, 
the (torus) decomposition of the prime factor in the geometrization con- 
jecture must be trivial. Thus the prime factor is a compact homogeneous 
manifold model. ^From the list of above eight models, we see that the only 
compact three-dimensional model is S'^. This is a contradiction. Conse- 
quently, the compact simply connected three-manifold is diffeomorphic to 

Now, based on the long-time behavior result (Theorem 7.6.4) we apply 
the Ricci flow to discuss Thurston's geometrization conjecture. Let M be 



356 



H.-D. CAO AND X.-P. ZHU 



a compact, orientable and prime three-manifold. Since a prime orientable 
three-manifold is either irreducible or is diffeomorphic to x S^, we may 
thus assume the manifold M is irreducible also. Arbitrarily given a (nor- 
malized) Riemannian metric for the manifold M, we use it as initial data to 
evolve the metric by the Ricci flow with surgery. From Theorem 7.4.3, we 
know that the Ricci flow with surgery has a long-time solution on a maxi- 
mal time interval [0, T) which satisfies the a priori assumptions and has a 
finite number of surgeries on each finite time interval. Furthermore, from 
the long-time behavior theorem (Theorem 7.6.4), we have well-understood 
geometric structures on the thick part. Whereas, to understand the thin 
part, Perelman announced the following result in |108j . 

Perelman's Claim (cf. Theorem 7.4 of [108]). Suppose {M°',gfj) 
is a sequence of compact orientable three-manifolds, closed or with convex 
boundary, and — > 0. Assume that 

(1) for each point x £ there exists a radius p = p"(x),0 < p < 
1, not exceeding the diameter of the manifold, such that the ball 
B{x,p) in the metric gf^ has volume at most 11]°^ p^ and sectional 
curvatures at least — p"^; 

(2) each component of the boundary of has diameter at most w", 
and has a (topologically trivial) collar of length one, where the 
sectional curvatures are between —1/4 — e and — 1/4 + e. 

Then for sufficiently large a are diffeomorphic to graph manifolds. 

The topology of graph manifolds is well understood; in particular, every 
graph manifold is geometrizable (see jl30j ). 

The proof of Perelman's Claim promised in |108) is still not available in 
literature. Nevertheless, recently in [122j . Shioya and Yamaguchi provided 
a proof of Perelman's Claim for the special case when all the manifolds 
{M",gfj) are closed. That is, they proved the following weaker assertion. 

Weaker Assertion (Theorem 8.1 of Shioya- Yamaguchi |122j ). Sup- 
pose {M'^,gf-) is a sequence of compact orientable three-manifolds without 
boundary, and — > 0. Assume that for each point x G there exists 
a radius p = p°^{x), not exceeding the diameter of the manifold, such that 
the ball B{x,p) in the metric gfj has volume at most w^p^ and sectional 
curvatures at least — Then for sufficiently large a are diffeomorphic 
to graph manifolds. 

Based on the the long-time behavior theorem (Theorem 7.6.4) and us- 
ing the above Weaker Assertion, we can now give a proof for Thurston's 
geometrization conjecture . We remark that if we assume the above Perel- 
man's Claim, then we does not need to use Thurston's theorem for Haken 
manifolds in the proof of Theorem 7.7.1. 

Theorem 7.7.1. Thurston's geometrization conjecture is true. 
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Proof. Let M be a compact, orientable, and prime three-manifold 
(without boundary). Without loss of generality, we may assume that the 
manifold M is irreducible also. 

Recall that the theorem of Thurston (see for example Theorem A and 
Theorem B in the third section of |97j . see also [88] and |106j )) says that any 
compact, orientable, and irreducible Haken three-manifold (with or without 
boundary) is geometrizable. Thus in the following, we may assume that the 
compact three-manifold M (without boundary) is atoroidal, and then the 
fundamental group tti{M) contains no noncyclic, abelian subgroup. 

Arbitrarily given a (normalized) Riemannian metric on the manifold M, 
we use it as initial data for the Ricci flow. Arbitrarily take a sequence of 
small positive constants — >■ as a — > -|-cxd. For each fixed a, we set 
£ = w"- /2 > 0. Then by Theorem 7.4.3, the Ricci flow with surgery has 
a long-time solution {M^,gf-{t)) on a maximal time interval [0,T"), which 
satisfies the a priori assumptions (with the accuracy parameter e = ■w°'/2) 
and has a finite number of surgeries on each finite time interval. Since the 
initial manifold is irreducible, by the surgery procedure, we know that for 
each a and each t > the solution manifold consists of a finite number 
of components where the essential component (M")^^) is diffeomorphic to 
the initial manifold M and the others are diffeomorphic to the three-sphere 

§3. 

If for some a = oq the maximal time T"" is finite, then the solution 
(M"°, (5r^.°(f)) becomes extinct at and the (irreducible) initial manifold 
M is diffeomorphic to S^/T (the metric quotients of round three-sphere); in 
particular, the manifold M is geometrizable. Thus we may assume that the 
maximal time = -|-oo for all a. 

We now apply the long-time behavior theorem (Theorem 7.6.4). If there 
is some a such that case (ii) of Theorem 7.6.4 occurs, then for some suffi- 
ciently large time t, the essential component (M")^-^) of the solution manifold 
Mf' is diffeomorphic to a compact hyperbolic space, so the initial manifold 
M is geometrizable. Whereas if there is some sufficiently large a such that 
case (iii) of Theorem 7.6.4 occurs, then it follows that for all sufficiently 
large t, there is an embedding of a (nonempty) finite number of disjoint 
unions of incompressible two-tori JJjT-'^ in the essential component (M°)(^) 
of This is a contradiction since we have assumed the initial manifold 
M is atoroidal. 

It remains to deal with the situation that there is a sequence of positive 
ak — > +c>o such that the solutions {M"'' , gfj" (t)) always satisfy case (i) of 
Theorem 7.6.4. That is, for each ak, M"* = Mt^iniw"''^ , t) when the time 
t is sufficiently large. By the Thick-thin decomposition theorem (Theorem 
7.6.3), there is a positive constant, < p{w^'') < 1, such that as long as 
t is sufficiently large, for every x G M"'' = Mthm{w"'' , t) , we have some 
r = r{x,t), with < r^/i < p{w°''')\/t, such that 



(7.7.1) 



Rm>—{rVi) ^ on Bt{x,r^), 
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and 

(7.7.2) Vol t{Bt{x,rVi)) < w'^'irVtf. 

Clearly we only need to consider the essential component (M°*)(^). We 
divide the discussion into the following two cases: 

(1) there is a positive constant 1 < C < +oo such that for each ak there 
is a sufficiently large time tfe > such that 

(7.7.3) r(,x, tk)Vt^ < C ■ diam ((Mf;)(i)) 

for all X G (Mf^'=)(i) C Mthi„(u;"S t,.); 

(2) there are a subsequence ak (still denoted by a^), and sequences of 
positive constants — *• +oo and times < +oo such that for each t>Tk, 
we have 

(7.7.4) r{x{t),t)Vt > Ck ■ diam ((Mf'=)W) 

for some x{t) G (Mf'=)(^), k = 1,2,.... Here we denote by diam ((Mf )(^)) 
the diameter of the essential component (M")(^) with the metric gfj{t) at 
the time t. 

Let us first consider case (1). For each point x G (Mf'=)(^) C Mthin(^i'"S 
tk), we denote by pk{x) = C~V(x, ife)v^- Then by (7.7.1), (7.7.2) and 
(7.7.3), we have 

Pfc(x)<diam ((Mf;)W), 
Volt,iBt,{x,pkix))) < Yolt,iBt,ix,r{x,tk)Vh)) < C^w"'' {pk{x)f , 

and 

Rm > -{r{x,tk)Vt^)-^ > -{pk{x))-^ 

on Bt^{x, pk{x)). Then it follows from the above Weaker Assertion that 
{M^^)^^\ for sufficiently large k, are diffeomorphic to graph manifolds. This 
implies that the (irreducible) initial manifold M is diffeomorphic to a graph 
manifold. So the manifold Af is gcomctrizablc in case (1). 

We next consider case (2). Clearly, for each Uk and the chosen Tk, we 
may assume that the estimates (7.7.1) and (7.7.2) hold for all t > Tk and 
X G (Mf'=)(^). The combination of (7.7.1) and (7.7.4) gives 

(7.7.5) i?m>-C-2(diam((Mf'=)«))-2 on (Mf'=)W, 

for all t > Tk- If there are a subsequence ak (still denoted by a^) and a 
sequence of times tk G (T^, +oo) such that 

(7.7.6) VoU,((Mf^'=)«) < w'kidi^^mt,')^'^)? 

for some sequence i/;^ — > 0, then it follows from the Weaker Assertion that 
{M^^)^^\ for sufficiently large k, are diffeomorphic to graph manifolds which 
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implies the initial manifold M is geometrizable. Thus we may assume that 
there is a positive constant w' such that 

(7.7.7) Volt((Mf'=)(i)) > w;'(diam((Mf'=)W))3 

for each k and all t>Tk. 

In view of the estimates (7.7.5) and (7.7.7), wc now want to use Theo- 
rem 7.5.2 to get a uniform upper bound for the curvatures of the essential 
components i{M"'')^^\ g^j" (t)) with sufficiently large time t. Note that the 
estimate in Theorem 7.5.2 depends on the parameter e and our e's depend 
on with < e = w"'' /2; so it docs not work in the present situation. 
Fortunately we notice that the curvature estimate for smooth solutions in 
Corollary 7.2.3 is independent of e. In the following we try to use Corollary 
7.2.3 to obtain the desired curvature estimate. 

We first claim that for each k, there is a sufficiently large G (T^, +oo) 
such that the solution, when restricted to the essential component ((M"*")*^^', 
gfj'it)), has no surgery for all t > Tj^. Indeed, for each fixed k, if there 
is a (5(t)-cutoff surgery at a sufficiently large time t, then the manifold 
{{M^''Y^\gff{t)) would contain a S{t)-neck Bt{y,6{t)~'^R{y,t)-^) for some 
y G (M"'°)(^-* with the volume ratio 

(7.7.8) Vol.(B.fa.Mr'fl(y.*)-^)) ^ ,^,(,).. 

{S(t)-' R(y,t)-2f 

On the other hand, by (7.7.5) and (7.7.7), the standard Bishop-Gromov 
volume comparison implies that 

Volt{Bt{y,6{t)-'R{y,tr-2)) ^ 

{6{tr'R{y,tr-2r 

for some positive constant c{w') depending only on w' . Since 6{t) is very 
small when t is large, this arrives at a contradiction with (7.7.8). So for 
each k, the essential component {{M^'')^^\g°'J'{t)) has no surgery for all 
sufficiently large t. 

For each k, we consider any fixed time tk > STj^. Let us scale the solution 
g°j°{t) on the essential component (M"*)(^) by 

9t;{;s) = {hr'gf;{;i,s). 

Note that (M"'')^^^ is diffeomorphic to M for all t. By the above claim, we 
see that the rescaled solution (M, gfj' (•, s)) is a smooth solution to the Ricci 
flow on the time interval s G [5, !]• Set 



rfe=(v^) 'diam ((M£'=)W). 



Then by (7.7.4), (7.7.5) and (7.7.7), we have 



'i^k ^ C,^ —>■ 0, as k —>■ +00, 
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Rm> -C^'^{fk) ^, on Bi{x{tk),fk), 

and 

^ Voli(Bi(x(4),rfe)) > w'ihf, 

where Rm, is the rescaled curvature, x{tk) is the point given by (7.7.4) and 
Bi(x{tk),fk) is the geodesic ball of rescaled solution at the time s = 1. 
Moreover, the closure of Bi(x{ik),rk) is the whole manifold (M, ^^•''(•, 1)). 

Note that in Theorem 7.2.1, Theorem 7.2.2 and Corollary 7.2.3, the 
condition about normalized initial metrics is just to ensure that the so- 
lutions satisfy the Hamilton-Ivey pinching estimate. Since our solutions 
{M^'',gfj'{t)) have already satisfied the pinching assumption, we can then 
apply Corollary 7.2.3 to conclude 

\R^{x,s)\<K{w'){fkr'', 
whenever s G [1 — T{w'){rk)'^,l], x G {M,gfj'{-,s)) and k is sufHciently 
large. Here K{w') and t{w') are positive constants depending only on w' . 
Equivalently, we have the curvature estimates 

(7.7.9) \Rm{-,t)\ < K{w'){diam{{M"''Y^^))-^, on M, 

whenever t E [ik — t (w' ) {diam {{M^'')^^^))'^ ,ik] and k is sufficiently large. 
For each k, let us scale {{M^'')^^\ g"Mt)) with the factor (diam((M°'=)(^)))-2 

and shift the time tk to the new time zero. By the curvature estimate (7.7.9) 
and Hamilton's compactness theorem (Theorem 4.1.5), we can take a subse- 
quential limit (in the C°° topology) and get a smooth solution to the Ricci 
flow on M X {—t{w'),0]. Moreover, by (7.7.5), the limit has nonncgative 
sectional curvature on M x {—t{'w'),0]. Recall that we have removed all 
compact components with nonnegative scalar curvature. By combining this 
with the strong maximum principle, we conclude that the limit is a flat met- 
ric. Hence in case (2), M is diffeomorphic to a flat manifold and then it is 
also geometrizable. 

Therefore we have completed the proof of the theorem. □ 
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